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Foreword by the PIMS Dir ector

The SeventhAnnualPIMS-IMA IndustrialProblemSolving Workshopwashostedby the PIMS atthe
Universityof Calgaryin Vancouer, May 25—-29,2003. This yearit wasco-sponsoretdy the Institute
for Mathematicsandits Applications(IMA).

Approximately55 participantsvorkedintenselyon sevenproblemsposedoy industrialcompanies
from acrosNorth America.

The problemswere provided by Lalitha VenkataramanafSchlumbeger), VeenaB. Mendiratta
(Lucent), Bruce McGee (McMillan-McGee Corp.), JohnR. Hoffman (Lockheed-Martin),Edward
Keyes(Orisar),CarlosTolmask (Cawgill), andWei Lu (Manifold DataMining).

PIMS looksforwardto the EighthIndustrialProblemSolving Workshopwhich will be heldatthe
Universityof British Columbianext yeat

Thankyouto SeanBohunfrom PennStateUniversitywho editedtheseproceedingsl would also
like extendmy thanksto the organizingcommitteeRachelKuske (UBC), Fadil SantosgIMA), Jack
Macki (U. Alberta), Chris Bose (U. Victoria), HuaxiongHuang(York U.), lan Frigaard(UBC) and
Tony Ware(U. Calgary).

Dr. NassifGhoussoubDirector
Pacific Institutefor the MathematicalSciences
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Preface

TheUniversity of Calgarywasthesite of the seventhannualPIMS IndustrialProblemSolving Work-
shop(IPSW).Hostedfrom May 25 throughMay 29, 2003, this particularworkshopwasco-sponsored
by theInstitutefor Mathematicsandits Applications(IMA) andsaw the bringingtogetherof some55
participantdrom acrosdNorth AmericaandEurope.

Many first time participantso theseworkshopsare surprisedby theintensityof thework. Based
on the Oxford Study Group Model, the morningof the first day consistsof the initial problempre-
sentationsaandthe beginning of focusseddiscussionsWork continuesthroughoutthe next few days
culminatingin a summarypresentatioron the morningof thefifth day Thesepresentationform the
basisof the proceedinggandbeingoneof the principalauthorsmyself,| canappreciatehe amountof
extrawork requiredto corverttheworkshoppresentatiomaterialinto afinal technicalreport.l would
liketo personallythankthe otherelevenauthorsfor their dedicationrandpromptresponseothatthese
proceedinggouldappeain atimely fashion.Thesendividualswere:

e ChristopheBose:The SchlumbegerDoll ResearcitNMR InversionProblem;

Nilima Nigam: LucentTechnologiesVarrantyCostProblem;

HuaxiongHuang,SegueilLapin & Rex Westbrook:The McMillan-McGee ThermalRemedia-
tion Problem;

ChristainKetelsen Alfonso Limon, Yuriy Mileyko & KerianneYewchuk: LockheedMartin’s
Multiple TrackingProblem;

Fadil SantosaThe OrisarShortLocalizationProblem;
e SeungYounLee: TheCamgill Forward RateCorrelationProblem.

To ensureghe smoothandefficient operationof theworkshop,mary individualsareneededehind
thescenesl! would like to begin by thankingthe organizingcommittee:RachelKuske (University of
British Columbia),Fadil SantosgIMA), JackMacki (University of Alberta), Chris Bose(University
of Victoria), HuaxiongHuang(York University), lan Frigaard(University of British Columbia)and
Tony Ware(Universityof Calgary) withoutwhoseefforts this eventwould nothave beenpossible It is
apleasurdgo mentionthe supportrecevedfrom NSERCof Canadathe AlbertaScienceandResearch
Authority andthe NSE

Two otheressentialngredientdor the succes®f theworkshopweretheindustrialrepresentaties
andthe industrialexperts. While the representaties are certainly an assetand provide a grounding
for eachof the problemsijt is theindustrialexpertsthatareresponsibldor eachof the groupsmoving
alongproductve lines. For this yeartheindustrialexpertswere:

e Rita Aggarwala,Universityof Calgary;
e C.SeanBohun,PennStateUniversity;
e HuaxiongHuang,York University;

e Mike Kouritzin, University of Alberta;



JackMacki, University of Alberta;

Nilima Nigam,McGill University;

RobertPiche, TamperdJniversity of TechnologyFinland,;

JuanRestrepolJniversityof Arizona;

Fadil SantosalMA/Uni versity of Minnesota;

Rex Westbrook Universityof Calgary
A specialthanksgoesto theindustrialcontributorsandtheir representatieswho included:

JohnR. Hoffman,LockHeed-Matrtin;

EdwardKeyes,OrisarInc.;

Wei Lu, Manifold DataMining;

BruceMcGee,McMillan-McGeeCorp.;

VeenaB. Mendiratta,LucentTechnologies;

CarlosTolmasky, Cagill Inc.
o LalithaVenkatararnanargchlumbegerDoll Research;

Onapersonahote,l have attendedll but oneof thelPSWworkshops My first asa PhD.student,
then as an invited participant,more recently as an academicexpert, and now wherel find myself
editing thesecurrentproceedingslt is a testamento quality of theseworkshopsandthe individuals
involvedthatsomary of my colleagueseturnyearafteryear At theendof this monograpltthereis a
listing of the workshopparticipantsandthe variousinstitutionswherethey canbe foundandl would
lik e to take this opportunityto apologizefor ary mistakesor omissiongherein.

In closing | would like to thank Marian Miles at the University of Calgarywho dealtwith the
inevitabledayto dayadministratve minutiaeassociateavith any eventof this nature.

C. SeanBohun,Editor,
Departmenbf Mathematics,
PennStateUniversity



Pimslips

When peopleare working intensely they sometimessay things that, in retrospectare amusingor
downrighthilarious.Herearesomefrom IPSW7:

[Referringto unitsof pressurell atm,is xapproximately equalto 101.325kPa’
“While true,theequation0=0isn’t very useful’

“I cant believe it took us half anhourto shav thatthetime derivative of positionis velocity”
“We just have to changea coupleof things’! [Meaningtheentireproject.]

“It takestwo daysto geteightseconds.

“It' sWednesdaywe don't have amodel,we will never have amodel,andl don' care’.
"Y ou do not hesitateto take on difficult problems. [Fortunecookieat dinner]
“There's atalk by aworld-renavnedspealertoday—hut | cant remembehis name.
“I needxless: support.

“So how mary numbers«arex therebetweerb and9?”

“The only shortswe foundsofar arethe onespeopleweatr”

“We needtherhos . .”
“Y ou meanthecolumns!”
“No, | meantherhos!”

“We have to remove artifactslik e curved polygons:.






Chapter 1
Inversion of 2D NMR Data

ChristopheBosé, ZhenluCui?, XinghuaDeng’, Ying Harf", QingguoLi®, RobertPiche®,
Lalitha VenkataramandnQianWang, Lin Zhot?

Reportpreparedy ChristopheiBose(cbose@math.uvic.ca )

1.1 Intr oduction

Schlumbeger Limited is a multinationalcompary supplyingoilfield and information servicesto a
worldwide enegy market. Theseservicesinclude both exploration and productiontools ranging
throughseismicandremotesensingwell-loggingandreserwir optimization. The problemdescribed
in thisreportis relatedto well-loggingvia NuclearMagneticResonancéNMR), arelatively new and
developingtool with potentialto reveala rangeof reserwir propertiesncluding porosityandsatura-
tion, aswell asphysicalpropertiesof the petroleumdeposit.

In orderto recover this informationfrom NMR spectrahe compary musthave an effective, effi-
cientandrobustalgorithmto performinversionfrom the dataseto the unknown probability distribu-
tion on magneticrelaxationtimes. Thisill-posedproblemis encounteredh diverseareasof magnetic
imagingandtheredoesnotappeato bean‘off-the-shelf solutionwhichthecompaly canapplyto its
problem.Compaly scientistdhave developeda sophisticateclgorithmwhich performswell on some
simpletestdatasetsbut they areinterestedn knowing if thereare simplerapproachesvhich could
work effectively, or if somelimited but useful propertiesof the densityare accessiblavith a totally
differentapproach.

Ourreportis organisedasfollows. In Sectionl.2we presenta carefulandcompletedescriptionof
the problemandthework alreadydoneby thecompaly. In Sectionl.3we discussTruncatedSingular
Value Regularisationand Tikhonov Regularisationand shav how some‘off-the-shelf Matlab code

lUniversityof Victoria

2Florida StateUniversity

SUniversityof Alberta

4McGill University
SSimonFrasetUniversity
6TampereUniversityof TechnologyFinland
’SchlumbegerDoll Research

8New Jersg Instituteof Technology



6 CHAPTER1. INVERSION OF 2D NMR DATA

may be usedto good effect on the testdatasetgprovided by the compaty. In Section1.4 we shov
thatonecanincorporatehigherorderregularisationinto the compaly’s existing algorithm,answering
onespecificquestionraisedat the beginning of the workshop. Finally, in Section1.5 we recordour
unsuccessfuttempto establishaniterative algorithmfor the positively constrainednversion.Finally
in thelastsectionwe review our conclusionsandmake suggestion$or future work.

1.2 Problem Description

Schlumbegeris interestedn usingNuclearMagneticResonancéNMR) analysisfor explorationin
the oil andgasindustry The model problempresentedo our group at the workshopinvolved the
recovery of a two-dimensionaprobability distribution f(z, y) on magneticfield relaxationtimesin
two directions,z, the so-calledongitudinalrelaxationtime andy the trans\erserelaxationtime. The
datacollectedis known to be a convolvedimageof the relaxationtime distribution accordingto the
following formula

d(11, ) = //(1 — 2e /e Y f (2, y) da dy. (1.1)

Other types of datacan be collected,involving different corvolution kernels, but the forward
model,in ary caseis in theform of a 2-D Fredholm Integral of the First Kind . Sincethetransfor
mationinvolvesa smoothkernel,it is well known thatthe correspondingnverseproblemis ill-posed
[5, p.2]. Nonetheless,it is importantfor the compaly’s programto provide somesortof stableand
computationallytractableinversionscheme.

The continuousforward model (1.1) is mainly of theoreticalinterestsincein practice,datais
collectedat discretevaluesin the 7, o,-domain. Therefore for the restof this analysiswe will assume
the datafunctiond is replacedby a datamatrix D of dimensionms, x m,. Cornvolution kernelsare
similarly discretizedasmatricesk’; and K, with dimensionsn; x n; andms, x n, respectrely anda
discreteform of theequation(1.1)is rewritten as

D = K,FK?. (1.2)

The discretedensity I’ is now ann, x n; matrix. K; and K, are(generally)rank-deficientwith
infinite conditionnumberandsingularvaluesdecayingquickly to zero. So,asexpectedtheill-posed
problemleadsto anill-conditionedfinite-dimensionainversion(1.2).

Threesetsof testdatawere providedto our groupfor useduringthe workshop.Distribution files
F wereof sizeny, x n; = 100 x 100. Kerneldiscretisationedto K; and K, of size30 x 100 and
4000 x 100 respectrely. Therearereasonablgroundsfor theasymmetriachoicein thediscretisation
grid here. For testinversionproblemswe replacethe dataD computedrom equation(1.2) by D =
D+ E = Ky,FKT + E whereFE is mean-zerdsaussiamoise. The objectis to recover F'. Thechoice
of signalto noiseratio for thevarioustestfiles will bediscussedaterin the numericalresultssection.

Supposdor the momentwe take a completelynaive point of view andcorvert our problemto a
standardne-dimensiondkastsquaregpproximation

ved F') = argmin ||K f — ved D)|? (1.3)
f
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whereved-) representtheoperatomakingavectorfrom amatrixby stackingcolumns K = K;® Ko
is theKronecler productof theconvolutionkernelsand f = ved F'). SinceK ishuge(m;ms xning =
120,000 x 10,000) anddensewe may have difficulty fitting it into the RAM memoryof a PC even
if we ignore the computationalcompleity of the positivity constraintf > 0 andill-posed nature
of the high dimensioninversion! For example,in [3] a similar problemarisingin medicalimaging
was analysedusinga CRAY supercomputerTherefore,we concludethat a numericallyreasonable
approactlof thetyperequiredby thecompaty shouldtry to work directly with thefactoredorm (1.2).
This obsenationwasknown to the compairy scientists.For this reasonmostof our analysiswill be
centredon thefactoredproblemof thetype

F = argmin | Ko FKT — DJ2, (1.4)
F>0

where|| - | r, denoteghe Frobeniugnatrix norm.

Theproblemproposor(L.V.) describedathreestepapproacho thethe optimisationin (1.4)which
thecompaly hasfoundto beeffective onthetestdatasetsFirst, the problemdimensions significantly
reducedby projection. The rangeof this projectionis relatedto the singularvalue decomposition
(SVD) truncationof thecorvolutionmatrices.Next, theill-conditioned(but lower-dimension)problem
is regularisedasa positively constrainedrikhonov optimisationin unfactoredform

vecF) = axg min (| — ved D)+ X°| /) (15)

where is the regularisationparameterFinally, this constrainegroblemis solved by the methodin
Butler, ReedsandDawson[1] (BRD) which transformgo anunconstraine@ptimisationwith respect
to aderivedobjectve function. Details,including methodgo choosetheregularisationparameteand
performancen thetestproblemsmaybefoundin [10].

With this backgroundn placeour groupwasaskedto considerthreelinesof investigation.

First, arethereothernumericallytractable(andpossiblysimpler)approacheso theinversionprob-
lem (1.2)?1In thenext sectionwe describehreeanswergo this question.Firstwe considemusingtrun-
catedsingularvaluedecompositior(TSVD) and Tikhonov regularisationon the factoredform (1.4),
greatlyreducingthe computationahndalgorithmiccompleity of previous methods Performancen
thetestdatasetss presentedWe alsoconsidelbriefly adirect Galerkin-typeapproach.

Next, we wereasked considerthe possibility of extendingthe BRD-methoddescribedvy the pro-
posorto higherorderTikhonov regularization.In particular canwe replacethe problem(1.5) with

A

P = argmin {| Ko P = Dl + A (ILF o+ [PL" o)} (16)

where L invokes the discretefirst derivatives on the squarematrix £'? We presentmixed results
for this secondquestionin that we cantransformthe problem(1.6) into a standardproblemof the
type (1.5), to which the BRD methodcan subsequentlye applied, but we cannotarrangethat the
transformegroblemhasthedesirableKronecler productstructure.In aslightly differentdirectionwe
consideiif thecompary’sideafor aniterative algorithmcanbeadaptedo higherorderregularisation.
Unfortunatelythe sameproblemswhich led to the useof the BRD methodappearto confoundthis
approactaswell.
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Finally, the compaly scientistsbelieve thatit may not be necessaryo obtaincompleteinversion
of the problembut thatsomemacroscopiénformationaboutthe distribution of relaxationtimes(mo-
mentsor (1, x2)-correlationsfor example)may be suflicient. While this questionmay be amenable
to a Galerkinapproachwithout prior informationabouta restrictedclassof possibledistributionsour
groupsaw notractableway to make progressn this directionduringthe weekof theworkshop.

1.3 TSVD and Tikhonov Regularisation
The Theory

Let usfirst setup aunifiedframework for thesewo well known regularisationmethodsn non-factored
problems.Considetthediscretdinearsystem

Kf=d (1.7)

whereK ism x n. Let K = ULV’ beaSVD whereX is m x n diagonal,UU is m x m orthogonal,
andV isn x n orthogonal.The Tikhonov andTSVD regularisedsolutionsof (1.7) are

freg = Vd)(ZT)UTd (18)
where
Tikhonov TSVD
o [ 1)o if|o] >
P(o) = PEESE ¢(0) = { 0 otherwise

is appliedelementwise The nonnegative regularisationparameten affectsthe amountof smoothing
of the regularisedsolution. Its value canbe selectedby minimising the generalisecrossvalidation

(GCV) function
_ 1K fre — dl| ? (lleo (UTd)|\?
G = (trace(U2¢(2T)UT—1)) _( sum(c) )

wherethe vector normis Euclidean,o is the Hadamardproduct(elementwisemultiplication), and
c = diag(Xo(XT1)) — 1.
Now remembethatthe coeficient matrixin (1.7) hasthe Kronecler productstructure

K=K ® K,

whereK; ism; x ny and K, ismgy X ny With myms > niny. Aswe have obsened,thekey to effective
algorithmsis to rewrite formulaein waysthatavoid explicitly forming the Kroneclker productof full
matrices.

Let F' = reshape,,, ., [f] andD = reshape,,,, ., [d]. Thenthelinearsystem(1.7)is obtainedby
applyingthevecoperatorto both sidesof the matrix equation

KyFKT =D (1.9)

This equationdoesnot involve the Kronecler product. Similar techniquesanbe usedto eliminate
expensve Kronecler productsfrom theregularisationformulae,asfollows.
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Let K, = U2,V and K, = U3,V beSVDs. Then(U; @ Us) (X @ ) (Vi @ V)T isanSVD
of K [7, Thm4.2.15]. Theformula(1.8)for theregularisedsolutioncanthereforebe written

Freg = IleShapeng Xnq [freg]
= reshape,,.,, [(Vi @ Va)o(X] @ 33 )(Uy @ Up)"d]
= Vy-teshape, ., [¢(X] ® I3 )vec(U, DUY)] - Vi (1.10)

The Kronecler productformationandmultiplicationin (1.10)only involvesdiagonalmatrices sothe
formulacanbe implementecefficiently with appropriatedatastructures Furthersavings arepossible
by usingthe “economysize” versionof the SVD of K; whenmsy > ns.

Similarly, theformulafor the GCV functioncanbewritten

G(\) = (HC 0 (ﬁg)ﬂ)

whereC' = reshape,,,, ..., [diag((X; ® X2)@(3{ @ X3))] — 1. Hereagaintheonly Kronecler products
areof diagonalmatrices.

Numerical Results

The problemproposemprovided K (of size30 x 100), K, (of size4000 x 100), andthreedifferent
100 x 100 F' matrices.Measurementlatawasgeneratedby addingzeromeanpseudorandomoiseF
to Ko FKT; thenoisevariancewassetsothat || E|| g0 = 0.05|| Ko F' K || fro-

Eachof the following regularisationgincluding SVD and GCV curve computations}ook about
12 secondgo computein Matlab5.2 on a 30 MB memorypartition of a 400 MHz Paverbook. The
GCV minimisationappeardo selectreasonableegularisationparametersand Tikhonov and TSVD
regularisationgive aboutthe sameresultsfor all threemodels.The dataandMatlabcodeareavailable
at http://alpha.cc.tut.fi/ piche lips w2003/
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ParameterisedMethods

Our group briefly consideredhe possibility of usinga Galerkinapproacho the inversionproblem
(1.1). Thus,we make theansatz

fz.y) = Zf(:c,y,Pi) (1.11)

wherethe f(x, y, P;) areafinite setof parameterisetlasisfunctionswith parametewaluesp;.

We remarkthat this approachreducesto the analysisof the previous paragraph$y the choice
of the basisfunctionsas ‘delta functions’ f(-, F;;) = F;;0(x;,y;)(-) centredon the points of the
discretisatiorattice andthe optimal parameteselectionis the matrix  of the previous analysis.As
we have discoveredthis is a high-dimensionalill-posed and (becausef the positvity requirement)
nonlinearproblem. Our questionthenis this: Cana judicious choiceof basisfunctionsleadto a
significantlysmallerparametespacginsteadof the 10,000- dimensionakpacealreadyencountered)?
Of coursetheill-posednatureof the problemmustreappeain the Galerkinmethodasthe numberof
basisfunctionsincreasesno matterhow cleverly this basisis chosen.

Thefollowing area few examplesfor the basisfunctionswhich seemwell-suitedto thetestprob-
lemsgivento thegroup.

1. Gaussiardunctions(P = {zo, yo, o, P})

]_ XT T X
glz,y) = —=e "
2mo

wherex = (x — zo,y — )" .
2. Box functionswith centreat (z, yo), anddimensionof its baseare2a and2b andheight1/4ab.

3. Pyramidfunctionswith centreat (x, yo), andsquarebasedimensionof 2a and2b andheight
3/4ab.

For example,whenusinga basisconsistingof onebox function(P = {¢, zq, vo, a, b}) to approxi-
mate f(z, y) the Fredholmintegral becomes

c zot+a ryo+b
Dp(r1,72) = 1ah / . (1 =2 /") (e ™) dy da
Tro—a Yyo—
c ro+a / Yyo+b /
= — (1 —2e /%) d:r/ e Y dy. (1.12)
dab ), —a Yo—b

Thereis no closedform solutionto this integral, which canonly be solvednumerically
Basedon this simple parameterizatiorthe problemof approximatingf(x, y) is transformedasa
nonlinearoptimizationproblemstatedasfollows:
Forgivenr, € [0,T1], 7 € [0, T3] anddataD(r, ), theobjectiveis to find P = {c. z, 3o, a, b},
¢ > 0 suchthat
F = argmin || Dp — D||2,..
f(z,y,P)
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Unfortunately dueto time constraintsve wereunableto conductnumericaltestson this optimisation
problemduringthe weekof theworkshop.

We notethat eventhoughthis overly simplified approachhasno hopeof establishingine struc-
ture of the underlyingdensity it would be interestingto seeif macroscopi@ropertiesdesiredby the
compaly scientistscouldbeisolatedwith sucharelatively low-dimensionaparameterisatiorOnthe
otherhand,the methoddependsn a priori informationaboutthe the density likely a fatal flaw for
ary robustnumericalpackageof thetyperequiredby the compary.

1.4 Higher-Order Tikhonov Regularisation

TheTikhonov regularisedsolutiondescribedSectionl.3is the minimiserof the objective function
1 2 1 2 2 1 T 2 1 2 2
SIS —dIP + SN S = Sl F KT = Dl + SN F ] B (1.13)

A moregeneraregularisationhasthe objectve function’s secondermin theform

1
SVILFIR,

wherethe operatorL is choseno penaliseundesiredeaturesof the solution. When L hasthe same
Kronecler productstructureas K, thenit is straightforward to develop efficient regularisationalgo-
rithmsalongthelinesof the previous section.

In this sectionwe will considerthe moredifficult problemof incorporatinga non-factoredregular
isationterm. For example,setting

(n+1)xn

thediscretefirst derivative, andchangingheregularisationtermin (1.13)to be
1
5/\2<||LF”%1"0 + ||FLT||%1“0)
in effectregularisesoy theboundary value problem
AdF - 0

F(l1,j) = F(n,j) =0 forally
F(i,1) = F(i,n) =0 forall:
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where A, denoteghe discreteLaplacian. The boundaryconditionsensurethat L hastrivial kernel
which will be usefulfor uslater Similar considerationsvould allow regularisationwith respecto
higherorderderivatives,for examplereplacingL with thediscreteLaplacianoperatomplusappropriate
boundaryconditionsto ensureatrivial kernel.

Theestimationof F' is equivalentto solvingthefollowing problem

F = argmin {1 Ks...ete...||l}0) } (1.14)
F>0

whereK, K, aretheconvolutionkernelsand D is noisydata.Notethatin this sectionwe arekeeping
the notationsimple by assuminga square,n x n unknavn F' but the methodtrivially extendsto
rectangular'.
Thefirst termin the two-dimensionaproblemin (1.14)canbetransformedo a one-dimensional
problemasbefore: A A
Ko P KT — DI, = 1K f — d|>.

wherethevectorsf — ved F) andd = veq D) areobtainedrom matricesF” and D, respectiely, and
K = K; ® K.
Next, let
LF=LFI=(I®L)f=Lf,
FL*=IFL' = (Lo I)f = Lyf,
then
ILF | + 1FL (e = Lo + [ L2f1?

FYLILyf + fTLy Lof
fT(NL'{NLl + LILsy) f

~ J'L'Lf

= |ILfIP
wherel is theuppertriangularCholesly factorof the positive definiteandsymmetricmatrix (L L; +
LI L,).

Assumefor the momentthat L~! is positive in thesensethatz—lg > 0 whenererg > 0. Then
with ¢ = L f theobjective functionin (1.14)become®ne-dimensionaas:

min (I1Kf = dI?+ 2|Tf12) = min (KL g = dJ?+22|g|)
f20 L—1g>0
. > 7112 2 2
< min (|[Kg — d|* + 3g|?)
920

where K = KL, In this casewe suggesto take vec(F") = L~'j asan estimateof the minimiser
in (1.14).

Regardingthe assumptionsnadein the previous paragraphwe note thatit is a straightforvard
calculationto shav that .7 L = (L1 L, + L1 L,) is abandedsymmetric positive definitematrix with
non-positve off-diagonalelements.In [9] it is shovn that suchStieltjes matriceshave non-ngative
(elementwise)nverses.While we have not beenableto prove the samething for the Cholesly factor
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L, we believe it to be true for the generalclassof discretedifferentiationoperatorghat we have in
mind for applications.In particular all of our numericalexampleshave exhibited this property We
suggesthat the generalfact may alreadybe known in the literatureandif not, it would make an
interestingoroblemfor futureinvestigation Perhaps moreinterestingandimportantissueis to shov
thatthe valueof the optimisationproblemabove posedin termsof g > 0 is the sameasthe value of
the f > 0-problemin orderjustify our useof L~!§ asarigorousestimatefor vec(F) above.

Finally, aswe have pointedout before,methodswhich involve unfactorisedcorvolutionsarecom-
putationallyunwieldyandit would be helpfulto comeup with factoredversionsof theabove transfor
mation.

All of thesepointsmerit furtherinvestigation.

1.5 Duality

Extendingthe notationof the previous sectionwe define
1 A 1
Q) = SIKf —d* + A IDFI (1.15)
andrewrite the optimisationproblem

Minimize Q(f), subject to f > 0. (1.16)

Herewe are assuminghhat the regularisationoperatorD andregularisationparameter\ have been
givento usin adwance.

Standardluality analysisandthe principle of strongduality impliesthe Karush-Kuhn-Tucker nec-
essaryoptimality conditionson f andyu (theLagrangiardualvector):

f=0, p=>0, Z/h’fizo; VQ(f) = p.

A straightforvard calculationgives
VQ(f) = K'(Kf—d)+ XD"Df.
Substitutingthis resultinto the KKT conditionsyieldsour basicoptimality conditions
KIN(Kf—d)y= =X2DTDf if fi>0
(1.17)
KINKf—d)> —=NDI'Df if f;=0.

HereK;, D, = denotehei-th columnsrespectiely. An importantpointto be madehereis that(1.17)
areequvalentto the KKT-optimality conditions.
It is possibleto write conditions(1.17)asa closedform expressiorinvolving f. Firstwe write

g=\2d-KJ) (1.18)

afterwhich we find
DY Df = max|[0, K*g].
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Considemow the caseof first orderregularisationrwhereD = I. Then
f = max[0, K" g]

andit is temptingto attemptto recover f via aniterative scheme However, in practicethis approach
leadsto seriouscorvergenceproblemsasdescribedn [10]. It is exactly at this point that the BRD
method[1] providesawayto avoid a directiterative approachDetailsareto befoundin [10].

Theproposomhasasledif aniterative methodcanbe sahagedor, failing thatcanthe BRD method
be appliedwhen D # [. We were not ableto answerthis questionclearly during the week of the
workshop,however we recordherefor completenessomeobsenationsmadeby both the workshop
membersandthe problemproposor

First, supposave definel’ = diag(|| D;||?), thediagonalelementof D D. T is strictly positive on
thediagonal.Writing D* D f = (D"D —T') f + I'f we canrewrite theabove closedform expression
as

f=max[0, Y (KTg — (D'D - 1f)]. (1.19)

Herewe areusingthefactthatthe max operatorcommuteswith I,
If we denoteby f theleastsquaredest(unregularised)solutionwe canfurthersimplify (1.19)as

f=max{0, [T APKK(f = f) = (D"D = T)f]
sotheiterative propertiesof themap
foT I\ 2KT'Kf T '\ 2KT'K + DD -1 f

needto beexplored.In our opinion,themainbarrierto corvergences the nonlineareffectinvokedby
themax operatotin theabove iterative scheme.

1.6 Conclusionsand Futur e Work

In this reportwe have shavn how relatively simple, off-the-shelfcode canbe effectively appliedto
solve Fredholmintegralsof the first kind throughTSVD and Tikhonov regularisation.Higherorder
regularisationcanalsobe incorporatedvith someadditionaltechnicaldifficulties, dependingon the
natureof the regularisingoperator Iterative schemesgor solving regularisedproblemsareknown in
theliterature,but work remainsn orderapplytheseideasto the presentetting.

Futur e Work

Bidiagonalisationvs SVD: Eldén’s bidiagonalisatioralgorithm[2] for computingTikhonov regu-
larisedsolutionsis normally fasterthanthe SVD-basedormula (1.8). Developinga versionof
Eldén’s algorithmthatexploits the Kronecler productstructurewould be agoodresearchopic.
Thework of FaucettandFulton[4] couldbea startingpoint. However, we expectthata Matlab
implementatior{without MEX files) of suchanalgorithmwould probablynotbeary fasterthan
the SVD-basedlgorithmpresentedhere.
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Factored form of higher-order regularisation: It shouldbestraightforwardto developefficientreg-
ularisationalgorithmswhentheregularisationoperatomasfactoredform. Devising suchpenal-
isationoperatorgs aninterestingtopic for future work. Also, for moregeneralregularisations,

theconnectiorbetweerthefirst ordertransformegroblemandthehigherorderproblemshould
beinvestigated.

Nonnegatie constraints: A numberof iterative methodsare availablefor regularisationwith non-
negative constrainton the solution[11][chapter9]. It shouldbe straightforwardto recodethese
algorithmsto exploit Kronecler productstructure. Again, the key to obtainingefficient code
is to eliminate expensve Kronecler productsfrom formulaeappearingn the algorithm. For
example,the gradientprojectionmethodinvolvesthe objectie function andthe gradient. The
Tikhonov regularisationobjectie function (1.13)hasthe gradient

KY(Kf —d)+ N f = vec(K] (Ko FK] — D)K| + \*F) (1.20)

Theright handsideformulaeof (1.13)and(1.20)aretheonesto usein theiterative algorithm.
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Chapter 2
Modelling Quality and Warranty Cost

C. SeanBohurt, Olivier Duboig’, HongbinGud®, VeenaB. Mendiratta, Nilima Nigan?,
KostyantynStepankvych®, Tzvetalin Vassile/®
Reportpreparedy Nilima Nigam (nigam@math.mcgill.ca )

2.1 Problem Description and Methodology

The mainaim of this projectwasto begin a modellingeffort directedat optimizing the warrantyand
guality costsassociateavith the productionof a systemwith bothhardwareandsoftwarecomponents.
Thisoptimizationwould beconstrainedby theneedio maintainreliability of theproductwhile staying
within anoperationabudget.For amoredetailedproblemstatementsee[1]. Ouraimwasto identify
importantquality attributes,and captureoverall trendsin costsandwarranties.More concretely our
goalswere:

¢ |dentifying the majorquality-relatedattributesof interest,denotedby avectorq,

e Modellingthekey indicatorsof thereliability constraintthefailurerate(FR(q)) andtheseverity
level (SL(q)),

¢ Modelling the costof building aproductto a certainquality level, C'(q),

¢ Modelling thewarrantycostsof a productbuilt to a certainquality level, W (q).

The optimizationmodelis to minimize the sumof the quality andwarrantycostsover the entire
classof admissiblequality-relatedattribute vectors.This proceduras accomplishedvhile simultane-
ously ensuringthatthe failure rateremainsbelov a specifiedmaximumFR,,,.,. andthe severity level
remainsabove agivenminimum SL,,;;,, with a givenprobabilitylevel p. In otherwords,determine

Fopt = m(}n(C’(q) +W(q)), (2.1)

PennsyhaniaStateUniversity
2McGill University
SUniversity of Alberta
4LucentTechnologies
SUniversityof Calgary
SUniversity of Saskatchean
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subjectto
P(FR(@) < FRuax) <p,  P(SL(q) > Skuin) < p (2.2)

over all admissibleq. In this projectwe did not performthis optimization,focusinginsteadon the
modellingof thefunctioninvolved.

It is importantto noteat this juncturethatno raw datafrom Lucentwasprovidedfor this project,
nor did we have specificinformation aboutthe particularproductsbeingbuilt. 1t wasthereforenot
feasibleto useexisting hazard/risknodelsfor the variouscomponentsOur modellingeffort wasthus
critically dependenon discussionsvith theindustrialcontact,Prof. VeenaMendiratta.ln the section
onfuturedirectionswe make a seriesof recommendationghich will helprefinethemodelsinvolved.

We systematicallyidentified the key quality-relatedattributes, describedby a quality vector q,
which could be measuredand quantified. We then developedreliability, warrantyand costmodels
basedon these.As our discussiongprogressedit becameclearthatthesequality attributeswere not
all independentNor werethey all equallyimportantindicatorsof overall quality. It is thuspossibleto
simplify the modelsconsiderablyby focusingon the effectsof the mostimportantattributes,making
the optimizationproblem(2.1) simplerto solve. In practice,oncecostfunctionsandparameterfiave
beenpickedonthebasisof standardazardnodelsjt will bepossiblevia scalingalgumentdo achieve
furthersimplification.

With aview to illustratingqualitative trendspredictedoy our models we generatedometestdata
(seeSubsectior.8), andran our modelson them. The graphspresentedn this reportaretherefore
notlinkedto ary truedata,andsene only to provide qualitatve information.

2.1.1 A RoadMap

Thefollowing list detailsthe strateyy for thisreport. Figure2.1illustrateshow the varioussectionsof
thereportinterconnect.

Section2: In this sectionwe identify the quality-relatedvariables,q, which drive the various
costsassociatedavith a product,andover which the optimizationwill occur Thefactthatmary
of thesevariablesarenotindependenwvill be dealtwith laterin thisreport.

Section3: Here,we develop modelsfor the reliability constraintsthe failure rate FR andthe
severity levels SL. As well asproviding somegraphicalinsightinto the dependencef these
modelsonthequality q, we alsodiscusshow thesefailureratesdeterminethe probability of the
variousmodesof failure. Theseprobabilitiesplay arole in determiningthe warrantycostsof a
product.

Section4: At this pointin the reporta modelfor C'(q), the costof implementatiorof a given
quality level q is proposed.

Sectionb: Thiscontainghedevelopmenbf thewarrantymodelsfor hardwarelV;,, andsoftware
Wsw aspect®of aproduct.

Section6: Herewe combinethe modelsto summarizehetotal proposedptimizationproblem.

Section7: A sensitvity to parameterss discussedproviding insightinto therelatveimportance
of termsin the variousmodelsthathave beenintroduced.
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Figure2.1: Illlustratedarethe varioussectionsof this reportandhow they interconnect.

Section8: Broadtrendsin the proposednodelsare generatedy drawing the quality-related
variablesrom a givenprobability distribution. Two casesareconsideredeachcharacterizedy
the probability distribution beingused.

2.2 Quality Attrib utesVector

We beagin by identifying theimportantquality-relatedattributeswhich areboth salientandmeasurable
in the context of this project. Theseattributesfall into two broadcateyories— hardware-relatecand
software-related- andthe optimizationof the total costwill be performedover theseattributes. In
practice,mostof theseattributeswill be measuredstatistically In the absenceof raw data,we are
unableto provide statisticalmodelsfor theseattributes,whichwill changedependingon the product.
Mathematicallytheseattributesaregatheredn a quality vector

q= (q17qQaQ37 "'7Q9) €D := [07 1]9

The costwill be optimizedas a function of q € D, subjectto certainreliability constraints. We
have scaledtheseattributesg; to take on valuesbetween0 and1 for corvenience.This enablesisto
comparefor example,a quantityoriginally measuredsa percentagavith onemeasureésa number
betweerD and10. Whenusingthemodelin application,it will beimportantto identify the unitsused
andcorvertthemif necessary

Thevariousquality attributesaredescribedelow.

HARDWARE:

q1: Componenguality. In practicemeasure@sa failureratepercentag@eryear Here,thisrateis
cornvertedto ascalefrom 0 to 1, andis calledg;.
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¢2: Infant mortality factor (IMF). Measuredastheratio of theinitial failurerateto the steady-state
failurerate,thisis anumberbetweerl and?2. In this project,we usethe scalingg, = measured
infantmortality factor—1.

q3. Diagnosticscapability. This attributeis denoted;; andlies betweer0.8and1. In practicei|t is
measure@sa percentagetypically betweer80 and100.

q4: Working ervironmentrange. Thevariableg, is definedasthe amountby which the constructed
working rangeexceedshe specification®f the device. For example,supposéhe device is in-
tendedo operatebetweer()°C and100°C, but is built with aworking rangeof —10°C to 125°C.
Theconstructedvorking rangeexceedgshe operationakpecificationdy 10°C onthelowerend,
andby 25°C on the higherend. Thus,we would computeg, = (10 + 25)/(workingrangg =
35/100 = 0.35.

Fromthe descriptionof thesehardware-relatedattributes,it is notimmediatelyobviouswhich arethe
bestindicatorsof overall quality.

SOFTWARE:

gs: Softwae developmenernvironment{SDE). Denotedys, this describeghe overall quality metric
of the softwaredevelopmentprocess.

qe. Codecompleity. Thismetricmeasurethecompleity of acodebasednavarietyof indicators.
Essentially the more complicatedthe interactionsbetweendifferentpartsof a large code,the
harderit is to ensurereliability.

g7- Stabilityindex. Typically anumberbetweer0.8and1, this metricdescribegherobustnes®f a
codeoverlongerperiodsof time.

gs: Coverage testing This attribute describeshow comprehensiely eachmoduleof the codehas
beenchecled.

q9: Fault density This measureshe numberof failuresper1000linesof code.We expresghis asa
fractionbetweerD and1.

The SDE index clearly seemdo include,or be affectedby, the othersoftware-relatedattributes. We
expectagoodmodelwill thereforebevery sensitveto changesn ¢s. In particularcasesthesequality
attributesmayberestrictedo tighter“operatingranges™y the compaiy’s productionpolicies.

2.3 How dowe Model the Reliability Constraints?

The optimization of the costsof quality and warrantywould be straightforvard in the absenceof
certainreliability constaints. Theseconstraintsare identified as benchmarkspr standardswhich
mustbe metby arny product.The quality attributesmustbe choserto meetor exceedthesestandards.

Prior to prescribingthe natureof the constraintswe needto modelthe indicatorsof reliability
whichwill beused.Therearetwo majorindicators,onefor hardwareandonefor software.
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HARDWARE:

Failur e Rate (FR): thisis describedoy the systenfailure rate peryear andincludesthe
effect of thecomponentfailurerateq;.

SOFTWARE:

Severity Levels(SL): rangedn scalefrom 1 to 4, whereSL = 1 is a catastrophidailure,
andSL = 4 isaminor error.

Thereliability constraintswill beinterpretedn termsof theseindicators—thefailurerateFR mustbe
below a certainprescribedsaluewith high probability, andthe severity level SL muststayaway from
the catastrophidailureswith high probability. Thisis illustratedin expression2.2).

2.3.1 Modelling the Failure Rate

Thefailurerateusedin thecharacterizatioof reliability combinesseveralfactorsincludingthefailure
rateof thecomponentthemseles,therobustnes®f theoverallarchitecturetheinfantmortality factor
(IMF) andtheworking ervironmentrange.

We identifiedthe broadtrendsthatthe failure rateexhibitedin threeof the quality attributes:com-
ponentfailure rate ¢, the infant mortality factor ¢, andthe working ervironmentrangeq,. As the
componenfailure rate¢; increasesso doesthe overall failure rate. Likewise, if the IMF ¢, is high,
thefailurerateis large. The effect of theworking rangeenvironmentg; is opposite:if the constructed
working rangeis largerthanthe specsthedevice is morerobustandthusthefailure rategoesdown.

We proposedwo modelswith increasingcomplexity thatexhibit this behaiour. Our discussions
revealedthatin this specificcontext the failure ratewasdescribedargely in termsof the component
quality.

Thefirst modelFR,; (q) is asimpleone,with 3 free parameterd;, f,, and fs:

FRi(q) = FRi(q1,¢2,04) = fian + fa g2 — f3(1 — ¢1)qu. (2.3)

The nonlinearterm — f5(1 — ¢;)q4 enterssincethe failure rate shoulddeceasewith larger working
ervironmentrangeq,, however the systemwill neverthelesde affectedby poor componentailure
ratesq;. Thesetwo effectsarethereforecompeting.

Figure2.2belov shovsfour graphselatedto failureratemodelFR;. Thefirst threegraphsexhibit
thetrendsof thefailureratewith respecto theindividual attributesq, ¢2, 4. Thelastgraphdepictsa
surfaceplot describingfailureratetrendswheng; andq, areallowedto change.

The next failure rate modelwe proposeis manifestlynonlinear and aimsto bettercapturethe
importanceof the componenfailure rate ¢; on the systemfailure rate FR. The free parametersire
denotedfi, fo, f3 and f;. As before,the failure rate FR dependson the quality vector q, but in
particularonthe attributesq,, ¢z, q4.

FR2(q1, G2, q1) = f1 e + f3q007 — fi(1 — q1)qa. (2.4)

The rationalefor picking this modelis asfollows: first, the systemfailure rate FR(q) increasesvith
poorercomponentguality, with this rate of changedependingon ¢;. Thereforethe dependencef
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Figure2.2: Failure RatemodelFR, asa functionof (a) componentguality ¢, (b) infantmortality ¢,
(c) working ervironmentrangeq,, and(d) both¢; andq, togetheyg, = 0.3.
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Figure2.3: Failure RatemodelFR, asafunctionof (a) componentjuality ¢;, and(b) infantmortality
qz.

FR, ong, is modelledby anexponential.Secondtheinitial mortality rateq, impactstheoverallfailure
rate,but evenif this IMF is low, a poorquality componentill impactthefailurerateadwersely

Thetwo graphsn Figure2.3 usethefailure model(2.4) for FR to describethe broadtrendsin the
modelwith componenfailurerateq; andinfantmortality factorg, andcanbecomparedo Figure2.2.
In Section2.8 we show the effect of inputting severalinstancesf q, drawvn from testdata,into the
modelFR,.

2.3.2 Modelling the Severity Level

Softwarefailuresare characterizedn termsof varying severity levels (hereafterdenotedSL), where
anSL = 1 isacatastrophidailure,while anSL = 4 is aminorfailure. In this sectionwe presensome
modelsdescribingtherelationshipbetweerthe quality vectorq andthe SL.

In thecontext of this specificproject,we determinedhattheseverity levelsof softwarefailurewere
impactedby the softwaredevelopmenternvironmentgs, the codecompleity ¢g, the stability index ¢,
the coveragetestingqs andthe fault densityqy. The modelwe proposefor the severity levelsis not
anadditive/linearone. We believe thatthe choserfunctionalform capturesvell thetrendsin severity
levelsasfunctionsof theindividual attributes,aswell astherelatve importanceamongsthesefactors.
Therearesomefree (nonngative) parameteren the model, sy, s, s3, s4, s5. Theseverity level SL as
afunctionof q is:

SLi(q) = SLi(gs, g6, g7, Gs, Go) = s1€°2/%7O8Imsalas=0U [ /G0y (1 4 g5 — g3)™q2] . (2.5)

To describethe effects of coveragetestinggs, we notedthat as ¢z increasesthe likelihood of
catastrophisoftwareerrordecreasesincemoreof the softwareis validated.Similarly, asthe number
of faultsper 1K lines, ¢y, increasesso doestherisk of catastrophierror Keepingin mind the scale
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Figure2.4: Severity levelsasa function of the variouscomponent®f the quality-relatedvector: (a)
SDE ¢;, (b) SDEandcodecompleity (gs, gs)-

on whichwe measuresL, thedependencen ¢z andg, is modelledby exponentialswith appropriate
signs,penalizingdeviationsfrom high-quality

Basedon discussionswe modelledthe dependencef SL on the stability index ¢, by a quadratic,
sinceamorestablecodeis lessproneto severesoftwarefailures.

As the softwaredevelopmenternvironmentindicatorg; increasesthe typesof softwarefailuresget
lesssevereandthe SL increases.Poor quality developmentervironmentimpactsthe severity level
more. Thatis, 9(SL)/dg; shouldbelargerfor smallvaluesgs. This behaiour is capturedwell by the
squarerootfunction.

The oppositetrendis exhibited asa functionof codecompleity ¢s. Whenthe codecomplexity is
low, the overall softwareis lessproneto severeerrors,puttingthe SL index in thehighrange.After a
certainthresholdcompleity is exceededthe effect of compleity onthe severity levelsbecomedess
dramatic.To capturethis behaiour, thedependencef SL on ¢ is describedy (1 + g5 — ¢2)** where
sy < 1.

While discussingSL it appearedhatthe attributesgs, g9, the coveragetestingandfault density
werewell-predictedby thesoftwaredevelopmenernvironment,gs. Thereforewe assumedhatatleast
for the purposeof modellingseverity levelsasa functionof q, we couldwrite

gs = Kggs, g9 = Kygs. (2.6)
This suggests possiblesimplificationto the severity level model:
SLy(q) = SLa(gs, g6, q7) = s1e™ 178 [ /g5 + (1 + g6 — ¢3)™¢?] - (2.7)

wheres; ands, areasin model(2.5), while s; = s, K| — s3K{. Thetrendsin the severity level are
graphicallydescribedn the Figure?2.4.
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Failure (81, 84, 85)

type (2.46,0.4,1) (2.46,0.6,1) (2.46,0.4,2) (2.46,0.4,3)
SL e (0,1.5) 0.1% 0.01% 0.01% 0.02%
SL e (1.5,2.5) 0.9% 0.1% 0.1% 0.8%
SLe (2 5, 3 5| 12.7% 14% 29% 43.5%
SL € (3.5,4.5) 87.2% 85.8% 70.4% 55.6%

Table2.1: Predictedlistribution of severity levelsfor varioussetsof (s, s4, $5).

Evenwith this simplification,the severity modeldescribedoy equation(2.7) is highly nonlinear
How is oneto choosethe exponents,? Doesthis modelactually capturethe obsened behaiour of
softwaresystemavhenthey arebuilt within a givenrangeof quality?

To answerthesequestionswe first determinecthe heuristictrend: if the software development
ervironmentys, thecodecompleity ¢ andthestabilityindex ¢; werein thehigh-end thenthenumber
of software failuresclassifiedas SL = 1 (catastrophicshouldbe lessthan0.1%, SL = 2 failures
shouldbeaboutl %, SL = 3 failuresshouldbelessthan10% andSL = 4 failuresshouldbeabouts5%.
A goodreality checkfor our SL model(2.7)is to draw (gs, g6, gz) from a given setof distributions.
For our first simulationwe take (gs, gs, ¢7) from normaldistributionswith meansus = 0.8, ug = 0.4,
w7 = 0.8 anda commonvariances? = (.05 sothatgs ~ N(0.8,0.05), ¢g¢ ~ N(0.4,0.05) and
g7 ~ N(0.8,0.05). Theprobabilityof eachSL failuretype canbe computedhrough

p1(95, 4o: 47) € 2[SL(gs5, g6, a7) = i}
[L{(q67q67q7) € Q}

whereQ := {(¢%, 45, ¢4)1P|gs ~ N(0.8,0.05), g5 ~ N(0.4,0.05), g7 ~ N(0.8,0.05)} is asetof 1000
i.i.d. testdatapointsdravn from theapproprlatenormaldlstrlbutlons andu(S) is thevolumeof a set
S. We shaw in Table2.1these(approximatepercentagefor a few choicesof s;, s5 and,critically,

s5. We notethattheserangesarenot obtainedirom Lucent,but areusedbecausehey seemconsistent
with a high-endproduct. The code-compleity ¢; wassetto be mid-rangesincea marketablesystem
would have a certainminimal level of compleity, but high compleity wasundesirable.

9

Probabilityof anSL type: failure =

2.4 The Costof Quality Implementation

Having identifiedthe constraintan the previous section,we now describethe costsassociatedvith
building a productwith given quality vectorq. Our discussiorrevealedthat the largesteffectson
the costweredueto maintaininga high softwaredevelopmentervironmentgs;, andalow component
failurerateq;.

Themodelfor the costof quality, C'(q) whichis proposedn this projectis

Cla) = Chw+ Csw
= C1e7N + cy(qy + )% + 3q3 + ca(qu + ¢})? + fixed hardV\arecosts}
(2.8)

+ Cse%5% 4 cqq + crq7 + ——— + fixedsoftwarecosts
ds T Cq
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Figure2.5: Behaviour of the quality function. (a) Trendin costof quality asa functionof component
failurerateq; andSDE ¢s5. (b) Trendof costof quality in individual attributesg;.

HereC, C1, Cs, CL, o, ¢, c3, ¢4, €, 6, C7, C9, ¢y @reconstanparametersrhichneedio bedetermined
by fitting actualdatato the model.

The first term of the hardware and software portionsin this modelcapturethe importanceof the
componenfailurerateq; andthe softwaredevelopmenternvironmentgs in the overall costmodel. As
¢1 decreasesheoveralllik elihoodof failuredecreasesrl hisimprovementcostsmore,especiallyafter
acertainthresholds achiezed. Improvementseyondthislevel areincreasinglyexpensve,ascaptured
by an exponentialfunction with the negative exponent. On the otherhand,as SDE ¢; increasesthe
softwaredevelopmentervironmentbecomedetterandthuscostsmore. Thesetrendsarecapturedn
Figures2.5(a)and(b).

Thetermscollectedin equation(2.8) underhardware describethe effectsof the infant mortality
rate ¢,, the diagnosticscapability g3 andthe working ervironmentrangeq,. In termsof the overall
hardware quality costs,theseare higherordereffectsin the sensethat their contribution may not be
assignificantasthatof the componentailurerate,q;. Thisreasoninglictatedthe functionalrelation-
shipsasbeingat bestquadratic. Similarly, the costscollectedundersoftwae describethe effects of
controllingthe codecompleity ¢; andthe stability index ¢;. Thesecostscontribute lesssignificantly
to the overall quality costsfor the software thanthe software developmentervironmentgs. Indeed,
the effectsof increasinghe coveragetestinganddecreasinghe fault densityarecapturedto alarge
extent) by the costof ¢;, andarethereforeignoredin this costmodel. Thetrendsof the costaseachof
theseattributesvary is picturedgraphicallyin Figure2.5. Theresultsusingthetestdataaredescribed
in Section2.8.

2.5 The Warranty Costs

Warrantycostscanbe broadlybrokenup into the hardwareandsoftwarecosts,andwe thusmodelled
eachof theseseparately As in the costof quality, the dominantfactorsinvolved arethe component
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failureratesy; andthesoftwaredevelopmenervironmentys. We now presenamodelfor thewarranty
costsWW(q) expresseds

W(q) = Wiw(a) + Wsu(q)-

In this projectwe do not attemptto presenta modelfor finding an optimalwarrantypolicy. Our
attemptis to modelthe effect of changingguality on warrantycostsfor a given,fixedwarrantypolicy.
This distinctionis animportantone. Clearly, the policiesthemseleswill changeconsiderablyif the
averageproductquality attributeschangea lot. This modeldoesnot accountfor this, at leastin the
hardware costs. However, asa first approximationjf we assumehe q vectorstayswithin a certain
range,the warrantypolicy may be consideredixed, andwe candescribethe effectson the warranty
costsof changingg within thisrange.

2.5.1 The Hardware Warranty Costs

Hardware warranty costsare characterizedy the four major typesof hardware failuresseen: no
troublefound(NTF), repaired, junked, andfurther failure modesanalysis(FMA). Of thesethe NTF
costsarethesmallestput thesuppliermaywishto penalizeéhese Themodelshouldbeflexible enough
sothatanoptimizationwill ensurehatmostof the errorsfall into thesecondrepaired)cateyory.

Empirical datawill be ableto describethe obsered probabilitiesp;, p», p; andp, of seeingthe
variouswarranty-relateccosts(NTF, repait junk, and FMA, respectiely). Theseprobabilitiesare
computedbasedon the assumptiorthatthe quality vectorq lies within a particularrange but arenot
sensitve to variationswithin the range. Thereis alsoa standardizedlollar amountw, ws, w3, wy
associateavith eachof these.

The standardvarrantycostmodelsimply computegshe expectedcost £(C') = Zle p;w;. As a
resultthis standardnodelfails to capturehe mostimportanttrend,thatof changingcomponentailure
rateq,, onthe hardwarewarrantycosts.

To includethe effectsof quality, we penalizethesefour kinds of failuresto variousdegrees.This
will allow the user for example,to explicitly adjustthe model so that NTF failuresare reduced.
This allows for greaterflexibility in optimization. For example,NTF failuresare inexpensve, and
thusoptimizing a standardvarrantycostmodelmay resultin choosingq valueswhich increaseNTF
failures,while reducingthe expensve FMA failures. By contrast,the proposedhardware warranty
model(2.9) allowstheuserto choosdehepenaltyparameter$, k-, k3, k4 Sothattheoptimalq values
resultin asmallnumberof NTF.

Wiw(a) = wofh{gl[wl + k1 (1 — g3)] + pa(w2 + kago) + ps(ws + k3qr) + pafws + ky(1 — %)l}
NTF costs repaiTcosts junkvcosts FMA
(2.9
wherep; = 0.1, p, = 0.8, andps = py = 0.05.

Theseprobabilitiesare basedon how mary itemswhich arereturnedto the supplier(andaread
hoc),while wy is usedto scalecostsappropriatelypby thenumberof itemsin service.We noticethatthe
standardvarrantycostmodelhasbeenmultiplied by ¢;, the componentailurerate. In the proposed
modelif the componenfailureratesq, areatthe high endof the operatingrange,thenthe warranty
costsarehigher Figure2.6 depictsthe variousdependencies.
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Figure2.6: (a) Trendsin W}, with componenguality ¢g; andIMF ¢, (¢ fixed). (b) Trendsin W,
with IMF ¢, anddiagnosticsapabilitygs, (¢, fixed). (c) Trendsin W}, with componenguality ¢; and
diagnosticgapabilitygs, (¢ fixed).

2.5.2 The Software Warranty Costs

The softwarewarrantycostsare characterizedan termsof the severity levels of the softwarefailures,
SL (seeSection2.3.2). Therefore giventhe operatingrangeof the quality vectorq, we cancalculate
from our SL modelthe probabilitiesps, pg, p7, ps Of failuresof SL = 1 (catastrophicjhroughSL = 4
(minor) respectiely (seeTable2.1). Associatedvith eachof thesetypesof failuresis awarrantycost,
ws, wg, wy andwsg respectrely. Thewarrantycostfor softwareis expressedy:
Wsw(a) = W (1 — g5)(psws + psws + prwr + psws). (2.10)

The SDE mostsignificantlyimpactsthewarrantycostof the software.A higherSDE meandewer
catastrophicdailures.Theprobabilitiesp;, : = 5, . . ., 8 arefixedfor a givenoperationatangeof ¢s, g,
g7, andarechosenaccordingto our modelof the Severity Level function (2.7). Recallthatgs andgy
aregivenby expression(2.6). More precisely

Diga = /‘{(%a%aﬁh) < Q |SL<q5’q6’q7) — Z}
" 11{(gs. g6, q7) € 2}

whereQ := (0.8,1) x (0.4,0.7) x (0.7,1). The quantitiese; areintroducedto accountfor other
lower-ordereffects,which arenot accountedor duringthe production. Theseincludeeffectssuchas
a productbeingreturneddueto incorrectusageby the customer One may alsousea modelallow-
ing moreflexibility, suchas(2.9). Unfortunately in sucha modelthe probabilitieswill needto be
computedasfunctionsof g;.

+6i

2.6 The CompleteModel

We now summarizeéhe modelsof theprevioussections Recallthatthegoalwasto identify thevarious
functionsin the optimizationproblem(2.1) repeatederefor corvenience

Fopt = In(}n(C(Q) + W(Q))a



2.7. MODEL JUSTIFICATION: SENSITIVITY TO PARAMETERS 37

subjectto
P(FR(q) < FRyax) < p, P(SL(q) > SLuin) <p

over all admissibleq andsomepresetprobability p. The objective function consistsof the combined
costsof quality (2.8) andwarranty(2.9),(2.10):
F =Cla) +W(aq) = C(q) + Whw(a) + Wsu(q)

4 8
= C1e 0 + Cs5e5% + woq Zpiwi + W(1 —gs) Zpiwi

/\2 /\2 q9 .
+ co(qa + ¢h)* + c3q3 + ca(qs + ¢4)* + coq6 + crg7 + 09q +c’
6 9

+ woqy [p1ki(1 — g3) + pakaqe + p3ksqr + paka(l — g3)] + fixedcosts

wherethetermshave beenreorderedThereliability constraintsaregivenby (2.4) and(2.7):

FRy(q1,q2,q1) = f1e”" + f30007 — f2(1 — ¢1)qs < FRuax
SLa(gs,96,97) = s1:7/3€*% (1 — q6)**q> > SLunin

whereFR,,.,. andSL,,;, arespecifiedby the user One may alsouseothermodelsproposedn Sec-
tion 2.3. This objective functionis quite complicated.However, by retainingonly termsto leading
order we proposea simplermodel F which capturesnostof thebehaiour:

}:(Q) = c1e” N 4 5P + WlQl + W2(1 —qs5).

This simplificationis justified numericallyin Section2.8.2.

2.7 Model Justification: Sensitvity to Parameters

Considera functionG(q; f1, fo. - .., fx) dependingon N continuouslyvarying parameter®n some
domain(2. We assumehatg is suff|C|entIy regularto ensurethat 0G /0 f; exists throughout(2. By

consideringhe sequenc®f parameterg f] ., asavector f € RY thetotal differentialof G canbe
writtenas

G =V-df = Z@f

As aconsequenc@ssumingg is positive valued, onehas

dlog G df]
212
Z'L of 1 (212

illustratingthattheproportionof therelatve changan theG dueto therelative changen theparameter
f;is f;0log G/0f;. This simpleformalismis usedin the analysisthatfollows.

4G N dlog|G| df;
"Thegenerakxpressioris g = 37, | f;1sgn(g) ?‘ ‘ T
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2.7.1 Failure Rate Model

Recallthatthe secondmodelfor overall failure ratethatwe proposedn Section2.3was

FR(q; f1, fo, f3: f1) = f1e*" + faqai — fo(1 — q1)qu

where f1, fo, f3, fi arepositive constants.Becausene have explicitly specifiedthe dependencef
FR onthe parametery; expression2.12)allows oneto estimatewhich of theseparameterfiave the
mostimpactonthemodel.Indeed,

dFR, _ (dfi + fiqr df2)e? + qoq? dfs — (1 — q1)qa dfs
|FRy| | fref2q + f3q007 — fa(1 — q1)qu] '

We claim thatthe effect of changingf; or f, by anamounty hasa larger effect thana similar change
in f5, f1. To seethis, notethat perturbationdo f; and f, areamplified by a factorof /22 > 1 and
qe? > q, respectiely, whereaperturbationso f; andf, areonly amplifiedby factorsg,q? < ¢, <

1 and(l — ql)Q4 <q <1

2.7.2 Severity Level Model

In orderto gaugewhich of thefree parametersostsignificantlyaffectthe secondSL model(2.7),we
fix q, andcomputelog(SLy) = log sy + (s5g5 + 3 log g5) + s4log(1 — gs) + 2log g7, which helpsus
identify therelative sensitvity of the modelto the parameters, s, andss:

dSLy,  ds; ds dsy

=L 4 segs—2 4 s4log(1 — gg)—.
SL, 5 505 5 4 g( %) s1

Thus,if all otherparameterarefixed,a 1% changen s will resultin a s5q;% changan the SL value.
If s4is changedy 1%,theresultanpercentagehangen theSL valuesis s, log(1 —gs). Heuristically
the gs valuesrangebetweer.4 and0.7, andtherefordog(1— ¢s) is negative. Increasings, thusresults
in adecreasingL. ThisalsoexplainsourfindingsregardingTable2.1.

2.7.3 Costof Quality Implementation Model

Following the sametechniquessin the previoustwo subsectionsye examinethemodelC'(q), given
by equation(2.8) for therelative importanceof the parameters

~ ! ! / / /
C= <Cla Cl> 057 C5> C2, Cy, C3, C4, Cy, C5, Cg, C7, Cg, Cg>-

Continuingwith our prescriptionyields

—

dC(q;C) = (dCy — q1Cy dC})e™ 1% 1 (dCs + g5 Cs dCY)e5%
(g2 + ¢4) [2ea dcy + (g2 + ¢) dea) + (qu + €)) [2c4 Ay + (qu + ¢y) dey]

c dc
o (g ) - deh

+qsdcs + qs dcg + g7 der + ———
g3 ac3 + g6 ACe T (7 AC7 (% + )2 o
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2.8 TestData, and Model Trends

Thevalidationof a proposednodelis animportantstepin ary modellingeffort. In theabsencef real
datafrom Lucent,we wereunableto specifythe natureof distributionsfrom which to generatdest
data.Indeed testdatashouldbe createcon the basisof hazad modelsappropriatdor the products.In
theabsencef thesemodels,ary testdatausedis for illustrationpurpose®nly.

As part of this project, we provide two testsetsof data,dravn from a normal distribution (the
mathematicainterpretatiorof thepopularSix-Sigmamodel)andfrom a Betadistribution. Toillustrate
the broadtrendsof our models,we generatedeveralinstance®f q, with individual attributespicked
asindependentandomvariablesdravn from thesetwo models.

2.8.1 TestData Drawn from a Normal Distrib ution

Testdataof 1000instancef q wascreatedby consideringthe attributesg; asindependentandom
variablesdravn from appropriatenormal distributions N (u;, 0?) (meany;, varianceo?), with the
distribution parametershosento reflecta high quality product. Figure 2.7 illustratesa particular
instanceof this process.Note that the attributesq; are scaledto reflectthe natural quantities,e.g.,
componentailurerateq, is scaledby 100to yield a failure rate percentageWe input our simulated
dataq into thefailureratemodelFR. Theresultsaredescribedn Figure?2.8.

We expectthat with most productsbeing built to high quality specificationsthe warrantycosts
will below, while the costof implementatiorwill be high. Figure2.9illustratesthe histogram=f the
warrantycostsiWs,, Why, andtheimplementatiorcostsC'(q) whenthis instanceof testdatais applied
to eachof therelevantmodels.

2.8.2 TestData Drawn from a Beta Distrib ution

A betadistribution waschoserbecausét is atwo parametedistribution definedon theinterval [0, 1].
The probability distribution functionis givenby

Lla+8) .4 -
" Plpalp )l o< <]
plaia.d) = { Targ)” (-0 0=
0 otherwise
wherethe meanandvarianceare
a 9 af
IL[/ = s 0" = 2 .
a+ (a+pB)2(a+B+1)

So asto matchwith the correspondingiormaldistribution N (;, 7) onechooseghe parameters
andg as

Hi 1
o= (i —pi—o0}), 52(—_—1)04-

Ui %

Onceagaintestdataof 1000instance®f q wascreatedandthesimulateddataappliedto thefailure
ratemodelFR. Theresultsaredescribedn Figure2.10. Sincewe assumedhe attributesweredravn
from abetadistribution (mostinstancesrehigh quality), it is reasonabléhatthefailurerateis skewed
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Component Failure Rate: Infant Mortality Factor: Diagnostics Capability:
100*q1l 1+g2 100*g3
300 300 300
200 200 200
100 100 100
0 0 0
0 Working Environment 100 1 Software Development 0 Code Complexity: 1
Range: g4 Environment: g5 a6
300 300 300
200 200 200
100 100 100
0 0 0
0 Stability Index: 1 0 Coverage Testing: 1 0 Fault Density:
q7 100%q8 1000*q9
300 300 300
200 200 200
100 100 100
0 0 0
0 1 0 100 0 1000

Figure2.7: Simulateddatadravn from normaldistributions. In detail,g; ~ N(0.2,0.05), g2 ~ N(0.3,0.05),
g3 ~ N(0.8,0.05), ¢4 ~ N(0.5,0.05), g5 ~ N(0.8,0.05), g6 ~ N(0.4,0.05), gz ~ N(0.8,0.05),
gs ~ N(0.8,0.04), gog ~ N(0.05,0.004). Any normalizationto therespectie variabless indicated.
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Figure2.8: Effectof FR, andSL, onsimulateddatausinga normaldistribution: mostinstance®f the
producthave alow failurerate.

towardsthe lower end. We expectthat with mostproductsbeingbuilt to high quality specifications
the warrantycostswill be low while the costof implementatiornwill be high. This is borneoutin
Figure2.11. B

In Figure2.12we seethatat leastfor this testdata,the simplified objectve function F described
in Section2.6 capturesnostof the behaiour of the complicatedbjectve function(2.11).

2.9 Summary, Futur e Dir ectionsand Suggestions

We concludethis reportby noting againthatthe modelsdevelopedwerebasedsolely on discussions
and heuristicarguments. In the absenceof data, survival and hazardmodels,indeedeven product
informationfrom Lucent,this reportshouldnot beinterpretedasrepresentatie. Insteadwe hopethat
theargumentswill provide thebasisfor a morecarefulmodellingeffort by Lucent.

We notethat despitethe identificationof nine quality attributesg;, not all of theseattributesare
equally important. This is a crucial stepin arny modelling process:identifying the key elements.
Basedon the precedingdiscussionwe canconcludethat the mostsignificantindependenattributes
arethe componenfailure ratesq; andthe softwae developmenenvironmentyg;. Theseindicesseem
to outweighthe others. In fact, mostof the other attributesare affectedby thesetwo. Thus, arny
furtherwork shouldfocuson the carefulestimationof theseattributes. The attributesassociatedavith
diagnosticxapabilityqs, coveragetestinggs andfaultdensitygg aretheleastsignificant.Indeedthese
do notevenappeain theconstraints.

Neitherthe constraintfunctionsFR and SL nor the objective function containcomplicatedfunc-
tional forms;the resultantmodelis nonlinearandawkward, but noneof the individual componentss
more complicatedthana quadraticor an exponential. Theseforms are deliberatelychosensincethe
associategparametersanbe easilyfit, usingreal dataandstandardstatisticalsoftware.

We suggesthattheparameterbelocatedbasedntruedatawhichmaybeavailableto theindustry
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Software Warranty Costs Hardware Warranty Costs
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(c) Total WarrantyCosts (d) ImplementatiorCostsC'(q)

Figure 2.9: Warranty Costsand ImplementationCostsusing normally distributedtestdata. Scales
rangefrom 0 to maximumpossiblecostin eachcase.
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Figure2.10: Effect of FR, andSL, on simulateddatausinga betadistribution: mostinstance®f the
producthave alow failurerate.

Theseparameteraill vary with various productand warranty policies. Simultaneouslytest data
dravn from hazardmodelsappropriateo the specificproductshouldbe usedasareality check. The
final optimizationcanbe carriedout usingstandargackages.
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Software Warranty Costs Hardware Warranty Costs
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Figure2.11: WarrantyCostsandImplementationCostsusingbetadistributedtestdata. Scalesange
from 0 to maximumpossiblecostin eachcase.
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Chapter 3

In-Situ Thermal Remediation of
Contaminated Saoill

KatharinaBaamant, CharlesBemerort, ThalyaBurder?, HuaxiongHuand, SametKadiogILp,
SegueiLapin®, BruceMcGe€, Anuj Mubay®, JuanRestrep®, Andrew Taylort?, Rex Westbrook®

Reportpreparedy HuaxiongHuang(hhuang@yorku.ca ),'* Segueilapin (slapin@math.uh.edu ) and
Rex Westbrook(westbroo@math.ucalgary.ca )

3.1 Background

Recently a methodfor remaoving contaminantgrom soil (several metersunderthe ground)hasbeen
proposedby McMillan-McGee Corp. The processcan be describedas follows. Over a period of
several weeks, electricalenepy is introducedto the contaminatedsoil using a multitude of finite
lengthcylindrical electrodes Currentis forcedto flow throughthe soil by the voltagedifferentialsat
the electrodes Wateris alsopumpedinto the soil via the injection well andout of the groundat the
extractionwell. Thesoilis heatedup by theelectricalcurrentandthe contaminatediquids andvapours
areproducedat the extractionwell. Thetemperaturef the contaminatedoil, duringthe processjs
believedto reachthe maximumvalue(theboiling temperaturef water). Normally, the electrodesre
placedaroundthecontaminategiteandtheextractionwell is locatedin the centreof thecontaminated
region. Thedistancebetweertheelectrodess usuallysevento eightmeters.Thedistancebetweerthe
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extractionwell andanelectrodds aboutfour meters.The diameterof the electrodess 0.2 meterand
theextractionwell is 0.1 meterin diameter

Thereasorfor usingthe electricalcurrentis that“flushing” the soil usingwateraloneis not effec-
tive for removing the contaminantsBy heatingup the soil andvaporizingthe contaminatediquid, it
is anticipatedthat rate of extractionwill increaseaslong asthe recondensatiors not significant. A
major concern therefore,is whetherrecondensatiowill occur Intuitively, one might speculatehat
liquid phasemay dominatenearthe injectionwell. Moving away from the injection site towardsthe
extractionwell, dueto the combinedeffectsof lower pressureandhighertemperaturgfrom heating),
phasechangeoccursanda mixture of vapourandliquid may co-exist. Theremay alsobe a vapour
only region, dependingn thevaluesof temperaturepressureandotherparameterslin thetwo-phase
zone,sincevapourbubblestendto risedueto thebuoyang force,andthetemperaturelecreasealong
theverticalpathof the bubblesout of the heatedegion, it is possiblethatthe bubbleswill recondense
beforereachingthe extractionwell. As aconsequencehe probability existsthatpartof the contami-
nantsstayin thesoil. Obviously, to predicttransitionbetweersingle-phasandtwo-phaseegionsand
to understandhetransporiphenomenoin detail,athermalcapillarytwo-phasdlow modelis needed.
However, to simplify the problem,herewe only considerthe casewhentwo-phaseso-exist in the
entireregion.

Themainobjective of this modellingexerciseis to determinghenecessaryacuumpressurépres-
suredrop from the electrodego the extractionwell) sothatthe chemicalbubblesareremovedat the
extractionwell beforethey risetoo highandcondenséo theliquid state.

3.2 Flow and Temperature Fields

To malke the problemtractable we consideran idealisedsituationwherethe extractionwell andan
electrodeare both placedat the centreof a circle andthe currentaswell asthe mixture of liquid

andvapourareflowing towardsthe centre. The domainof interestbecomes cylindrical region with

the extractionwell andan electrodeat the centre. To further simplify the problem,we assumeadial
symmetryandthe electricalcurrentis in the radial directiononly. Even with thesesimplifications,
the problemat handis still a complicatedoneandin principle a multi-phaseflow modelwill be an
appropriatestartingpoint. However, we take a simplistic approachin this reportby decouplingthe
complicatedprocessnto severalsub-processes.

First of all, sincethe main componentsn the systemare water and water vapour we will not
distinguishvariouscomponent# the systemandtreatit asa one-componergystemwith two phases:
liquid andvapour Secondly we assumehat the two-phaseflow underconsideratiorfalls into the
slug flow regime sincethe flow ratesare relatively low - typically in the rangeof 1072 m3/s. As
aresult,in the horizontaldirectionr, the vapour(generatedy the heating)moveswith the liquid
phase.Thereforewe will notdistinguishthe two phasesanda single-phasenodelwill be usedwith
a commonradial mixture dischage velocity u. Furthermorethe massexchangehappensmainly in
the r directiondueto an appliedpressuredrop betweenthe extraction well and the injection well.
Therefore,conseration of masswill be appliedto the horizontalvelocity componentonly. In the
vertical z directionthe bulk of the liquid phaseis at rest,exceptthe partdisplacedby vapourdueto
buoyangy force. Following [4], ther-componenbf thevelocity is determinedyy the Dargy’s law
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kOP

wherek is the effective permeability 1 is the effective viscosity and P is the effective pressureThe
massconsenration (assuminghatthevertical z components small) canbewritten as
5pf 10

W + ;E(Tupf) = 0. (32)

Themixturedensityp; andr-velocity v aredefinedas

pr=ap+ (1 —a)p, pru=apuy +(1—a)pu,

wherea is theliquid volumefraction (saturation)y; andu, aretheliquid andvapourvelocity com-
ponentsn ther-direction,p; andp, aretheliquid andvapourdensities.

The temperaturef the soll, liquid andvapourmixtureis determinedoy the enegy conseration
aw orT or 10 or

S + prefug . = o (ma) +o|E*> - LM, (3.3)

whereco|E|? is the Jouleheatingof the soil with antheelectricalresistivity o andelectricfield £. The
term LM representshe heatlostin the formationof the bubbleswith L is the latentheatof vapour
ization of thefluid and M the massrateof vapourization.The soil fluid mixtureis characterizedy a
heatcapacitypc andthermalconductvity . Notethatwe have assumedhatthereis no temperature
variationin thevertical z direction.

Now, we usedimensionahnalysisto furthersimplify (3.1)-(3.3),by keepingthe dominantterms.
With thisin mind we make the following assignments:

P:P0+AP15, r=ar, t=p1, u%ﬂ

wherethe quantitieswith hatsaredimensionlessindthe collection{ AP, z, 3} arerepresentatie val-
ues.Underthis assignmenthe expressiorfor the pressurdoecomes

Representate valuesfor thevariousquantitiescanbefoundin Table3.1. Typical ordersof magnitude
in Slunits[8] arez ~ 10, 3 ~ 10°, k ~ 1072, u ~ 107 and AP ~ 10° yielding BkAP/(uz?) ~
10? > 1. Consequentlyhe temporalvariationsof 5, canbeignoredto first approximationgiving a

pressurdield expressiof?
19 (.. 0P\
7 or (Tpf &ﬁ) =0 (3.4)

Turningto the expressiorfor thethermalenegy we make the furtherassignmenthat

T =T, + ATT.

12For the purpose®f the dimensionaknalysisthe relative permeabilityhasbeentakenasa constant.
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Theexpressiorfor thetemperaturdbecomes

pc B =0.

8f+pfcfu8r_x2r5’r or AT6+AT

oT of Bkl (ﬁ:ﬁ) o|E? . LM
The first two termshave coeficientsof pc ~ 10° andpsc; ~ 10°. Sincethe thermalconductvity
k ~ 10, the coeficient of the third term hasa magnitudeof 8x/x? ~ 10* < 10° indicatingthat
diffusion of the temperaturdield can be ignoredto first order For the last two termswe use|8]
AT ~ 10%, o|E|* ~ 103, L ~ 105 and M ~ 107 giving o| E|?3/AT ~ 105 and LM 3/AT ~ 10°
andto first orderthetemperaturdield satisfies

3T+ 0T  o|E]?
5 TP aE T AT

We should mentionthat the phase-changeerm may becomeimportantwhen the massrate M in-
creasesln thatcase thetemperature@ndthe flow fieldswill be coupledandnumericalor asymptotic
methodshave to beused.

Droppingthehatnotationandassuming; is spatiallyuniformallow oneto expresg3.4)and(3.5)

as
10 oP
5 (%) -0 59

2
pegy T pseru gT = U@ B. (3.7)

Finally, we usethe motion of a long gasbubble inside a small channelto describethe relative
vapourrising velocity in the vertical z directiondueto buoyang force. This problemwasfirst inves-
tigatedby Taylor [11] andstudiedsubsequentlpy mary researcherasa modelto gaininsightsinto
slugmulti-phaseflows (in oil andgasrecovery)[2, 7, 9, 10,12].

For low viscosityand high surfacetensionsystemssuchasthe watervapourtwo phaseflows in
a moderate-sizedirculartube, Tung and Parlange[12] proposedhatthe terminalvelocity v, of the
rising bubbleis givenby the phenomenologicadxpression

pe 8 =0. (3.5)

o2 1/3

= /0.272gd — 0. 472A i d > dyin = 0.936 L](Ap)Q] (3.8)
whered is thediameterof thetube,~ is the surfacetensioncoeficientandAp = p; — p, is thedensity
differenceof the liquid andvapour Note that for a sufficiently smalltube,d = d,.;,, this formula
predictsthe vapourslugvelocity becomeszero.

Ontheotherhand,experimentainvestigationsn micro non-circularchannelave shovn thatthe
elongationabubblesalwaysrise evenfor a channelwith effective diameterassmallas0.866x 103
meter[1]. More recently numericalsimulationof long gasbubblesrising throughmicro channels
with triangularand rectangularcrosssectionfilled with stagnationliquid hasbeencarriedout [7].
The terminal velocity of the rising bubble asa function of the effective diameteris givenin a non-
dimensionaform as

Ca= ¢,E0™ + ¢,E0™ (3.9)
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x10°

25

Ca=c1 Eo% + c2 Eo®?
2 Triangle: ¢1=5.8x 10%,c2=22x10",d1=1.02, d2=2.22

Square: ¢1=6.7x 10, c2=2.3x10°, d1 = 1.03, d2 = 2.61
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Figure3.1: lllustratedis the capillary numberasa function of the Edtvos numberfor channelawith a
triangular(solid) andsquargdotted)crosssection.

wherethe capillarynumberCaandthe E6tvosnumberEo aredefinedas

Apgd?
Ca= " Eo= =297
Y Y

The parameters; andd; arefit using numericalresults. Figure 3.1 illustratesthis relationshipfor
channelsvith atriangularandrectangularcrosssection.

3.2.1 Pressue

Now let us considerthe following equationfor the pressurelistribution in the system,assuminghat
therelative permeabilityis a constanbnehasequation(3.6)

o (,0PY _,
or or )

P(rw):P’w: P(Te):Pey

with boundaryconditions

wherer,, is the radiusof the domain(wherethe injection well is placed)andr, is the radiusof the
extractionwell, P, is the pressureat the extractionwell and P, is the pressureat the electrode.The
solutionto this equations

nr—1
P(r) = (Py— P)m———“ 4+ P.. (3.10)

Inr, —Inr,
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3.2.2 Velocity

We have two equationsfor velocity distribution: lateral velocity and vertical velocity. Let us first
considerequatiorfor lateralvelocity field:

k dP
W dr
Usingexpression3.10)we find
U= k Po—F 1 (3.12)

pwlnr, —Inrer’

For the vertical componenbf the vapourvelocity, we usethe dimensionalform of (3.9), which
gives

v, = ~Ca= L (¢;EQ" + c,Eq™). (3.13)
2] 2]

Fromwhichwe canobtainthe (average)dischagevelocity in the verticaldirection

v, =70(1 —a)vy, = TFV (3.14)

whereV,, = Apgd?/(3u,;) is a representatie terminalvelocity of the rising vapourbubbles,and
is thetortuosityfactorof the bubblein the porousmediarelative to the terminalvelocity of a vapour
bubblein straightverticalchannelwith diameterd. Thefactor

F=¢(l—a)

Ml (Cl Eod1 + CQEOdQ) (315)

whereg is the porosityof the medium

3.2.3 Temperature

Assumingconstanelectricalcurrentinsidetheelectrodel;, themagnitudeof theelectricalfield in the
porousmediumcanbewrittenasE = I;/(2rro H) whereH is theheightof theelectrode Theenegy
equation(3.7) canbewrittenin theform

or b0T «a
o Tror e (3.10)
with initial andboundaryconditions
T(r,0) = To(r),
{ T(rot) =T, (3.17)

with 7o(r) =T, for 0 < r < r. andwhere

oy 10317 p— 9 P
 dom2H2pc’ T 2nH pc
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Here we have replacedu by the volume flow rate ¢ usingthe relationshipg = —27rHwu. Unlike
pressurethe temperatureof the systemis time dependent.In orderto solve (3.16)-(3.17)we use
methodof characteristicsvhich givesus:

a T
I [ ) + Ty (VrZ—200), > \/r2+ 20t
T(r,t) ’ ('T2_2bt) : | (3.18)
r,t) = .
%ln <1> + T, r < /T2 + 20t
Te

3.3 Transport of Contaminants

Let C, andC; bethe massconcentratiorof the contaminantn the vapourandliquid phase.Thetotal
amountof contaminants conseredandsatisfies

0
a (Cv + Cl) +V- (ﬁvcv + ﬁlCl) =0
with @; = (u;, v;) beingtheradialandverticalcomponent®f the velocity vectorof eitherthe vapour
(¢ =w) orliquid (i = [) phase.
Fastreactionassumptioryields
C,=KC,

where
K = P x 10~A+B/(T+0)

with [8] A = 7.098, B = 1238.71 andC = 217. HereT and P are temperatureand pressure,
respectiely. Eliminating C; givesthe expression

%(1+K) Cy+ OV - (il + Kiiy) + (il, + Kii)) VC, = 0. (3.19)

Thereforeassuminghat K is independentf time, we have

a CU — — ﬁu + Kﬁl
el : K CA— = (. .
8th+1+ V- (d, + ul)+< K )VCU 0 (3.20)
Solvingby the methodof characteristicsye have
dC’U OU — — o
o T1o KV (U, + Ki) =0 (3.21)

wherethe characteristibasecurvesaredeterminedy thetwo ODEs

dr B U, + Ky
a  1+K '’
dz v, + Ky

dt 1+ K
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Fromthesewe have J %
r Uy + KU
_—= 3.22
dz v, + Ky ( )

Fromtheflow andtemperaturenodelwe have

q
= Uy = — y =0, v — Fvoo
Uy u Dy v , v T

whereq is thevolumeflow rateatthe extractionwell, F' is givenby (3.15)andr is afree parameter

Assumethata parcelof contaminanat the baseof the injectionelectrode(z = 0, r = r,,) moves
towardsthe extractionelectrodelocatedat r = r. < r,. Accordingto equation(3.22) the vertical
displacemenbf this parcelis givenby the monotonicallyincreasingunction

2nHv, [™ &
z= . /T—1+Kdg.

If we let h be the heightabove the contaminantegion which hasbeenheatedup by the electrodes
thenthe parcelwill be successfullyextractedprovidedit reaches = r. beforez = h. Let z, = z(r.)
denotethe heightof this characteristiavhenit reachegshe extractionwell » = r.. By assuminghat
thefactor1 + K doesnot vary significantlyovertheinterval r. < r < r,, theconditionthatz, < h
canbecornvertedinto alower boundon the volumetricflux of

S T FHV,,(r2 —1r?)
1= "R+ K)

With H =5m,h=1m,r, =5m,r, =0m, Ap = 103 kg/m?, ;; = 1073 Pas,andr = 0.01, for a
meanthroatsizeof d = 10~2 m, weobtainF = 1.7 x 10~* for amediumwith squarechannelsBased
on thesevalues,we cancomputethe valueof ¢ = 6.8 x 10~* m?3/s. The calculationwasdonebased
on the parametewralueslisted in Table3.1. We notethatthereis no physicalbasisfor choosingthis
value. However, viewing the possibility that bubblesmay gettrappedin a particularporousmedium,
it is notunreasonabl® expectthatit will take amuchlongertime for the bubblesto travel vertically.

3.4 Conclusionsand Recommendations

In this reportwe have proposeda simple modelfor estimatingthe transportof contaminantsising
thermalremediation.Basedon the model,the minimum extractionrate of fluid is calculatedandits
valueis within the practicalrange. However, mary questiongemainunansweredFor example,we
have notaddressethe effect of temperaturevariationin the verticaldirectionandnearthe edgeof the
heatedzone.We have not attemptedo examinethe effect of possiblecondensatiomearthe cold/low
pressureegion. Finally, we have not consideredhe possibility that bubblesmay be trappedin the
isolatedporespaceandthe effectsof heatingandthe accumulatiorof vapourbubbleson the sail.

We shouldalsomentionthatwe have not tried to identify transitionsbetweerliquid-only, vapour
only andtwo-phaseegionsandthe transportatiorof contaminantsn the liquid andvapouronly re-
gions. However, this may not be ascritical asotherissuessinceit is relatively simplerto determine
thevelocity of theliquid or gasin the one-phaseegion.
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Data Symbol Value
OperatingProperties

Maximum Temperature Trnax 100°C

Initial Temperature Twin  20°C

Initial Pressure Py 101.325kPa

Target Thickness H 5m

ElectrodelLength L, 5m

ElectrodeSpacing Ze 10m

ExtractionWell Spacing L 10m

PhysicalProperties

Initial Permeability® k 10.0mD

Viscosity"* L 1.0cP

SurfaceTensionof Water® y 0.0717N m=!

ProducingPressurérop AP  500kPa

Total HeatCapacity pc 2.8 x 10 Jm—3K~!

Table3.1: Input Datafor the samplecalculations.
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Evidently further improvementsare neededbeforethe model can be usedfor predictionandto
answertheotherissuegaised.In particular aproperflow andtemperaturenodelmustbe derivedand
referencd5] shouldprovide a goodstartingpoint wherethermaltwo-phasdlow in porousmediais
discussedSecondlythe effectsof the phasechanggvapourizatiorandcondensation);apillary pres-
sureandtheexistenceof vapouronly regions,which have beenneglected maybeimportantin certain
domainsgspeciallyneartheboundaryof theheatedzonewherethechangeof soil temperaturés more
significant. Modelsanalyzingcondensatiomndvapourizationn porousmediahave beenstudiedfor
otherapplicationsvhich maybehelpful, seefor example[3] andreferencesherein.Finally, the effect
of differenttypesof porousmediaandtheimpactof heatingandvapourbubblesmaybeimportantas
well. Modelsof gaspenetratingelasticmediahave beenstudied[6], which maybeusefulif fracturing
of themedianeeddgo be considered.

131 Dargy =9.87 x 1012 m?.

141 centipoise= 1 x 103 kgm~'s™ ' =1 x 10~3 Pas.

153t 25°C.
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Chapter 4

Tracking and Identifying of Multiple Targets

JohnHoffman', ChristianKetelsef, MichaelKouritzin®, Alfonso Limon*, Yuriy Mileyko®,
KerianneYewchuk®

Reportpreparedy KerianneYewchuk (kyewchuk@ualberta.ca ), ChristianKetelsen(cketelsen@wsu.edu ),
Alfonso Limon (alfonso.limon@cgu.edu ) andYuriy Mileyko (ym4@nijit.edu )

4.1 Intr oduction

Thereare mary statisticalmethodsof tracking single and multiple targets; this manuscriptwill fo-
cuson the stateestimationproblem. Ideally, a generalizatiorof the recursve Bayesnon-linearfilter
would trackandresole the state(s)f singleor multiple targets,but thatis currentlycomputationally
intractable. The ProbabilityHypothesisDensity (PHD) makesthe tracking problemcomputationally
feasibleby propagatingonly the first-ordermulti-target statisticalmomentsby using a particlefilter
implementatiorfor the PHD. The problemthenbecome®neof estimatingthe targets’ statebasedn
the outputof the PHD whenusinga particlefilter implementation.

This paperdescribeneheuristicmethodfor obtaininga stateestimatorfrom the PHD. The ap-
proachusedin this paper basedon the Expectation-MaximizatiorfEM) algorithm, views the PHD
distribution as a mixture distribution, andthe particlesasani.i.d. samplingfrom the mixture dis-
tribution. Using this, a maximumlik elihood estimatorfor the parametersf the distribution canbe
generatedThe EM seemgo work fairly well, particularlywhentargetsarewell spaced.

4.2 Problem Description

Theproblemis oneof trackingandidentifying afinite setof multiple targetsby meanof datacollected
from a setof multiple sensors.The motion of eachtargetis modelledasa discretetime, continuous
spaceMarkov processit is alsoassumedhattargetsmove independentlyTheexactnumberof targets

LockheedMartin
2WashingtorStateUniversity
SUniversityof Alberta
4ClaremoniGraduateJniversity
SNew Jersg Instituteof Technology
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is unknavn and may changewith time dependingon the correspondindirth/deathmodel. At each
time stepk, the obsenationsZ}, . .., 7%, aregatheredrom the sensorsuite. Theseobsenationsare
affectedby clutter; the amountof clutteris modelledusinga Poissordistribution.

The PHD is a computationallyefficient meansof solving the tracking problem;however, it does
not provide an estimateof the targets’ states. Our approachfor solving this part of the problemis

describedn section4.4.

4.3 TargetTracking and the PHD

Considera single-sensorsingle-taget problem. Let z; be the target statevariableat time stepk,
and z; the obsenation at time stepk. Assumethat x;, is a Markov processwith initial distribution
po(z0) andtransitionequationp 1z (zx+1|7x). Also assumehatthe obsenationsz;, areconditionally
independengiven the processr;, and of mamginal distribution p(zy|x;). In this case,the recursve
equationdor the posteriordistribution canbewritten as

Prsip(zea| Z7) = /pk;+1|k($k+1|Ik)pk|k(9€k|Zk)dIk

P(Zr41 |$k+1)Pk+1|k($k+1|Zk)
I p(zes1]@rs1)Prsape(Trgr | ZF)daggs

pk+1|k+1(xk+1|Zk+1)

wheré 7% = {z, ..., z;}. Thetagetstateestimatorsanbegivenby

~MAP o k+1 ~EAP _ k+1
Tpajp+1 = AGSUP Pryik1 (2|27, B 1 = /xpk+1|k+1(x|Z )dz,
T

~MAP ~EAP ; ; PR PP
Wh_ere:c,wrl',~C+1 ancl_:c,CJrl‘k+1 arethe Bayes-optimamaximuma posterioriandexpecteda posteriori
estimatorsrespectiely.

The generalizatiorof the above equationsfor the multiple-sensgrmultiple-taiget systemis not
quite obvious. The taget stateis not just one randomvectorarymore. The numberof tamgets, as
well astheir positions,velocities,identities, etc., are all unknovn and shouldbe treatedas random
variables. To dealwith this, the tool of finite-setstatisticsS(FISST) canbe used. It is basedon the
following ideas[1]:

¢ Introducea notionof asingle“global sensor'thatencompasse$iewhole sensosuite.

¢ Introducea notionof a“global tamget” with multi-tagetstateX = {x1,...,z,}.
e Ragardthe setof obsenations,Z = {z,..., z,}, asa “global measurementdf the “global
tamget”

e Usethe multi-sensor/multi-taget measuementmode] which is a randomlyvarying sety =
T(X) U C(X), to modelmulti-target multi-sensordata. Here 7( X') denotedamets’ dataand
C(X) denote<lutter.

8Conditioningon Z* is by definitionthe sameasconditioningon )V, = o{Z*}.
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e Usethe multi-target motion mode] which is a randomsetl'y,; = ®,(X,, Vi), to modelthe
motion of multi-targetsystems.

Theseideasmale it possibleto reformulatemulti-sensor multi-target problemsas single-sensor
single-taget problems. The processof reformulationrelies heavily on the notion of the belief-mass
function,whichis a generalizatiorof the probability-masgunction(see[2]). The FISSTmulti-sensor
multi-target differentialandintegral calculusintroduceshe setintegral andthe setderivative which
areusedto statethe problemin rigorousmathematicaterms.Omitting all the details(in [1] and[2]),
theresultingrecursve equationsare

Pri(Xia|Z®) = /pk+1|k<Xk+1|Xk)pk|k:<Xk|Z(k))5Xk

+1)> _ p(Zk+1|Xk+1)pk+1|k(Xk+1|Z(k))
J 2(Za|Y ) prgae (Y Z0) oY

where X, is a multi-target state, f;x (X5 Z*)) is a multi-target posteriordensity and f(Z]Y) is a
multi-sensormulti-targetlik elihoodfunction.

Notethattheintegralsin theabove formulaearesetintegrals,the computatiorof whichis very ex-
pensve. Actually, evenin single-tagetproblemstherecursve equationsaretoo complicatedo calcu-
lateexplicitly. Therefore someapproximatiorshouldbefound. It turnsoutthat,whensignal-to-noise
ratio (SNR)is high enoughIhefirst—ordermoment,fm = [z fir(z|Z*)dz, is agoodapproximation
for single-taget problems.Unfortunately it is not possibleto usethis straightforvard generalization
for multipletargetproblemspecauseheintegral [ X fi.(X|Z™*)6 X cannotbedefined. Theproblem
is resolvedby usingsomefunctioni thatmapsthe state-sefX into avectorspace.Then,thefirst-order
momentis computedndirectly as

pk+1\k+1(Xk+1|Z(k

EINT) = [ B0 (X 205X,

Oneof thepossiblechoicesfor thefunctionh is i(I'y) = dr,, wheredr, (z) = 3 cr, duw(z). This
malkesthe first-ordermoment,denotedoy Dy (x| Z*)), the probability hypothesisiensity(PHD). It
hasthe propertythat [ Dy (x| Z*))dz is the expectednumberof targetscontainedn the region S
(for furtherinformationaboutthe PHD see[2]). If the SNR andthe signalto clutter ratio are high
enough,and the multi-target systemhasa zero covariance thenthe PHD is a good approximation
for the unnormalizednulti-target posteriordensity andan explicit recursve equationcanbe derived
for Dk|k(x\Z(k)) (see[1]). In generalthetime updateequationdependn the motion model,which

normallyincludesbirth anddeathof targets.

Dk+1|k(y|Z(k)) /(dkﬂ(x)fkﬂlk(y\x)+bk+1k(y|x))Dk|k(x|Z(k))da:

whered,.(x) is the probability thata target with a statex attime-stepk will disappeaattime-step

k + 1, andby 1, (y|x) is the PHD of themulti-targetdensityby , 1. (X |z) thatdescribeshelik elihood

thatatamgetwith a statex attime-stepk will generatexset.X of new tamgetsattime stepk + 1.
Assumingthatthereareno birthsanddeathstheabove equatiorreducedo

Dyran(y|Z2®) = / Ferap(y]2) Dyg(z| Z2®)) d. (4.1)



64 CHAPTER4. TRACKING AND IDENTIFYING OF MULTIPLE TARGETS

Theapproximatdormulafor the obsenationupdateis

Diy(2]Z2™)
b Z04D) pof(2|2) Dysajk
b1l (2] ) zeZZ,ﬁq Aet1¢kr1 +pp [ f(2]2) Dyrj(2] Z®)d *

+(1 = pp) Dy (x| Z®). (4.2)

Thus,anapproximatiorof thedistribution of thewholesetof targetsateachtime stepcanbecomputed
quite efficiently. The questionthenarisesasto how the stateof eachseparate¢argetcanbe estimated.
A new approacho this problemwasproposedandis describedn the next sectionalongwith other
existing approaches.

4.4 StateEstimation and the EM Algorithm

Using the resultsof the previous section,it is assumedhatat time stepk the function Dy, (x| Z®)
is given. Integratingit over the whole space the expectednumberof tamgetscanbe computed.The
guestionthenbecomeshow canthis informationbe usedto find the stateof eachtarget?

One of the existing approachess basedon peakdetection. The ideais very simple. Whenthe
expectednumberof targetsis M andthe function Dy, (x| Z*)) hasM local maxima,it is reasonable
to assumehat tamgets’ statesarelocatedat the pointswherethosemaximaare achieved (seeFigure
4.1). Thereare somedifficulties whentargetsare locatedvery closeto eachother;for example,the
numberof local maximamaybe smallerthanthe expectednumberof tagets(seeFigure4.2).

Figure4.1: Expectechumberof tamgetsis 3, sothetargetsareassumedo belocatedundereachpeak.

Anotherapproachs basedon clusteringalgorithms,which are ubiquitousin the patternrecogni-
tion community Sincethe PHD, Dk|k(x|Z(’“)), is representedsa setof particles(seesection4.5.2),
it is reasonableo expectthat particlesare clusteredaroundeachtarget. Applying a clusteringal-
gorithm, the loci for the targetscan be computed.One of the mostpopularclusteringalgorithmsis
NearesiNeighbourClustering.It usuallygivesgoodresults,but the time neededo constructtheloci
is quadratidn the numberof particles.Also, non-intuitive clustersareconstructedn somecases.
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Figure4.2: Expectechumberof tametsis 4, sothereis no naturalway to determinetamgets’ statesusingjust
thelocationof therelatve maxima.

Thenew approactis basednthefollowingidea. SupposehatthePHD, Dy ;. (z| Z (), is amixture
of Gaussiardensitiesavith unknavn meansandcovariancematrices).e.,

Dyi(z|Z®) Za Ni(x|pi, X)) = p(x]O©),

where M is the expectednumberof targets,© = {a;, u;, i}, and o, satisfy > o, = 1. The
likelihoodof theseparametergivendataX’ is

L(O]X) = Hp(fril@)-

It is reasonabléo expectthat maximizationof the likelihood, usingthe setof particlesrepresenting
the PHD asthedataX', shouldgive thevaluesof theparametersp* = arg maxg £(0|X), which will
provide a goodapproximationfor Dk‘k(x|Z(’*'>). Thenthe means,.!, shouldbe goodestimatorgor
the statesof targets.

The difficult part of this processs the maximizationof the likelihood. The usualalgorithmsfor
non-linearoptimizationmay not be efficient in this case,sincethe numberof parameterss quite
large. Therefore the needfor morerobusttechniquesrises.Onesuchtechniques the Expectation-
Maximization(EM) algorithm.

4.4.1 Expectation-Maximization Algorithm

Supposehedata’ for maximume-likelihoodestimatioris incompleteor hasmissingvalueg. Assume
thatthereexistsa completedatasetZ = (X, )), where) is missinginformation. Let

p(2]0) = p(z,y|O©) = p(y|z, ©)p(z|O)

’Sometimest is corvenientto assumehattherearesomemissing(or hidden)parameterso simplify the expression
for thelikelihoodfunction.
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be a joint densityfunction. Thena new likelihoodfunctionis £(0|2) = L(O|X,)) = p(X.V|O).
Note that it is a randomvariable,since) is supposedo be unknovn and random. So, it canbe
assumedhat £(O|X,)) = hx o()) for somefunctionhy o, whereX’ and© areconstantind) is a
randomvariable.

The EM algorithmconsistsof two steps.

1. Computethe expectedvalueof thelog-likelihood,i.e.

Q(0,0Y) = Ellogp(X, Y|©)|X, 01 Y],

where ©(—1 are currentparameterestimates X’ is the obsered data,and ) is the random
variablewith respecto which theexpectedvalueis computed Notethat© is anormalvariable,
s0Q(©, 00V is anormalfunctionof ©.

2. Maximizetheexpectationcomputedn thefirst stepandfind
0% = argmax Q(0, 00~Y).
©
Thesetwo stepsare repeateduntil somestoppingcriterion is satisfied. It canbe demonstrated

that eachadditionaliterationincreaseghe log-likelihood; therefore,the algorithmis guaranteedo
cornvergeto alocal maximumof thelog-likelihoodfunction.

4.4.2 Mixtur e-DensityParameter Estimation

To returnto the stateestimationproblem,recallthatthe PHD is supposedo be a mixture of Gaussian
distributionswith unknovn parametersThelog-likelihoodfunctionis in this case

N M
log(L(B|X)) Zlog (p(x;]©)) :ZIOg<ZajN(xi|uj,Ej)>.
i=1 j=1

Supposeéhatthe dataX’ is incompleteandthatthereexists anunobsereddatum) = {y;}%,. Let
vi € {1,....M} andy; = k if the i’ sample,z;, wasgeneratedy the k** Gaussiarcomponent,
i.e. the componentwith the meany, andthe covariancematrix ;. Thenthe expressionfor the
log-likelihoodcanberewritten as

log(L(0|X,Y)) = log(P(X,Y|0)) ZlOg (xilyi) P ZIOg 0y, N (@i, 3y,))-

Obviously, the problemis thatvaluesof ) areunknown. Assumingthatyl arerandomvariablesit is
possibleto applythe EM algorithm.Let©9 = (af, ..., a5, 1, ..., 13, 25, . .., 29,) besomeguess.
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Omitting a few details(which canbefoundin [3]) theexpressiongor ©9+! are
1 N
g+l = ) g
aj N ;1 p(l|z;, ©7)

ug+1 o Zz]il l’ip(”l’i, @g)
; =
Zi]\il p(”xt 69)
o Sl ©9) i — ) e — g
l - )
Zi]\il p(l|xt @g)

where

oy N (i, 37)

o ol N (|l 50

Only somedistributionsallow derivationof analyticexpression®f ©9+1, andthe Gaussiarlistribution
is one of these. In general,somenumericalprocedureshouldbe usedto maximizethe expectation
Q(©,07). Using the above formulaeand somereasonablestoppingcriterion, the estimatedor the
tamgets’statesy;, [ = 1, ..., M, canbefoundefficiently at eachtime step.

p(l]z;, ©7) =

4.5 Numerical Simulation

To testthe stateestimationmethodbasedon the Gaussiammixture assumptiorandthe EM algorithm,
severalnumericaltestsweredone. The modelusedfor the testswasa racingcarmodel,andthe PHD
methodwasimplementedisinga simplepatrticlefilter.

45.1 Model

Supposecarsareracingon a circle of length L with velocitiesin the range[—b, —a| U [a, b], where
the sign definesa directionof motion. The initial positionsandvelocitiesof the carsaredistributed
uniformly onintenals|0, L) and[—b, —a] U [a, b], respectiely. Themotionof thecarsis describedy

Tpy1 = Tp + Vg,
V41 = (Uk+N<07012)))(2B(p)_1)7

wherez,, is apositionof acarattime stepk, vy, is thevelocity of acarattime stepk, N (0, 0%) denotes
Gaussiamoisewith avariances?, and B(p) is abinomially distributedrandomvariable(at eachtime
step,it is 1 with probability p and0 with probability 1 — p). Sincethetrackis a circle, whena car
crosse®neof theboundariegi.e., its positionbecomegreaterthan L or lessthan0) it continuedts
motionfrom anotheroundary Also notethatthis motionmodelis highly non-linear sincevelocities
randomlychangenot only in magnitudesbut alsoin directions.

Theobsenationpartof themodelis definedasfollows: The probability of observingatarget(car)
is Pp, theamountof clutterhasPoissordistribution with amean)\, andtheclutteritself is distributed
uniformly ontheinterval [0, L). Theobsereddatais
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where N (0, 02,) is Gaussiamoisewith a variances?,. To simplify computationsthereis alsoa no
births,no deathsassumption.

Thecomputationsveredoneusingthefollowing valuesfor theparametersThelengthof thetrack,
L = 100; velocitiesare confinedto therange[—3, —2] U [2,3], soa = 2,b = 3; maximumnumber
of targetsequalst; varianceof Gaussiamoisefor velocities,o? = 0.1; probability of retainingthe
samedirection,p = 0.98; probability of detectinga tamget, Pp, = 0.9; varianceof Gaussiamoisefor
obsenations,c?, = 3; meanof Poissordistribution for theamountof clutter, A = 10.

4.5.2 Interactive Particle Filter

Notethatequationg4.1) and(4.2) containanintegral, whosecomputatiorrequiresalot of effort. To
dealwith this problem,a sequentiaMonte Carlomethodcanbe used.Oneof thesemethoddeadsto
thelnteractve Particle Filter. At eachtime stepk, thePHD is representeds

D oy — Mk g5
wn(2|Z2) = —= Z(sﬁk|k($)>
=1

wheref,i‘k aresimulatedrandomsamplesalsonamedparticles.Initially, fé\o arei.i.d randomsamples
uniformly distributedin [0, L) x ([=b, —a| U [a, b]). Thenumberof particles,V, hasto besuficiently
large, sofor the presenteanodel N = 5000 wasused. Theinitial numberof targetscanberegarded
asarandomvariableT suchthatk = 1,..., M, whereM is the maximumnumberof targets. Thus,
theinitial massof the systemcanbe computedasthe expectedvalueof 7', i.e. My, = E[T’]. For the
presenteanodel My, = 3.5.

Themotionupdates doneby settingMj, 1, = My, andmoving eachg,’dk accordingo themotion
of thetargets,i.e. §; ., = &, + vi. Theobsenationupdateis morecomplicatedFirst, thefollowing
integral shouldbe computed

. My ;
~ [ £Cl0Den(al 20z = S ST p(aIeh 0.
=1
Then,thetotal masss

Mk+1|k+1 :/Dk+1|k+1(I|Z H)

Ppl(z)
+ (1 — Pp)M, .
z; Mer1Cks1 + Ppl(2) ( D) bl

Thenext stepis computingweights

. I Df(z|£li+1|k)
v = E — +(1—Pp)M ..
wk+1|k+1 )\k+]_Ck+]_ PD[(Z) ( D) k+1|k

2€ZK 41

Theseweightsareusedto resamplehe particlesusingthefollowing rule

ij+1|k+1
N 1 '
D=1 Wk+1]k+1
Therefore particleswith smallerweightsshouldeventuallydisappearThe particlefilter aswell asthe

EM algorithmwasimplementedisingthe Matlab softwarepackageThecodefor themainroutinesis
givenin the Appendix,andresultsof thecomputationsrepresentedbelow.

P(E}iﬂ\kﬂ = €£+1|k) -
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4.5.3 Results

First, the work of the Interactve Particle Filter is presented.n Figure4.3, obsenationsare shown;
trajectoriesof tamgetsareindicatedby dots, while clutter is marked by crosses. The outputof the
particlefilter is illustratedin Figure 4.4. Note how particleseventually clusteraroundthe targets.
Takinginto accountarelatively smallnumberof particlesthe PHD givesagoodresult. Anotherproof
of the efficiency of the PHD is the graphof the total massof the system showvn in Figure4.5. Notice
thattheestimatiorof thenumberof tamgetsis quiteaccuratesince althoughthegraphoscillateswildly,
theaverages alwayscloseto 2, which is the actualnumberof tamgets.

The EM algorithmturnsout to be very sensitve to the outputof the PHD. In general,it works
well whentrajectoriesof targetsdo notintersectanddo not crossthe boundariesThis caseis shovn
in Figure4.6. Thedifficulties arisewhenthe trajectoriesntersector crossthe boundariesthe reason
beinga‘bad’ outputof the PHD.

Thefirst caseis illustratedin Figure4.7. Note how the inaccurateestimationoccursat the point
of intersection.The outputof the particlefilter for this caseis shovn in Figure4.8,andin Figure4.9,
the approximationof the PHD asan unnormalizeddensityfunction is presented.While the former
figure shovs no possibleobstructionto stateestimationthelaterfigure clarifiesthe poor performance
of theEM algorithm. As thetime draws closeto thetime of intersectionthe densityfunctionhasonly
onelocal maximum,a situationwhich makesidentificationof two targetsvery difficult for the EM
algorithm.

Figures4.10,4.11,and4.12illustratethetamgets’ statesestimationthe outputof the particlefilter,
andtheunnormalizediensityfunction,respectiely, for trajectoriesvhichcrosstheboundariesNotice
thatthedensityfunctionhasthreelocal maximathatcausehe EM algorithmto fail. In all caseswhen
the particlesarenot clusteredwvell aroundthetamgets,the estimationis notaccurate.
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Figure4.9: Approximationof the PHD asanunnormalizeddensityfunctionfor timescloseto theintersection
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Figure4.12: Approximationof the PHD asan unnormalizeddensityfunction for timescloseto the crossing
time.

4.6 Conclusion

In this paper a new methodfor tamgets’ statesestimationwasproposedasa part of a solutionto the
problemof tracking andidentifying multiple targets. The recentlyproposedProbability Hypothesis
Density (PHD) wasusedto track multiple targetswhenobsenationsare gatheredrom multiple sen-
sors. This new methodfor estimatingtargets’ statess basedon the assumptiorthatthe PHD canbe
represente@s a mixture of Gaussiardensitieswith unknavn meansand covariancematrices. The
numberof Gaussiardensitiesn this mixtureis the expectednumberof targets.Usingthis representa-
tion, thelik elihoodfunctioncanbe constructedandmaximizationof thelik elihoodgivesthevaluesof
themeandfor the GaussiardensitiesYhatcansene asestimatedsor thetargets’ states.To maximize
thelikelihood,the Expectation-MaximizatiofEM) algorithmwasemployed. Beingwidely usedfor
the mixture-densityparameteestimationproblem,the EM algorithmis particularly attractve when
the mixture is Gaussiansinceanalyticalexpressiondor the expectationstepcanbe derived in this
case.

The proposednethodwastestedon a simpleracingcar model. The resultsof this simplemodel
providedexamplesof specificcasesn whichthetargets’statedail to beresolhed. Estimationsarepoor
in casesvheretargets’trajectorieseitherintersectgetvery closeto eachotheror crossthe boundary
This failureis dueto the factthatthe EM algorithmis highly sensitve to the outputof the PHD. In
the casewheretamgetsarecloseto eachother theunnormalizediensityfunction (ie., the outputof the
PHD) collapsego a singlepeak,makingit impossiblefor the EM algorithmto resolve morethanone
tamget’s state.In a similar fashion,whena target crosseshe boundary an additionallocal maximum
of the unnormalizeddensity function comesinto existence,which againobstructsthe work of the
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EM algorithm. Additional analysisof the couplingbetweenthe PHD andtargets’ statesestimation
algorithmshouldbe donein orderto overcometheseobstacles.

4.7 FutureWork

Thereare a numberof possibleways of extendingthe work that hasbeenpresentedn this paper
Updatingthe motionmodelis a simpleway to eliminatethe boundaryconditionsthatcauseproblems
with estimatingthe targets’ states. This would eliminate one of two waysthat the stateestimation
algorithmcanfail. Aside from this extensionto the motion model, therehasbeensomeinterestin

comparingvariousstateestimatiormethodsandtestingthewaysin which thosemethodsnteractwith

the PHD. In addition,furtherexplorationremainsto be madeof the PHD.

Updatingthe motionmodelis arelatively simpleway to overcomethe problemposedoy the extra
maximumsof the unnormalizeddensityfunction that appeamwhen tamgetscrossthe boundaries.A
variantof the racing car problem,which eliminatesthe looping at the endpoints,could be usedto
confirmthatthe EM algorithmresolesthe targets’ statescorrectlywhenthe statesarenot neareach
other Trackingfailuresof the EM algorithmdueto the cyclic boundaryconditionsare presentedn
theResultssectionandillustratedin Figures(4.7) and(4.10).

Thereareothermethodof estimatinghetargets’statesvhich arenotdiscussedh this manuscript
andwhich cansene to extendthis preliminaryresearch.The mostcommonof theseis the Nearest
NeighbourClusteringmethod,which wasbriefly mentionedn the StateEstimationandthe EM Al-
gorithmsection.However, therearealsomoremodernapproachesuchasthe Cheesemaglustering
andthe Fourier/\aveletbasedmetric minimizationmethods.A carefulandunbiasedccomparisorof
thesecompetingmethodswould be of interestto trackingpractitioneran bothindustryandacademia.

4.8 Appendix

Thefollowing codeis the mainroutinethatis usedto trackandestimatehetargets’state.

Ofgmmmmmmmmmmmmmmemmememmemememmememmememeemeemmmmce e mmmmeme mmemmen mmmeme e e memeeee
% Main Script
Ofgmmmmmmmmmmmmmmemmememmemememmememmememeeme=mmmmecemmmme mmmmeme mmemmen mmeme mmmmeee e memeeen

clear; % clear all variables

global N % number of particles

global M; % number of targets

global PD; % probability of detecting a target

global CIVM; % mean for Poisson distribution; used to generate clutter

% assigning  values to the global variables

CIM=5;

PD=1;

N=5000;

M=floor(5*rand)+1; % the number of targets

Tar=init_states(M); % getting initial positions of the targets

[MK, XK]=init; % getting particles and guessing the number of targets

TS = 100; % number of time steps

MM=zeros(1,TS); % array for storing the mass of the system at each time step
XX=zeros(N,TS); % two dimensional array for storing particles at each time step

TT=zeros(M,TS); % two dimensional array for storing  targets’ states at each time step
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stop_flag=-1,;
for t=1:.TS

Tar=move(Tar);
Obs=observe(Tar);

% a stopping flag

% moving targets
% observing  targets

[Mk,Xk]=updatel(Mk,XK); % updating mass and particles, k|k > k+1lk
[Mk,Xk]=update2(Mk,Xk,Obs); % updating mass and particles, k+1llk -> k+1llk+1
MM(t)=Mk; % saving the mass of the system

XX(:,0)=Xk(1,)); % saving particles

TT(:,t)=Tar(1,:)’; % saving targets

% EM is applied only after the 6th time step; this ‘if statement  provides initial guess

if(t==6)
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Me=round(mean(MM(1:t))); % system mass is estimated as an average value of the previous masses
Mo=round(mean(MM(1:t-1))); % old estimation for the mass of the system
Me=2; % we fixed the mass, estimation failed  when mass varied
[a,m,d]=get_init_guessld(Me); % initial guess for EM algorithm
% this  was written to handle the case when the mass changes
elseif(t>6)
Me=round(mean(MM(1:t))); % system mass is estimated as an average value of the previous masses
Mo=round(mean(MM(1:t-1))); % old estimation for the mass of the system
Me=2; % we fixed the mass, estimation failed  when mass varied
Mo=2; % we fixed the mass, estimation failed when mass varied
% ‘if’ statement  below will never be called, since we keep Mo and Me equal to 2
% it was written to handle the case when the mass of the system changes
if(Me<Mo) % if mass becomes less we eliminate elements from a,m,d
ind=1:length(a); % getting indices for the array a
[s1,s2]=sort(a); % sorting a
keep=setdiff(ind,s2(Mo-Me)); % getting indices for the elements that will be kept

a=a(keep);
a=a/sum(a);
m=m(:,keep);
d=d(:,keep);

elseif (Me>Mo)
[mv,mi]=max(a);
a=a([1:Mo  mi*ones(1,Me-Mo)));
a=a/sum(a);
m(:,Mo+1:Me)=m(:,mi*ones(1,Me-Mo)
d(:,Mo+1:Me)=d(:,mi*ones(1,Me-Mo));

end;

end;

% EM is applied
if(t>=6)
[a,m,d]=get_itld(a,m,d,Xk(1,));
RES(1,1:M,t)=Tar(1,:);
RES(2,1:Me,t)=m;
end;
end;

only after

the 6th time

% updating a
% sum of the elements
% updating m
% updating d

of a should be 1

% if mass becomes greater
% find the maximum element of array a
% resampling  this elements
% sum of the elements of a should be 1
); % resampling  the corresponding element of m
% resampling  the corresponding element of d
step
% applying EM
% saving targets’ positions
% saving estimated targets’ positions

Next, the functionsimplementingthe motionandobsenration modelsarepresented.

function
%
% implements  the following

% X_k+1=X_k+V_k

% V_k+1=(V_k+N(0,0.1))*(2B(p)-1)
%
% x is a collection

y=move(x)

motion

N=size(x);
N=N(2);

of two dimensional

model:

as a 2xN matrix

vectors  (X_Kk,V_k)

represented

% size of x
% number of vectors
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y(1,:)=x(1,:)+x(2,); % updating  position

y(2,:)=(x(2,:)+0.1*randn(1,N)).*(2*(rand(1,N )>0.02) -1); % updating  velocity; here p=0.02

% we have wrapping boundary condition, i.e. 100=0

y(1,:)=y(1,:)-100*(y(1,:)>=100)+100*(y(1,:)< 0);

function y=observe(T)

Ofmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmeemmmmeeemmmmee mmmmmem mmmmmee mmmmem mmmmmem mmmmmee e _—

% implements  the following observation model

% X_0=X+N(0,3)

% plus clutter

L —

% T is a set of targets represented as a 2xM matrix

global PD; % probability of detecting a target

n=size(T); %size of T

n=n(2); % number of targets

Pd=(rand(1,n)>(1-PD)); % Pd indicates what targets are observed

cl=clutter; % generating clutter

cn=length(cl); % number of clutter points

ot=sum(Pd); % number of observed targets

y=zeros(1,cn+ot); % number of observations (clutter+observed targets)

y(1:cn)=cl; % storing clutter

% making sure we observe at least one target

if(ot™=0) % storing observed targets
y(cn+1:cn+ot)=T(1,find(Pd>0))+3*randn(1,ot );

end;

Thefollowing functionsimplementthe motionandobsenationupdatesteps.

function [M,X]=updatel(m,x)

L PG —

% first update

Ofmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmeeemmmmeemmmmee mmmmmem mmmmmee mmmmem mmmmmem mmmmmee e _—

M=m; % mass remains the same

X=move(x); % particles move according to the motion mod

function [M,X]=update2(m,x,Z)

o _—

% second update

L PG —

% mis the mass of the system

% x contains  particles

% Z contains  observations

global N; % number of particles

global PD; % probability of detecting a target

global CIVM; % mean for Poisson distribution; used for clutter

cc=CIM/100; % useful  constant

li=I(Z,x(1,:),m); % computing integral

M=sum(li./(cc+li))+(1-PD)*m; % updating the mass of the system

% the following code generates weights used for particles resampling

tmp=zeros(length(2),N);

for i=1:length(2)
dif=min(Z(i)-x(1,:),100-Z(i)+x(1,3)); % accounting  for wrapping boundary condition
tmp(i,;)=PD*normpdf(0,dif,3)/(cc+li(i)); % main part of the weights formula

end;

S=size(tmp);

% need to handle the case of one target separately
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if(S(1)>1)
w=sum(tmp)+(1-PD)*m;
else
w=tmp-+(1-PD)*m;
end;

w=w/sum(w); % normalizing weights
reg=cumsum(w); % generating intervals of lengths corresponding to the weights
samp=rand(1,N); % just random numbers

% we use the following algorithm for resampling:
% if the k-th random number (from ‘samp’) hits the j-th interval (in  ‘reg’)
% then new k-th particle is the old j-th particle
X=zeros(size(x));
for i=1:N
X(:,i)=x(:,bisearch(reg,samp(i))); % resampling
end;

function m=bisearch(x,x0)

L PG —
% binary  search

% searching for the element of array x that is the closest to xO0

L PO —
N=length(x); % length  of x
flag=1; % useful  variable
I=1; r=N; % initially, left  position is 1 and right position is N
while(l<=r & flag==1)
m=floor((r+l)/2); % computing the middle point
if(x(m)==x0) % if we find x0 exactly
flag=0; % stop the loop
elseif (x0 < x(m)) % if x0 lies in the left half
r=m-1; % update the right position
else
l=m+1; % update the left position
end;
end;
if(flag==1) % a little adjustment
m=l;
end;

function  y=I(z,x,m)

Offmmmmmmmmmmcmmmmmcemmmmmmmmmmmmmmmemeee ece e e e e —
% computes integral

Offmmmmmmmmmmcmmmmmemmmmmmmmmmmmmmmemeee e e e e e —
global N; % number of particles

global PD; % probability of detecting a target

y=zeros(size(z));

for i=1:length(z);
y(i)=sum(normpdf(z(i),x,3));

end;

y=PD*m*y/N;

Note,theabove groupof functionsimplementghe particlefilter. Herearefunctionsimplementinghe
EM algorithm. Thefirst is thefunctionthatcomputegheinitial guess.

function [a,m,d]=get_init_guessld(M)
Offmmmmmmmmmmcmmmmmmemmmmmmmmmmmmmmmemeem cce e e e e —
% provides initial guess for EM algorithm; 1-dimensional case
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% M - estimated number of targets
Offgmmmmmmmmmmmmmmmmmmmmmmmemmmmmmmmmmmmmeemmmmmee e e
a=ones(1,M)/M; % each a_i is just 1/M

% means are distributed
% variance is 572

m=100*rand(1,M);
d=5%ones(1,M);

uniformly;
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only position is estimated

Thefollowing functionimplementoneiterationof the EM algorithm.

function
%
% updates
%

[a,m,d]=updateld(a_i, di, x)

case) using

values of am,d (1-dimensional

N=length(x);
Pm=P1(a_i,
Sp=sum(Pm’);
a=Sp/N;
mn=length(a_i);
m=zeros(1,mn);

% number of particles

m_i, d_i, % computing  P_L_i

X);

% computing a

% computing
for L=1:mn

m(L) = dot(x,Pm(L,)))/Sp(L);
end;

means

d=zeros(size(d_i));
% computing  variances

for L=1:mn
d(L)=dot(Pm(L,:),(x-m(L))."2)/Sp(L);
end;

And thelastfunctionimplementghe EM algorithmitself.

function
%
% computes optimal
%

[a,m,d]=get_itld(a,m,d,x)

case)

a,m,d (1-dimensional

a_o=a;m_o=m;d_o=d,; old values
flag=1;

epsilon=0.0001;

% storing

% iterating while distance is greater than epsilon; flag is used

while(dist(a,m,d,a_o,m_o,d_o)>epsilon | flag==1)
if flag==1

flag=0;
end;

a_o=a;m_o=m;d_o=d;

% updating  values of am,d

[a,m,d]=updateld(a_o,m_o,d_o0,X);
end;
function y=dist(al,m1,d1,a2,m2,d2)
Of-—mmmmmmmmmmeemeeeeeemeeeemceeeeee.een memmee mmeeees
% distance  function (it's just a sum of norms)
Of--mmmmmmmmmmemmmmmeeemeeeemceeeeee.een memmee mmeeees

y=norm(al-a2)+norm(m1l-m2)+norm(d1-d2);

the corresponding

only for the first step
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Chapter 5

Methodsto Localize Shorts BetweenPower
and Ground Cir cuits

Mark Bravermarnt, ShengyuarChert, Marcio Gameird, NadineGartnef, Yasonglir®,
EdwardKeyes, Fadil Santos4, Haris Widjayée

Reportpreparedy Fadil Santosgsantosa@ima.umn.edu )

5.1 Intr oduction

In the competitive world of microprocessodesignandmanufcturing,rapidadwancementsanbefa-
cilitated by learningfrom the componentsnadeby one’s closestrivals. To make this possible Orisar
Inc. (formerly Semiconductosights)providesreverseengineeringservicedo integratedcircuit (1C)
manufcturers. The procesgproducesa circuit diagramfrom a chip andallows the manugcturerto
learnabouta competitors product. Theseservicesarealsousedto determindf ary intellectualprop-
erty infringementshave beencommittedby their competitor

Reverseengineeringf integratedcircuitis madedifficult by theshrinkingform factorandincreas-
ing transistordensity To performthis complex task Orisarinc. employs sophisticatedechniquego
capturethedesignof anic. Electronmicroscopehotographycaptures detailedmageof anic layer.
Becauseatypical ICc containamorethanonelayer, eachlayeris photographea@andphysicallyremoved
from theic to exposethe next layer A noiseremoval algorithmis thenappliedto the pictures,which
arethenpassedo patternrecognitionsoftwarein orderto transferthe layer designinto a polygonal
representatiof the circuit. At the last stepa knowledgeablenumanexpertlooks at the polygonal
representatioandinputsthe designinto a standarclectronicschematiavith a CAD package.

lUniversityof Toronto
2Universityof British Columbia
3Geopia Instituteof Technology
4ClemsonUniversity
SUniversityof Kansas
80risarinc.

"Universityof Minnesota
8SimonFraserUniversity
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At thefirst few stageof the processerrorscanbeintroducednto the polygonalrepresentationf
the design. Errorscanexist in the form of noiseor simply be the resultof a physicalobstructionon
the layer beingphotographedTheseerrorscanintroduceinvalid component®r connectionswithin
the device, andthe mostcatastrophiof theseerrorsresultswhenthe power andgroundnetworks of
anic aretied directly together Sincethe typical first stepin determiningcomponenfunctionalityis
the determinatiorof power andground,theseshortcircuits or shortsmustbeidentifiedandcorrected
beforefurtheranalysiscanoccur It shouldbe emphasizedhatit is a very rapid procesdo determine
the existenceof a shorthoweverfinding thelocation of a shortis anothematter

In thecurrentwork flow, workersat OrisarInc. visuallyinspectthe polygonalrepresentatioof the
circuit in orderto find errors. To completelyremove all the shortsonepersonneedgo spendoneday
inspectingthe polygonaldataby runningsignaltracing. To make the searchfastey the searchareais
narroveddown by onequarterby runningsignaltracingon a quarterof theic atatime, theshortscan
thenbe quickly narraveddown to smallsub-rejions.

However this processperformedmanually is very time consuming.We proposea methodwhich
canbe easilyautomatedherebysaving valuableworker time andacceleratinghe processof reverse
engineering.

5.2 ProblemDescription

A modernic designcontainsin the orderof millions logic gatespackedinto a very smallarea. The
giganticnumberof devices,togetherwith minimal space createa problemfor designergo connect
theirlogic gate<efficiently. Thisis themainreasorfor themulti layeredapproactio Ic manugcturing.
A typicalic hasonelayerdedicatedo the placemenbf logic gatesandmultiple layersof wiring. This
is necessarpecausall thegateson thegatelayerarepackedasdenselyaspossible)eaving noroom
for interconnectingviresandconnectiorto the power supply

In a modernic therearemary morewiring layersthanlogic gatelayers,andtypically addinga
layerto anic translateslirectly into anincreasen the costof manufcturing. Thusarny manufcturer
triesto packthewires asdenselyaspossiblewithin the layerwithout violating the designrules. Be-
causean|c consistgpredominantlyof wiring, it is crucialto getthewiring designtransferegroperly
Therearethreetypesof wiring we canfind within anic.

e Pawverlineswhichwe will denoteasV,,. Theselinescarrythe positive chageinto the compo-
nentsof theic.

e Groundlineswhichwe will denoteasV,. Thesedinescarrythenegative chage.
¢ Signalline whichinterconnecthevariouscomponents.

e Vias,thisis theinterlayerwiring thatconnectaviresto wires,andwiresto logic gates.

Thetwo mainwiresthatwe will focuson arethe power linesandthe groundlines. On a normal
IC, the power linesandthe groundlinesform two disconnecte@domponentsUnfortunatelynatureis
againstusin this process.The errorsmentionedin the introductioncanadd wires that are not part
of thereal ic design,andcreateinadwertentconnectionspr shorts,betweenthe power lines andthe
groundlines.
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Figure5.1: A polygonrepresentationf wiresin anic.

Thewiresin thec arerepresentedsa setof overlappingpolygons.Eachpolygoncontainsa list
of verticesanda signalnumber The numberof verticesin eachpolygoncanbe very large although
mary of the polygonsarequadrilateralsThe polygonsarenot guaranteedo be cornvex, andthey can
varygreatlyin size. Thewiresaretypically laid outin aregularfashion thatis wiresruneitherparallel
or or orthogonako otherwires.

In the next sectionwe will explain the approachethatwe have consideredo solve this problem,
andthe choiceswve madeconcerninghefinal algorithm.

5.3 Approacheso the Problem

5.3.1 A Network Flow Method

If currentcanflow from a V;, pin to aV;,; pin, it mustgo throughoneof the shorts.Normally a short
is muchnarraover thana legitimatewire. Giventhe factthatthe wider a wire is, the more capacityit
bears,shortsbecomethe bottleneckof the network. This ideais alreadyusedin manualinspections
wherepower is appliedbetweentwo pins anda thermalimageof the circuit is madeto identify hot
regions.

We would lik e to simulatethis processn a computer Thefirst stepwould beto cornvertthecircuit
into a network. Our thoughtis to translatea givencircuit into a capacitatechetwork whereeachedge
in the network is a pieceof wire. This leave the problemof estimatingthe capacityof awire. Several
ideaswereproposed:

1. Startingfrom thescannedmage,we mayregardevery blackpixel asanodeof the network, and
assigneachedgecapacityone. This approacHeadsto a massve network, which may be too
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expensveto compute.

2. Startingfrom the polygonsrepresentationf awire, determinghedirectionof flow andestimate
the width of thewire. This processcanbe very comple< with mary specialcasesasa polygon
couldbeassimpleasa quadrilaterabndascomplicatedasa honcowex n-gon.

3. Anotherideais to extractthe network from the scannedmageby scanningthroughall pixels
vertically andlocatingjunctionsand edges.Eventhoughthe ideais very attractve, the group
felt thatit wasunlikely thatanalgorithmto do this canbe completedn thetime given.

We remarkthatupontransformingthe circuit into afinite capacitynetwork, we canusenetwork flow
techniquedo locatethe shorts. The max-flowv of sucha network is limited by the shorts,andthusthe
min-cutwill be on the edgesof theseshorts.We assumehatthereareonly a few shortsandthe sum
of the capacitie®f all theseshortsarelessthanthatof a narrov wire.

5.3.2 Signal Processingo Locate H-Junctions

Theobsenationthatshortstendto make H-junctionsbetweertwo legitimatewiresleadusto consider
patternrecognitionalgorithms.It wasfelt thatsuchanalgorithm,thoughit canidentify falsepositives,
couldbevaluablein localizingthe search. After someconsiderationit wasfelt thatsucha methodis

not sufficiently general.

5.3.3 Exploiting the Incidence Matrix

Sincetheincidencematrix encodeshe connectity of thecircuit, it seemgossiblehatwe candevise
a way by which the matrix is manipulatedso thatit separatesut into power andgroundparts,with
the shortsconnectinghem. To be ableto do this, we mustdevelop an objectve functionalsuchthat
whenit is minimized,the matrix segregatesasdesired.This appealingdeadeseresfurtherstudy

5.3.4 A Monte Carlo Approach

We corvert a circuit into a graphby letting the polygonsrepresentinghe circuit be vertices. If two
polygonsare connectedthen the verticesrepresentinghem are connectedoy an edge. With this
descriptionwe candefinethe lengthof a pathbetweenra pair of polygons.The nice featureof shorts
is thatit mustappeaion a pathstartingfrom apolygonontheV; (power) sideto apolygonontheV,
(ground)sideor vice versa. To utilize this obsenation, we randomlypick a pair of startingandend
points,andcomputethe shortesipathbetweenthemusingthe breadthfirst algorithm. We repeatthis
procedurealarge numberof times,andwe countthe numberof timeseachpolygonappearedh all of
thesepaths.

We claim thatthe polygonsfrom a shortwill have a highernumberof visits that otherpolygons,
thusallowing usto isolatepotentialshorts.This approachaswell asanimplementationaredescribed
in the next section.
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Figure5.2: The shortespathbetweerv, andv, in asimplecircuit.

5.4 A Monte Carlo Algorithm

5.4.1 Description of the Algorithm

To make it possibleto apply graphtheoryalgorithmsto the problem,we representhe circuit asan
undirectedgraphG. Theverticesof thegraphcorrespondo the polygonsrepresentinghe circuit and
theedgegepresentheconnectiorbetweeradjacenpolygons.For two verticesv, andv,, correspond-
ing to polygonsP and@), thereis anedgeconnectingy, andwv, if andonly if the polygonsP and@
toucheachother A pathbetweertwo verticesv, andv, in GG is a pathbetweerthe polygonsP and@
in thecircuit.

If a circuit hasa short, thenary path going from a polygonin V,; (power) wire to onein V,
(ground)wire mustpassthrougha short. Sincethereare only few shortsin the circuit, we would
expectmary pathsto go througheachof the shorts.Our algorithmrandomlychoosegpairsof vertices
in the circuit, connectshemthrougha shortestpath,andkeepstrack of the numberof visits to each
vertex of the circuit. While any pathbetweertheseverticeswould work, we choosethe shortespath
(seeFigurel.2). We expectthatthe shortswould bethe mostvisitedareasn thecircuit.

We keepacounterfor thenumberof visitsto eachof thevertices.At eachiterationof thealgorithm
we randomlychoosetwo verticesv, andv,. We thenfind a randomizedshortestpathfrom v, to v,
usingarandomizedrersionof thebreadthfirst seaich (BFs) algorithm.Thenwe increase¢hecounter
of eachof thevisitedverticesby 1.

We make alarge numberof iterations,andoutputa colourmaphighlightingthemostvisitedareas.
Thenwe manuallysearchor the shortsin the highlightedareas.
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The Algorithm
1) N = numberof trials;
2) For eachp, counter(v,) = 0,
3)Fori=1toN

3.1)randomlychooseverticesv, andv,;

3.2)find oneof the shortespathsfrom v, to v,

Up 1= Vg, V1, Va, ..., Vi =: U, USingarandomizedFs;
3.3)Forj=0to K
3.3.1)counter(v;) = counter(v;) + 1;

Endfor
Endfor
4) Outputa colourmapwith thevaluesof counter(v) for eachv, the polygonswith high counter
valuesarethe primary suspects$o betheshorts.

RandomizedFs is an algorithmwhich randomlychoosesne of the shortestpathsfrom Vp to V.
Detailswill beexplainedin theendof the section.

5.4.2 Analysis of the Algorithm

The mainideais thatevery time we choosev, from V;;; andv, from V;, or v, from V;, andv, from

Vaa, the pathfrom v, to v, mustpassthroughone of the shortsof the circuit. Next we estimatethe
probability that the chosenv, andv, arein differentwiring nets? Supposethat the portion of V,,

polygonsin the netis s, andthe portion of V;; polygonsis d, s + d = 1. Thenthe probability that
we choosev, from V,,; andv, from V, is ds andthe probability that we choosev, from V;, andv,

from V4 is sd, sothe probability thatvp andv, arechosenfrom differentwiring netsis 2ds. This
probabilityis almost50% if s andd arerelatively closeto eachother We expectthis to be the case
mostof thetime. Thefollowing tablesummarizeshe estimatecbutcomes

Theportions of V, | Theportiond of V;; | Theprobabilitythatv, andwv,
in thenet in thenet arechoserfrom differentnets.
10% 90% 18%
20% 80% 32%
30% 70% 42%
40% 60% 48%
50% 50% 50%
60% 40% 48%
70% 30% 42%
80% 20% 32%
90% 10% 18%

If therearek shortsin the circuit, theneachof the shortpointsgetsvisited

2-d-s-N
k
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timeson averagewhereN is thenumberof trials. We have

2.d-s-N N
k T 2.k

when s andd are closeto eachother This humberis much larger thanthe numberof visits to an
averagepolygonin thecircuit. Sothe shortsshouldgethighlightedby the algorithm.

A possibleimprovementto the algorithmwould be discardingparticularlyshortpaths. A typical
path connectinga point in V;, with a pointin V,, going throughone of the shortsandis generally
longerthana pathconnectingiwo pointson the sameside of the net. Hencediscardingshortpaths
would discardmorepathswhich connectverticeson the sameside,thusyielding a betterperformance
of thealgorithm.

Notethatthealgorithmis extremelyparallelizible.All thetrials canruncompletelyindependently
So the algorithm can be executedsimultaneouslyby arbitrarily mary machinesn parallel,andthe
visits statisticscanbe collectedat the endof therun.

5.4.3 The RandomizedBFS Algorithm

We usethe classicalsrs (breadthfirst searchlalgorithmfor finding a shortesipathin anundirected,
unweightedgraph. It is a classicalalgorithm describedn mary introductoryalgorithmsbooks. A
goodexpositionof the algorithmcanbe foundin Cormen[1]. We modify this algorithmin orderto
choosearandomshortespath.

After scanninghegraphfrom the sources andlabellingall theverticesaccordingo their distance
from s, we backtrackfrom thetargett in orderto find theshortespathfrom ¢ to s. Wheneverwe have
morethanoneway to backtrack,a randomchoiceis madeamongsthe possibilities. This procedure
diversifiesthe possibleroutesin congeste@dreasandthusavoidsfalsepositives.

5.5 Performanceof the RandomizedAlgorithm

On a typical circuit we will have approximatelyl0® nodesin the graph,with the numberof shorts
in the order 10!. The testingis donein increasingnode densityto approximatereal casesthis is
importantbecaus®ur methodworks underthe assumptiorthatthe numberof shortsarea few orders
of magnitudesmaller thusthe probabilityof it beinghit by ourrandomizedracingalgorithmis higher
thanarealnode.Thefollowing aretheresults.

In thefirst experimentwe have oneshortin betweerthetwo interdigitatedoowerandgroundwires
asshown in Figure5.3. The power wires are colouredred andthe groundcolouredblue. The short
is shavn asthe greenline in Figure5.3a. The resultof our algorithm,with 5000trials, is shavn in
Figure5.3b, it is evidentthatour algorithmhassucceedeth localizing the areaof the probableshort
shavn by theredwiresin the picture.

In the next experimentwe testedour algorithmon a circuit with a highernodedensity Thecircuit
containgwo shorts.It is clearthatour algorithmis ableto find alocal areawherethe shortoccurs(see
Figures5.4). Here, N = 5000 trials aswell.

In the next setof figureswe ran the algorithm on a circuit that has3 shorts. After a first run
involving 5000trials, only oneshortwasfound (Figure5.5b). We repeatedherun afterremaoving the
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(a) Initial figurewith oneshort. (b) Finalfigure.

Figure5.3: Localizationof 1 short.
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(a) Initial figurewith two shorts. (b) Finalfigure.

Figure5.4: Localizationof 2 shortsin 1 run.

shortfoundin thefirst run andidentifieda secondshortin Figure5.5d. A final run, afterremoving the
seconashortwasableto determinehelocationof thethird andfinal short(Figure5.5f).

We have numericalevidencethat our algorithm coupledwith simple heuristicsis capableof re-

moving all theshortsthatexist within agivencircuit model. We have alsotestedour algorithmonreal
datathatthe compaly uses.

Figure5.6ashovs acasefrom arealcircuit thathasbeenannotate@ndidentifiedby aknowledge-
ablehumanexpert. The white linesin Figure5.6bareareasour algorithmhasidentifiedaspossibly

containingshorts. This illustratesthat our algorithmcorrectlyidentifiedthe local areasnvhereshorts
occur
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5.6 Conclusions

Theteamhasimplementedandtesteda Monte Carlo approactcapableof localizing power to ground
shortcircuits. Any valid wiring network consistsof two unconnectegower and groundnetworks.
Thekey obsenationis thatgivenary two randomlychoserpointsin thewiring network, thereexistsa
relatively high probabilitythattheshortespathjoining thesetwo pointswill containashortcircuitif it
exists. Our algorithmexploits this relatively high probability of traversinga shortandhasbeenshavn
to be capableof detectingmultiple shortsof both simulatedandactuali c power wiring networks.
Thereareseveralwaysin which the proposednethodcanbeimproved. Theseinclude:

e Make betteruseof pathinformation.
¢ Incorporateknowledgeembodiedn theincidencematrix of the graphs.
e Exploit propertiesof thecircuits,suchasline widths.

We believe thatotherideasexploredin this reportdesere furtherinvestigation.
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(a) Initial figurewith 3 shortsbeforelstrun. (b) Final figurewith 3 shortsafter 1strun.

9 1
(c) Initial figurewith 3 shortsbefore2ndrun. (d) Final figurewith 3 shortsafter2ndrun.
(e) Initial figurewith 3 shortsbefore3rd run. (f) Finalfigurewith 3 shortsafter3rd run.

Figure5.5: Localizationof 3 shortsin 3 steps.
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(a) Theareaswvhereshortsoccur (b) Thehighlightedby our algorithmatfter5 iterations.

Figure5.6: Theresultof our algorithmwith realdata.
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Chapter 6

Corr elation Structur esCorr espondingto
Forward Rates
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6.1 Intr oduction

In finance thereis a constaneffort to modelfuture pricesof stocks bonds,andcommoditiestheabil-
ity to predictfuture behaiour providesimportantinformationaboutthe underlyingstructureof these
securitiesWhile it hasbecomecommonto modela singlestockusingthe Black-Scholegormulation,
themodellingof bondpricesrequiresoneto simulatethe changeof interestratesasa functionof their
maturity, which requiresoneto modelthe movementof anentireyield curwve. If onestudiesthe spec-
tral decompositiorof the correlationmatrix correspondingdo the spotratesfrom this curve, thenone
findsthatthe top threecomponentganexplain nearlyall of the data;in addition,this samestructure
is obsenedfor any bondor commodity In his 2000paper llias Lekkos[4] proposeghatsuchresults
areanartifactdueto theimplicit correlationbetweerspotrates,andthattheanalysisshouldinsteadbe
performedusingforwardrates.In this paper we discusghe resultsobtainedfor the spectralstructure
of the correlationmatricesof forward rates,andinvestigatea modelfor this associatedtructure.The
paperis divided into four parts, covering forward ratesbackgroundmaterial, principal components
analysisyield curve modelling,andconclusionsaandresearclextensions.
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2Ohio StateUniversity
SUniversityof Calgary
4Michigan StateUniversity
SYork University
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6.2 Background: Forward Rates

6.2.1 SpotRates

Let us beagin with a few definitionsand conceptdrom financialmathematicghatwill be referredto

throughoutthe paper To modelbondprices,onemustknow theyields for variousmaturities. These
interestrates,asafunctionof maturity, constitutetheyield curve andarereferredto asspotrates.The
spotrate R(T') givestheratethatmustbe paidwhenmoney is borraved (or loaned)todayfor atime

T years. Sinceeachspotrate changeswith time, we areinterestedn knowing the movementof the
entireyield curve astime proceedsWhenonestudiesa singlestock,andassumingefficient markets,
its movementmay be predictedusingthe Black-Scholegormulation:

5 = pdt + odW
S

with S referringto the stockprice, . its expectedreturn,ando its volatility. W is a Brownianmotion

representinghe randommaovementof the stock. To studythe movementof anentireyield curve, we

may assumehateachpoint movesasa Brownian motion. Sincethe correlationstructuresandhence
primary movementsof spotratesarewell known andwill be briefly mentionedn the next section,
andsincewe areinterestedn studyingthe correlationstructureof forward ratesin this paper let us

now adapttheabove formulationsto focuson forwardrates.

6.2.2 Forward Rates

A forwardrateis therateappliedto borrow (or loan)money betweerntwo dates;/; and75;, determined
todayattime ¢; we denotethisas f (¢, 71, T»). In orderthatno-arbitrageconditionshold, we musthave
thefollowing relationshipbetweerforwardandspotrates:

liTi of (T Tip1)(Tin =15) _ SRivaTivr

Theformulasimply stateghattherateto borrov money startingfrom todayto time 7;, ; mustbethe
sameastherateif oneborrows from todayuntil time 7;, andthenfrom 7; to 7;,,. If this equation
did nothold, onecouldborrov money atonerateandlendatanothemith norisk, therebycreatingan
arbitrageopportunity For completenesdet usalsodefinetheinstantaneoutrwardrate,whichis the
rateappliedto borrow or lendmoney for aninstantattime 77, determinechttime ¢, denotedf (¢, 71 ).

In ourwork, we areinterestedn following theapproachof Heath , Jarrav, andMorton [2] to model
the entireforward rate curve directly. As anexampleof thetype of changeghathave taken placein
forwardrateshistorically, Figure6.1 illustratesthe movementsof variousforward ratesasa function
of time usingdatafrom the US.

As previously mentionedwhile Black-Scholess usedto modela single stock,the modelling of
anentirecurve of forwardrateswill requiremorework. The formulationproposedy Heath,Jarrav,
andMorton is ageneralizatiorof Black-Scholesit is givenby theformula:

daf (t,T) = pdt + (i O'i(t,T)dI/Vi> )

i=1
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Figure6.1: Historical Forward RateDatafor the US (z-axis: days;y-axis: percentile).

wherethe differentialis takenwith respecto time, sothat

The main questionnow arisesasto whatvalueof v shouldbe usedin the summation.Clearly; if we
selectr = 1, thenwe returnto modellinga single quantity which would incorrectlyimply thatthe
forward ratesare completelycorrelated.If, however, we allow v to be the numberof pointson the
curve, thenwe find thatthis computations too costly, andwe arenot takinginto accounthe factthat
ratesdo indeedhave a non-zerocorrelation. Our goalis to reducethe dimensionalityby recovering
mostof the variancesandcovarianceof the forward rateswith a minimal numberof componentsy,.
This canbeaccomplishedisingprincipalcomponentganalysis.

6.3 Principal ComponentsAnalysis (PCA)

PCA s astatisticalprocedurghataimsat takingadvantageof the possibleredundang in multivariate
data. It achievesthat by transformingp (possibly)correlatedvariablesinto » uncorrelatecnes. If
the original variablesare correlated then the datais redundantand the obsened behaiour canbe
explainedby just v component®f the original variableswith v < p.
ThisprocedurgerformsPCAontheselectedlatasetA principalcomponenanalysids concerned
with explainingthe variance-cwariancestructureof a high dimensionatandomvectorthrougha few
linear combinationsof the original componentvariables. Considera p-dimensionalrandomvector
X = (X1, Xa, ..., X,). v principalcomponent®f X arev (univariate)randomvariablesY;, Ys, ..
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Y,, which aredefinedby
Vi = LX =X+ 0o Xo+ ..+ 1, X,
YQ == lQX - lngl + ZQQXQ +...+ lngp,
Y, = LX=0,1X1+0L2Xo+ ... +1,,X,,
wherethe coeficientvectorsly, [, . . ., [, arechosersuchthatthey satisfythe following conditions:

FirstPrincipalComponent Linearcombination; X thatmaximizesvar(, X) and||/;|| = 1.

SecondPrincipal Component= Linear combination/, X that maximizesVar(,X) and
|l2|| = 1 andCov(l1 X , [, X)= 0.

J™ PrincipalComponent Linearcombination/; X thatmaximizesvar(; X) and||;|| = 1
andCov(l; X, [;X) = Oforalli < j.

This saysthatthe principal componentsarethoselinear combinationf the original variableswhich
maximizethe varianceof the linear combinationand which have zero covariance(and hencezero
correlation)with the previous principalcomponents.

It canbe proved that thereare exactly p suchlinear combinations.However, typically, the first
few of themexplain mostof the variancein the original data. So insteadof working with all the
original variablesX, X, ..., X,, onetypically performsPCA andusesonly the first few principal

componentsn subsequerdnalysis.

6.3.1 SpotRates

We areinterestedn determiningvhich componentslescribinghemovemenif our curve canbeused
to explain mostof the varianceandcovariancedatawhile utilizing asfew componentsaspossible.In
the caseof spotrates,from the previouswork in principle componentinalysisn this field, theresults
arewell known. Let R; denotea vectorof yields for theday 0 < ¢ < N anddefinethe matrix A
sothe columni of A is thevector R; — R;_;. OnecanthenconstructX = cor(A), the correlation
matrix formedfrom A. Notethat[X|; ; givesthe correlationbetweerthe daily changesn rateswith
maturity 7; andmaturity 7;. Calculatingthe eigervaluesandeigervectorsof this new matrix, onewill
find thatthetop threecomponentsrelevel, slope,andcurvature. Thefirst eigervector, referredto as
“level” canbeinterpretedasaparallelshift in thetermstructurethe secondepresentachangen the
steepnesgndthethird is interpretecasa changen the curvatureof theyield curve.

Using this processand obtainingthe correspondingeigervalues,we cancomputethe cumulatve
percentagef thefirst M eigervalueshamely

Zf\i1 )‘i
Zi:l )‘i

wherev is the total numberof eigervalues,asshown in Table6.1. From the resultof this principle
componentanalysisprocesswe can seethat the cumulatie total of the top threecomponentsare
alreadyover 95% of original data,wherewe useUS dataasanexample.Thesetop threecomponents
representhe key movementof theyield curve for spotrates their form is shaovn in Figure6.2.
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Figure6.2: Top 3 eigervectorsrepresentindsey movementsof spotratesin theUS (z-axis: maturity;
y-axis: eigervaluecomponent).

While theabove graphwasgeneratedisingUS data,in factwe cangetthe sameresultsregardless
of thetime periodor the market used,andregardlessof whetherwe considerbondsor commodities.
In [4], Lekkos arguedthat suchresultsare an artifact which arisesdueto the factthat spotratesare
highly correlatedoy construction He proposeghatwe shouldinsteadoe working with forwardrates,
whichalthoughthey maybecorrelatedarenot correlatedy construction He claimsthattheresulting
principalcomponentnalysiswill yield muchwealer results.

6.3.2 Forward Rates

As statedabove, we areinterestedn investigatingthe resultswhen principle componenganalysisis
appliedonthecorrelationmatrix for forwardratesinsteadof spotrates.

As before,we calculatethe eigervaluesandeigervectorsof the correlationmatrix, but for forward
rates,we do indeedfind that the decayof the eigervaluesis considerablyslower, implying thatit is
not enoughto only considerthe top threecomponentdo adequatelyexplain the movementsof the
curve. Figure6.3is a comparisorof the eigervaluesobtainedfrom the correlationmatricesof spot
andforwardratesusing1982—-2003JS data.

Fromthis graph,we notethatsimilarly to thetop eigervectorfor spotratesthetop componentor
forwardsstandsout considerablyalthoughit is notasdominantexplaininglessthan60% ascompared
to 80% for spots.If we consideithe contrikbution of thetop threecomponentsye find thatwhile these
madeup over 95% for spots,the total is now lessthan80%, owing to the muchslower decayof the
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SpotRateData
Eigervalue Individualvariance(%) Cumulatve variance(%)
A 8.0677 80.68 80.68
Ao 1.1627 11.63 92.31
A3 0.2847 2.85 95.16
Forward RateData
Eigervalue Individualvariance(%) Cumulative variance(%)
A 57776 57.78 57.78
A2 0.9425 9.42 67.20
A3 0.6609 6.61 73.81

Table6.1: PrincipleComponen®nalysisof US Data.

eigervaluesin the caseof forwards.

It is alsoeasyto verify thatthefirst eigervectorin thecaseof forwardratess still alevel movement
andthatthe secondstill correspondso slope. Yet, althoughthefirst two componentganstill explain
a lot of the total variance,the remainingeigervectorsmake up a substantiakcontribution, andtheir
intuitive meaningjncludingthatof thethird eigervector is notsoclear

6.4 Yield Curve Modelling

6.4.1 Model Developmentand Implementation

Thusfar, we have found that using forward ratesinsteadof spotratesdoesnot producethe same
structurefor the correlationmatrix in which threeexceptionallydominantcomponentsrise;in fact,
theorderof thelatercomponentsnay notevenbethe sameasin the caseof spotrates.How mightwe
try to modelthe correlationmatrix of the forwardratesandits resultingspectralktructuredn the case
of spotrates thereis anexisting modelfrom [1] for the spotratescorrelationmatrix:

[X]i; = p" 0]
assuminghatcorrelationsp, arehigh enough.HereT' is maturityin years.

A comparisorof the eigervaluedecayobtainedusingdataandthe abose modelis shown in Fig-
ure 6.3h The circlesrepresenthe eigervaluesof the correlationmatrix using spotrate data,while
the squaresstandfor the eigervaluesof the modelledspotcorrelationmatrix. We notethat the two
curvesnearlycoincidewith eachother; both of themexhibit a very fastdecayandfor eachof them,
thefirst threeeigemvaluesarevery significantandexplain over 95% of thebehaiour of thecorrelation
matrix; the othereigervaluesareinsignificantandsothecorrespondingigervectorsexplain verylittle
aboutthe movementof spotrates. Thus,this modelproducesa good approximatiorto the spotrate
correlationmatrix. To proposea modelin the caseof forward rates,we canconsiderthe relationship
betweerthe covariancematrix for spotandforwardrates,namely:

Q, =wao,wt. (6.1)
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Figure6.3: Variancestructureof the eigervalues. a) Spotratesversusforward ratesfor US data;b)
Decaystructurefor US spotrates(dataversusmodel); c) Decaystructurefor US forward rates(data
versusmodel);d) Decaystructurefor Europearforwardrates(dataversusmodel).

Here, (2, standsfor the covariancematrix for the spotrates,(); standsfor the covariancematrix for
the forward rates,and W is a matrix of the weightsof the forwardsto the correspondingpotrates.
However, we needto work with the correlationmatrix. That meanswe needto find someway to
corvertthis formulainto arelationshipbetweercorrelationmatrices.

Giventhatthe historicalvarianceof the spotsis pretty stableacrossenorswe have assumeaon-
stantvariancewhenusingformula(6.1) to transformthe correlationmatricesof the spotsinto correla-
tion matricesof forwards.

Rearrangingheresultingequationwe obtaina modelfor the forwardratecorrelationmatrix. We
may now comparethe forwardseigervalue decayfrom this modelledcorrelationmatrix with that of
the correlationmatrix obtainedfrom the data. Figures6.3c and 6.3d both shov sucha comparison

betweenmodel and data; Figure 6.3c illustratesresultsfor 1982-2003US datawhile Figure 6.3d
presentd998-200Z uropeardata.



102 CHAPTER6. CORRELATION STRUCTURESCORRESPONDINGIO FORWARD RATES

The circles representhe eigervaluesof the correlationmatrix for the real dataof the forward
rates,while the squaresstandfor the eigervaluesof the modelledforward ratescorrelationmatrix.
From thesetwo figures, we obsene that for both markets, the modelfits the datafairly well, but
considerablyworsethanthefit thatwasobtainedfor the spotsmodelearlier To be specific,it seems
thatthreecomponentgarenolongerenougho adequatelyxplainthecorrelationmatrix; we mayneed
to usemorethanfive componentsindeed,it is alsopossiblethatthe spotsmodel,while it seemedo
producea goodfit for spotsdata,is notanadequatéoundationfor our forwardsmodel,whichmaybe
moresensitie to the exactnatureof the spotscorrelationmatrix; perhapsa morerobustmodelfor the
spotratesis necessarywhenusingit asa basisfor forwardsmodelling.

6.4.2 Model Comparison Using Simulations

Sinceour ultimategoalis to predictforwardrateswhich canthenbe usedto predictbondprices,it is
importantto performsimulationsto determinaf usingforward ratesaswe have implementedabove,
or spotrates(andsubsequentlgomputingforwardrates)is indeedthe bestapproachWhile we know
in the caseof spotratesthatit is sufficient to include the threetop componentsit still remainsto
determinenow mary eigervectorsarenecessaryhenusingforwardrates.While we have performed
somepreliminarywork for making sucha comparisonsimulationsremainto be doneto determine
which methodbestpredictsthe varianceof forward rates,andhenceis a bettermodelfor predicting
futurevaluesof forwardrates.

6.5 Conclusion

Asit is well known, thecorrelationmatricescorrespondingo spotratescontainalot of structure.The
factthatthis structureis found acrossmarketssuggestshe possibility thatit is dueto anartifactand
notto any market-specificcharacteristicsin hiswork, I. Lekkos aguedthatforward ratesshouldbe
thestatevariablesn any suchanalysissincespotratesarecorrelatedvariablesby constructionUsing
interestrate datafrom the US, Germaly, United Kingdom and Japanhe showved that the structure
presentn thecorrelationmatricesvhenwe useforwardrates(asopposedo spotrates)is alot wealer.
In this work, we have analysedthesetype of matricesand found that the forward rate versionsof
parametrianodelsthathave beenproposedor spotratecorrelationslo afairly goodjob in describing
thedata.A lot of work remaingo be doneasfar asunderstandinghesematricestheircommonalities
acrosgmarketsand,of coursetheirmodelling.
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Chapter 7

Product-Driven Data Mining

Rita Aggarwalal, C. SeanBohurt, RachelKuske®, Gerry LaButef, Wei Lu®, Nilima Nigan®,
FabienM. Youbissi

Reportpreparedy C. SeanBohun(csh15@psu.edu )

7.1 Intr oduction

The behaiour of consumerss believed to be influencedby mary factors. Someof thesefactors
includetheindividualsculture,socialstatus]ifestyle andattitudes.Understandindnow thesecompli-
catedandinterrelatedfactorsdrive the consumets the primary goal of Manifold DataMining. The
guestionposedto the groupwasto 1) find an algorithmthat predictsthe lik elihood of consumergo
respondavourablyto a givenproduct.In addition,oncethis predictionis madefor a givenconsumer
the group was also asked to 2) develop a secondalgorithm that infers other statisticalinformation
regardingtheconsumer

Manifold Data Mining hasdevelopedinnovative demographicand householdspendingpattern
databasefor six-digit postalcodesin Canada.Their collectionof information consistsof both de-
mographicandexpenditurevariableswhich are expressedhroughthousand®f individually tracked
factors. This large collection of information aboutconsumetbehaiour is typically referredto asa
mine Although very large in practice,for the purposef this report,the datamine consistedf m
individualsandn factorswherem ~ 2000 andn ~ 50. ldeally, the first algorithmwould identify
a few factorsin the datamine which would differentiatecustomersn termsof a particularproduct
preference Thenthe secondalgorithmwould build on this informationby looking for patterndn the
dataminewhich would identify relatedareasof consumespending.

To testthe algorithmstwo casestudieswere undertalen. The first studyinvolved differentiating
BMW andHondacar owners. The algorithmsdevelopedwerereasonablysuccessfuat both finding
guestionsthat differentiatethesetwo populationsand identifying commoncharacteristicasmongst
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2PennsyhaniaStateUniversity
SUniversity of British Columbia
4Manifold DataMining Inc.
SMcGill University
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the groupsof respondentsFor the secondcasestudy it was hopedthat the samealgorithmscould
differentiatebetweenconsumerof two brandsof beer In this casethe first algorithmwas not as
successfubsdifferentiatingbetweenall groups;it shoved somedistinctionsbetweenbeerdrinkers
andnon-beerdrinkers,but not asclearly definedasin the first casestudy The secondalgorithmwas
thenusedsuccessfullyto further identify spendingpatternsoncethis distinctionwas made. In this
secondcasestudy a deeperfactoranalysiscould be usedto identify a combinationof factorswhich
couldbeusedin thefirst algorithm. The casestudiesarediscussedn detailin Section8.

7.2 Latent Variable Models

Theinitial problemproposakuggestedhatthe methodof Projected_atentSpacesould prove fruit-
ful in thefirst task, thatis, in identifying a few factorswhich could differentiatebetweenconsumer
preferencesna particularproduct.In essencéhis meandindingthedominantfactorsthatareclosely
relatedto a particulardifferencebetweerncustomerswhile shaving thattheremainingfactorsarenot
significant. Mathematicallywe canview this astrying to representonsumeibehaiour in alow di-
mensionakpaceof factors. This ideais commonin mary differentareasof application,with mary
differentnames.n this sectionandthe next we give a discussiorof latentvariablesandrelatedmeth-
ods. Note thatin the remainderof the reportwe shav that this methodwas not useful for the first
algorithmfor differentiatingbetweencustomerswith a few factors;however, we alsodiscusshow it
couldbe usefulin improving the secondalgorithm.

The underlyingtaskis to modela setof n continuousvariables?” = (¢4,...,t,) thathave some
joint probability density f(¢; 11, 3) where and X are the meanand covarianceof the underlying
distribution. The prime heredenoteghetranspoself for examplewe assumehatthe component®f
T satisfyajoint Gaussiarprocesghen

f(t; 1, 8) = (2m) 7287 exp [—%(t — )TNt - )| (7.1)

SinceY isann x n symmetricmatrixandy is ann componentolumnvectorthereare
n+zn:j = 1n(n—H%) (7.2)
j=1 2

free parametersn this model. If we denote{r;}7", asm obsenations(columns)of then variables
(rows) thenby maximizingthelogarithmof thelik elihoodfunctioncorrespondingo (7.1) oneobtains
theusualmaximumlik elihoodestimates

. 1 & - 1 & . .
Hmle = m ; 75, Yimle = m Z(Tj — fimle) (Tj - ,Umle)/-

=1

Note that the maximumlik elihood estimatory,,. is a biasedestimatorof the populationcovariance
matrix.

As n, the numberof factorsone attemptsto modelincreasesgxpression(7.2) implies that the
numberof free parametergrows asn?. To reducethe numberof free parametersne could simply
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assumehat: is diagonal.However, thisis avery drasticassumptiorsinceit is equivalentto assuming
that the variablesbeingmodelledareindependent.On the contrary it is known from the datamine
that somevariablesare very strongly correlated. One possibleway of reducingthe numberof free
parametersvhile still preservinghe main correlationsbetweenhe variousfactorsis to choosea set
of k < n hiddenor latentvariablest = {z1, ..., z}.

For a givenlatentvariablemodelonespecifiesa densityfunction g(z) for  andsomemapfrom
thelatentvariablesnto therandomvariables as

t=y(r,w)+e

wherew arethe weightsthat generate ande is somerandomvariablewith zeromeanthatis inde-
pendentof z. Typically h(¢), the probability densityof ¢, and g(x) arespecifieda priori. Knowing
thesedistributions,the densityof 7" is computedoy conditioningon the latentvariablessothatif 7" is
acontinuousandomvariable,

u(t) = / f(tl2)g(z) de. (7.3)

In summary a givenlatentvariablemethodis determinedby specifyingg(z), h(e), the mapy(z, w)
andcomputingu(t) with (7.3) or its generalizatiordependingdn the probability measurenvolved.

Oneexampleof a latentvariablemethodis factoranalysiswhereone specifiesthaty is a linear
map

t=ylz,w)=Qz+p+e

from R* to R". The  and() areparametersandz, ¢ areassumedo beindependenhormalrandom
variableswith zeromean.For x oneassumesinit covariancewhile for ¢ oneassumeshatthe covari-
anceis a diagonalmatrix sothatz ~ N(0,1), ande ~ N(0,I') whereI" is somediagonalmatrix.
From the structureof the maponecandeterminethat7 ~ N(u, " + Q). As in the casewithout
latentvariables,onemay estimatey, 2 andI” usinga maximumlik elihoodestimatehowever evenin
the caseof this linear modelthereis not a closedform for the estimatesandthey aretypically found
throughaniterative process.

This linearmodelillustratesthe point of usinglatentvariables.In particularfor factoranalysisthe
symmetryof I + Q€)' reducegheoriginal kn free parametersf (2 to [2]

(n+1)(k+1) %k(k +1)

which only grows linearly with n. Thisis accomplishedvhile still preservingsomeof the underlying
correlationstructure. The trade-of is the increasan compleity whenfacedwith the determination
of the latentvariablesz. We now turn to anothemmethodcloselyrelatedto the projectiononto latent
space§(PLS).Namelyprincipalcomponenganalysis.

“In muchof the statisticalliterature,the latentspacemethodsareknown aspartial leastsquaresnethods.Fortunately
thisyieldsthe samePLS mnemonic.
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7.3 Principal ComponentAnalysis

Principal componentanalysis(PCA) is the particularlatent variable methodwherethe & principal
componentairetheleadingeigervectorsof the samplecovariancematrix

. 1 & . .
X = m_1 ;(Tj — ) (7 —p).

Ratherthan using the covariancematrix, an alternatve choice (not usedhere)is to basePCA on
the correlation(basicallystandardizeatovariance)matrix. In eithercase,PCA canbe viewed asa
transformationthat diagonalizesS. therebyreducingcorrelationsbetweenvarious combinationsof
factorswhile simultaneouslyinding directionsin which the variancels a maximum.

Anotherwayto view PCAis in themeansquarecderrorsensg5]. With thisviewpoint,theobjective
is to find a setof k£ orthonormalbasisvectorthat spana k£ dimensionakubspaceuchthatthe mean
squarederror betweenr andits projectiononto the subspaces a minimum. As beforethen x m
matrix 7" corresponds$o m obsenationsof n randomvariables.If onedenoteghe orthonormalbasis

setas{¢; }ﬁ?:l andthe projectionof 7" ontothis setas7; thenthe expectedvalueof the meansquare
erroris

E(IIT=T?) = E<||T—Z(£}T)€j|l2>

= B(IT") - E (Z(&;W)
= (m—1) (Tr<2> -2 5;-%») (74)

wherewe have assumed®(7') = 0 andX = T7"/(m — 1) is the covarianceof 7'. By the spectral
theoremevery symmetricmatrix X = ¥’ hasafactorizationt = V DV’ with D realdiagonalandV’
anorthogonalmatrix [8]. Consequently> hasn eigervectorsthat canbe chosento be orthonormal
andmoreaver, all of the correspondingigervalues{);} arereal. Fromtheright handsideof expres-
sion (7.4) onecanseethatthe meansquarederroris minimizedby choosing{¢;} to beary setof &
orthonormalvectors[3].

Representatiolf7.4) alsoillustratesthe particularadvantageof choosingthe first &£ eigervectors
of X. In this casethe residualof the meansquarederror is the sum of the absolutevaluesof the
remainingn — k eigervalues.Becausef therelationshipanaturalmethodof choosinghe numberof
latentvariableds to fix someacceptabléevel of errory > 0 andthenchoose: sothat

E(T -T2 = 3 N <6

j=k+1

It shouldbeemphasizethattheseresultsonly holdif theerroris computedn themeansquaredsense.
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Figure 7.1: lllustratedare the componentf a two factor PCA and SVD analysisfor a randomly
generatedsetof m = 100 points (z,3 — = + y) wherez is uniformly distributed on the interval
0, 3] andy uniformly distributedon [—0.5,0.5]. SinceE(z) = E(y) = 3/2 # 0, the PCA and
SVD analysisyield a different principal direction. For this simulation, &l., = (—0.7043,0.7099)
and&l,, = (0.7978,0.6029). The othercomplimentarycomponentsareéZ,, = (0.7099,0.7043) and
€2, = (—0.6029, 0.7978).

7.3.1 Contrasting PCA and SVD

The abore materialshowvs that PCA corresponds$o choosingthe £ dominanteigervectorsof the co-
variancematrix 3. ProvidedonehasF(7T") = 0 this correspondso finding the singularvaluedecom-
position(SVD) of T'. ToilluminatetheconnectionletT = LS R’ betheSVD of T"whereL andR are
unitary matriceswith columnsthatspanR™ andR™ respectrely. Fromthe decompositiorof 7" and
thefactthat £(7") = 0, onehas® = 71" /(m — 1) = LSR'RS'L’ /(m — 1) = LSS'L’/(m — 1). This
shouldbe comparedo the eigervectorexpansiornof ¥ = V DV’ whereV is thematrix of orthonormal
eigervectorsof X and D is thecorrespondingliagonaimatrix of eigervalues.As aresult,onecaniden-
tify the eigenspacé&’ of 3 with theleft singularspacel of T'. In addition,the matrix of eigervalues
D = diag\y, . .., \,) corresponds$o thematrix S5’ /(m — 1) = diag(o?, ..., 02)/(m — 1).

If onedoesnotensurethat £(7") = 0 thenat leastthe first componenbf PCA andSVD indicate
differentprimary directions. Figure 7.1 illustratesthis behaiour whereT = (2,3 — = + y) with x
uniformly distributedon theinterval [0, 3] andy uniformly distributedon [-1/2, 1/2]. In this casethe
first componenbf the PCA pointsin thedirectioncorrespondingo the maximumvarianceof thedata
cluster (—1, 1) /v/2, whereaghefirst componenbf the SVD pointsin thedirectionof the centroidof
thecluster (1,1)/v/2.
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7.4 Difficulties with Latent Variables

Therearetwo disadwantage®f thesenitial modelswhenoneconsiderghemwith respecto the data
mine. Firstly, thesemodelstypically indicatethatwhile theremay be only a few principaldirections,
thesedirectionsmay have significantweightin mary of their components.This correspondso the
situationwhereoneshouldasklarge numbersof questiongo determinewhich clusterto assignto a
givenindividual. In essencethis analysisdoesnot provide a naturalway to determinewhich of the
itemsis the bestindicator(or the bestfew indicators).

Secondlyonemustdealwith thediversecollectionof datain thedatamine. Responsesangefrom
binaryinformationaboutthe ethnicity of anindividual to continuousdataregardingthe market value
of their dwelling. Thesetwo problemssuggesthata robustalgorithmis neededo gainafootholdon
the structureof the mine beforea moresophisticatedatentvariableanalysiss attempted.

7.5 Determining the BestQuestion(s)

7.5.1 Factor Analysisasa First Look at the Mine

Factoranalysisis the meansby which we find the covariancerelationshipamongmary variablesin
termsof afew unobserable(or latent)variables.For example,if someone@wnsa Porschewe would
suspecthatthe personalsohasa high-payingjob, livesin anupperclassneighbourhoodhasa six-
figurestockportfolio anddinesat high-clasgestauranten aregularbasis.If we wereto labelalatent
variablethatencompasseabesefour variableswe couldlabelit quality of life.

In conductinga factoranalysisthe basicmodelasdiscussedn Section7.2is:

t=Qr+p+e (7.5)

t is the obsered randomvector at n levels with a correspondingneanvector i so that p; is the

expectedvalueof ¢;. Thevectorz consistof thecommonfactorsatk < n levelsandthen x & matrix

(2 is amatrix of coeficientsotherwiseknown asthefactorloadings.The element();; is referredto as

theloadingof thei-th variableon the j-th factor In theabove example,n = 4 andk = 1.
Themodel(7.5) canberewritten as

t—p=0Qr+e¢ (7.6)
andin orderto have anorthogonalfactormodel,the following assumptionaremade:
e z ande areindependensothatCov(z,¢) = 0,
e F(x)=0andCov(z) =1,
e F(e) =0andCov(e) = I' wherel' = diag(v1, - - -, Vn)-
Basedon theseassumptionsgquation(7.6) yieldsanexpressiorfor the covarianceof ¢,

Cov(t) = Q' +T.
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In particularfor thevariablet; onehas,c2 = 12 + - - - + % + ~; wherel;; = Cov(t;, z;). Thesumof
12, throughi?, is calledthei-th commonalitywhile +; is the uniquevariance.

Fromherewe candeterminevhichcommonfactorscontributethemostto thetotal variability in ;.
Theultimateobjectveis to beableto groupthefactorloadingsfor any onefactorandattachsometype
of labelto themaswe did with the Porscheexample. In particular we areinterestedn theloadings
which carryasignificantamountof theweight.

Therearetwo mainmethoddor estimatinghefactorloadings:principalcomponenandmaximum
likelihood. Theformerusesheeigervalue/eigerectorpairsof the samplecorrelationmatrixin order
to construct). If z ande canbeassumedo benormallydistributed,thenmaximumlik elihoodmethods
canbeusedto estimatethe covariancematrix of ¢t andthusQ€Q)’ + T

In addition,if theinitial factorloadingscannotbe easilyinterpretedyariousfactorrotationmeth-
odsexist to aid interpretation.The mostcommonmethodusedis the Varimaxmethodwhich seekgo
spreadutthesquare®f theloadingson eachfactorasmuchaspossiblesothatthefactorloadingscan
begroupedmoreeasily It shouldbenotedthatin recentyears Bayesiarfactoranalysishasarisen[6].
Oneof thefeaturesof the Bayesiarapproachs the eliminationof the needto rotatefactors.Bayesian
factoranalysiswasnot attemptedn the analysisof the datamine.

7.5.2 Ranked Differ encesof Means

To dealwith the eclecticdatain the mine, the mostdirect methodof determiningwhich questions
seemto reflectthe choiceof anindividualsproductpreferencas to computethe obsered difference
in meansacrosghegivenfactors.Moreover, this is easilyaccomplishedvhenthereis a simplechoice
betweentwo productsasin the casestudiesthatfollow. Theideacanalsobe generalizedo the case
whentherearemultiple products.

If only oneproductis underconsideratiorthe mine (2 is split into two groups,thoserespondents
that have the productandthoserespondentshat do not have the product. Denotethesetwo groups
as(); and(), consistingof m; andm, = m — m; rows (respondents)For eachof the n question
responsegynecomputegheteststatistic

Ty, — o
2 = i i 7

2 2
\/slj/ml + 83,/ M

Using this statisticto classifythe datais basedon the needto find factorswhich areimportantto all
of the respondentsyet at the sametime differentiatethe two groups. In termsof the solutionto the
normalequationsthosefactorswith alarge valueof z; correspondo coeficientswhich arelarge for
bothgroups but the peaksin the graphsof the coeficientsoccurat significantlydifferentlocations.It
is preciselythis failure to differentiatebetweenthe two groupsthatdemonstrateshy latentvariable
methodsdo notwork easilyasafirst step.

Dueto thelarge numberof samplegm >> 50), the z; areeachapproximatelynormallydistributed
with zeromeanandvarianceoneunderthenull hypothesighatthereis nodifferencan meandetween
the two groups. Orderingthe test statisticsfrom the most negative to the most positive inducesa
reorderingof the questionsin this sensepnecanranktheindicatorsasto their ability to differentiate
thetwo populationswith respecto a givenproduct. The factorwith thelargestobseredvaluesof z;
definethestartingpointsof theclusteranalysisandbecaus®f this, theseparticularquestiongorm the
first stepsnto thedataminewhen is viewedin thelight of a givenproduct.
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Typically thenumberof questionsy, canbelarge,andoneis lik ely to find somemeanswhich will
appearsignificantlydifferentevenwhenno differencein meansexists. To analysethis situationlet 4
bethe numberof the of questionawith ateststatisticthatliesin theinterval (—s, s). If we assumédor
simplicity thatthe questionsareindependentheni/ ~ Bin(n, p) wherep = 2(1 — ®(s)) and®(s) is
thenormalcdf. Thereforethe probabilitythatl/ > u andthe expectedvalueof I/ are

PU>wu) =1— i (;L)pj(l —p)" I, BU) = np.

=0

The casestudiesat the end of this reportusen = 53 datafactorscompiledfrom censusdata. For
this mary factorsands = 3 standarddeviations,onefindsthat P((/ > 1) = 0.1289 and E(U) =
0.1378. Consequentlyto eliminateary falsealarm differencesve have choserto considerstatistically
significantlydifferencesatthreeratherthanthe commontwo standardieviationsfrom themeanunder
thenull hypothesis.

7.6 ConsumerBasedClustering

A simpledefinition of classificationor clusteringis usinga metric or a setof ruleswhich groupsthe
data,andis alsousedto classifyfuture data. For example,medicaldiseasesnay be classifiedby the
manifestingsymptomswhichin turn describeeachclassor subclas®f a givendiseaseln dataclassi-
ficationonedevelopsa descriptionor modelfor eachclassin adatabasehasednthefeaturegresent
in a setof class-labelledraining data. Therehave beenmary dataclassificatiormethodsstudied,in-
cludingdecision-treanethodssuchasC4.5algorithm,ID3 algorithm,andSLIQ algorithm,statistical
methodsneuralnetworks, roughsets,nearesneighboumethod,database-orientesiethodsparallel
algorithms,etc. The methodfor classifications in generalapplicationdependentbasedon the goal
of mining thedata.

In this paperwe have chosema relatively simplemetricto determinethe clusteringof the data,in
particular correlationsbetweerdatacolumnscorrespondingo the differentquestions.The choiceof
the metric is basedon the underlyinggoal that the salespersohasthe opportunityto learnabouta
customers preferencedy askingonly afew questionsThis metric of clusteringthenindicateswhich
arethemostinformative datathatonewouldlik e to infer from thesefew questionsThis metricis most
similarto a nearest-neighbouyperule, wheretwo of the censusiataarenearwhenthey arestrongly
positively correlated.

Anotherreasonfor looking at this metricis thatit is computationallyefficient. In orderto look
for more complicatedclassificationstructurespne could considerclassification-ruldearningwhich
requiresfinding rulesor decisiontreesthat partitionthe givendatainto predefinedctlassesOf course,
theremary possiblesuchdecisiontrees;for ary realistic problemdomainof the classification-rule
learning,the setof possibledecisiontreesis too largeto be searchedxhaustvely. In fact,the compu-
tationalcompleity of finding anoptimalclassificatiordecisiontreeis NP hard.

Therefore we have not attemptedo find an optimal decisiontree; rather we have showvn thatthe
correlationgjive afastclassificatiorof themine,which canbereadilyusedin designinguestionsand
cornversationsvith customers.
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7.7 CaseStudy A: BMW/Honda

Thefirst casestudyconsidere®MW andHondaowners.Giventhe censusiataon BMW andHonda
ownersgroupedby postalcodethe goalis twofold:

1. Selectafew questiongo askprospectre buyersto infer their BMW/Hondapreference.
2. Basedupontheindicatedpreferenceinfer otherinformationaboutthe consumer

For thefollowing analysisthereareatotal of m = 1995 respondentghich arepartitionedinto m;, =
1782 Hondaownersandm,, = 213 BMW owners.Correspondindgo eachof thesegroupsaren = 53
censugdatafactors. Thoseportionsof the datamine correspondingo HondaandBMW ownersare
referredto as(2, and(, respectrely. As a startingpoint, we computea PCA on (2, and(2,.

7.7.1 PCA: BMW/Honda

The eigervaluestructureof ¥;, andY;,, the covariancematricesof €2, and(2,, arevirtually identical,
rangingfrom \; ~ 2.6 x 10! to A\s3 ~ 6.7 x 1072, Figure 7.2(a)illustratesthe logarithm of the
magnitudeof the {\,;}. Whatis apparenfrom theillustrationis that ;-\, accountfor muchof the
variationin themine. In fact

24

gg;l% = 0.9996.
Zj:l >‘j

Correspondingo theseeigervaluesareeigervectorsfocusedn thedirectionof factors21to 24. These
guestionscorrespondo the averagehomevalue, averagefamily income,averagehouseholdncome
andtotal householdexpenditure. At the otherendof the spectrum )5, and \s53 have eigervectorsthat
identify astrongcorrelationbetweerfactors32to 35. Thesdatterindicatorscorrespondo theaverage
amountspenton public transportationaveragespenton streetcarandbuses,averagespenton taxis
andaveragespenton airplanes.

This preliminaryanalysisndicateshatquestionghatreflectthetotalincomeandexpenditureof a
particularhouseholaghouldbegoodindicatorsof whetheror notanindividualownsaBMW or Honda.
In addition,thereis a certainamountof redundantnformationin the datamine with respecto public
transportationThe maindifficulty with PCAremainsn thatit doesnotidentify asinglequestiorthat
bestidentifiesBMW ownersover Hondaowners. Someheadvay canbe madeby computinga factor
analysiswhichis attemptecext.

7.7.2 A Preliminary Factor Analysis

In orderto conducta factoranalysis,the datawas againsplit into €2, and(2; accordingto whether
thevehicleownedby therespondemvasa BMW or Honda.Both principalcomponenandmaximum
likelihoodmethodsvereusedwith threefactors.However, the principalcomponenmethodaccounted
for more of the variability thanthe maximumlik elihoodmethod. Varimaxrotationwasusedin both
methods.Table7.1 summarizesheanalysis.

As canbe seenfrom the results,the samevariablescontributedto whethera personwould own a
BMW or aHondawith somevariations.For example,underFactor3, averagehomevaluecontributes
moreto a personbeinga BMW ownerthana Hondaowner The percentag®f variability in vehicle
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Figure7.2: (a) Depictedarethe eigervaluesfor ¥, andy.,, the covariancematricesfor the (2, and(2,
subsetgespectrely. The similar spectralstructurefor the BMW andHondacovariancetypifies the
difficulty encountereavhenattemptingto find differencesetweerthesetwo groups.(b) Displayedis
therankedteststatisticfor thedifferenceof meandor eachof the53factors.Thedashedinesindicate
the level of threestandarddeviationsandthe reorderingof the factorsis indicatedat the baseof the
plot.

ownershipexplainedby the completemodelis approximatelythe samefor both: 60.7%for BMW
and 59.3%for Honda. Furtheranalysistools, suchas discriminantanalysisor tree regressioncan
be usedto determinewhich of thesevariablesdistinguishbetweenBMW and Hondaowners. The
main conclusionis thatthe principal factorsarestrongly positively correlatedandthe anti-correlated
componentaresmall.

Thefactoranalysisdentifiesa block of questionghatdifferentiateghe two groups.Furtheriden-
tificationis possibleby consideringhe differenceof meansacrosghe 53 factors.

7.7.3 Differenceof Means: BMW/Honda

Figure7.2(b)shaws the orderedteststatisticsfor eachof then = 53 factors. Detailedexplanations
for all of thecensusdatacanbefoundin theappendixat the endof this report. This orderinginduces
areorderingof thefactorsto {21, 8,23, 22, 24, 10, ..., 18, 7}, with factor21 having the mostnegative
andquestion?7 having the mostpositive teststatistic. This analysisalsoindicatesthatarny questions
relatedto 21, 8, 23, 22, 24, 10 are equally efficient at identifying BMW ownerswhile factor7 can
be usedto identify Hondaowners. Factors21-24 correspondo averagehomevalue,averageannual
family income,averageannualhouseholdncome,andannualhouseholdotal expenditure 8 reflects
the percentagef individualsin a dwelling with a universityeducation,10 indicatesself employment,
7 indicatesthe percentagef thosesubjectsin a dwelling with only up to gradenine educationand
guestionl8identifiesthoseindividualsliving in dwellingswith morethanfive stories.Theseinitially
identifiedfactorscannow usedasstartingpointsfor a clusteranalysis.Noticethatmary of thesedata
itemsappeain thepreliminaryfactoranalysis.

Being ableto identify a particularindividual asa BMW or Hondaowner is an importantfactor
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Loadingvalues

Factorl BMW | Honda .

, Loadingvalues
Total adultpopulation 0.996 [ 0.997 Factor3 BMW | Honda
Total population 0.995| 0.997
Total numberof households | 0.995| 0.991 Ave.homevglue 0.749) 0.579

% self-empl.inc. | 0.735| 0.580

Total adultlabourforce 0.994 | 0.995 % univ. degree | 0.694 | 0714
Total numberof families 0.993| 0.996 - 0 : :
Total numberof dwellingunits | 0.993 | 0.989

Loadingvalues

Factor2 BMW | Honda E Variability explained
actor

% homeavners 0.922] 0.939 BMW | Honda
% single-detachetlouse 0.861| 0.772 Factorl | 28.8% 28.5%
Averageowners’majorpayments 0.794| 0.859 Factor2 | 20.7% 22.3%
% homerenters -0.924| -0.928 Factor3 | 11.2% 8.5%
% apartmentvith > 5 floors -0.746| -0.806 Total 60.7% 59.3%
Averagegrossrent -0.698| -0.759

Table7.1: Listedarethethreefactorsdentifiedin theBMW/Hondadatasampleandthecorresponding
loadings.Thefinal tableshavsthatthesethreefactorsaccountor approximately60%of theobsened
variability.

for the clusteranalysisthatfollows. To differentiatewe choosequestion21, the averagehomevalue.
We can usethe datamine to determinethe particularhousevalue that shouldbe usedas a cutoff
valueto correctlyidentify themaximumnumberof individuals. Thatis, determiner suchthat P(H <
x andB > z) isamaximumwhereH andB aretheresponse® questior21 for theHondaandBMW
owners. Figure7.3(a)shows thatthis probability hasa maximumof 0.41for x chosenin theinterval
($230K, $240K). This procedureof choosingan optimal cutoff valuefrom the probability structure
encodedn themine canberepeatedor otherquestiongo increasehe differentiatingpower.

Detecteddifferencesn the meanresponsecan be quite subtle. As an illustration of this, Fig-
ure 7.3(b) contrastghe probability distributionsof the responseo question21 andquestion7 for the
two groups. For the clusteranalysisthat follows, the first six, 21, 8, 23, 22, 24, 10, andthe last six
factors,48, 26, 4, 20, 18, 7, areusedto definetheinitial clusters.By doingthis it is hopedthatthe
clusteranalysiswill beableto identify sequencesf questionghatlink the Hondagroupto the BMW
group.Thisin turn may helpidentify characteristicef prospectrte BMW owners.

7.7.4 Cluster Analysis: BMW/Honda

A clusteranalysiswasperformedfor two caseswith correlationsatthe 60%and75% level indicated.
The first analysiswas performedby consideringonly the BMW ownerswhile the secondanalysis
consideredhecompletedatamine. As thenumberof Hondaownerswasmuchlargerthanthe number
of BMW owners, a clusteranalysisof only Honda owners matchesthat obtainedwhen using the
completedatamine. Figure7.4 summarizesheresults.
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Figure7.3: (a) Probabilityof correctlyidentifying HondaandBMW simultaneouslyor agivenknown
homevalue. This distribution hasan extremevalueof 0.41for the interval ($230K, $240K). At this
cutoff valuethe probabilityof correctlyidentifyingaHondaowneris 999/178256%)andthatof iden-
tifying the BMW owneris 156/213(73%). (b) Ontheleft is the probability distribution of responses
to question21 (averagehomevalue). To theright is the probability distribution to factor7 (percentage
of householdvith lessthana gradenine education).Thesefactorsyield the mostnegative andmost
positive valuesof z; respectiely.

Whatis immediatelyapparents the greatemresolutiononecanachie/e in the datamine with the
BMW group. On the left handside of eachclusterdiagramare thosequestionsdentified with the
mostnegative teststatistic(+ BMW) andon theright arethosequestionscorrespondingo the most
positive test statistic(— BMW). Thosetraits that identify BMW ownersare householdvalue and
income,university educatiorandself employment. Characteristicghatdirectly stemfrom thesetraits
aredonationsto charity, amountspenton public transportatiorand amountspenton personalcare.
Fromthe otherendof the datamine, individualsthatdo not own a BMW arecharacterizedseither
rentersor having lessthanagradenineeducation A link betweertherentersandthosewith expensve
homess thenumberof carsperhouseholdaindthe subsequengxpenditureontires,gasolinefood and
transportation.

This clusteranalysisimplies that thereare mary possiblewaysto identify a BMW owner. For
example,university educatedndividualsthat do not rentand outwardly appearo spenda greatdeal
on personakare.Onceidentified,the characteristicsf this groupcould betargetedfor a broadrange
of productsor servicesthat lie within the identified commoninterests. Examplesof theseinterests
includecosmeticsexpensvetires,andperhapsvenendavmentsto universities.

Whenwe considettheentireminethereis alossof resolutionbut muchof thestructureremains.In
addition,othercharacteristiceometo theforefront. Two new characteristicarea strongercorrelation
with the amountspenton computerghelossof the correlationwith public transportationA possible
implicationhereis thatHondaownerswith anexpensve homemaybedifferentiatedrom BMW own-
ersby theamountthatthey spendonairlines. Againwe pointoutthatbeingableto accuratelyclassify
anindividualis animportantfirst stepin thatthe clusteringreflectsthis bias. However, mis-identifying
anindividual doesnot have asseriousa consequencasonemightfirst expect. The clusteringanalysis
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Figure7.4: To the left arethe dataclustersconsideringonly the BMW group while to the right is
the the sameanalysisconsideringhe completedatamine. On the + side of eachfigure, the factors
arelargeror morelikely for BMW owners,while the — sideof eachfigure the factorsaresmalleror
lesslikely for BMW ownership.Cutoffs at 60% and75%in the correlationlevel (eitherpositively or
negatively) areindicated.Explanationdor all of the datafactorscanbefoundatthe endof thereport.
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Figure7.5: Theclassificatiorntreestructurefor the beerpreferenceespondents.

supportghis by illustratingthatmuchof the structurds preseredwhenmoving from BMW to Honda
owners.To contraswith the BMW/Hondadata,the secondcasestudyconsidersonsumepreference
of two brandsof domestidbeer

7.8 CaseStudy B: BeerPreference

Our secondcasestudy addressebeerpreferenceamongsta sampleof 707 individuals. Eachindi-
vidual wasasledto indicatetheir preferencdor two differentbrandsof beer(BrandA andBrandB)
accordingto thefour pointscale:

0: Don’t drink
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Figure7.6: (a) Eigervaluesfor ¥, andX:;, the covariancematricesfor the (2, and(); subsetsespec-
tively. (b) Ranlkedteststatisticfor the differenceof meandor eachof the 53 factorsfrom the census
data. As in Figure 7.2(b), the dashedines indicatethe level of three standarddeviations andthe
reorderingof thefactorsis indicatedat the baseof the plot.

1: Triedin thepastl2 months
2: Becomingusual
3: Usualbrand.

As no respondenténdicatedthat either brandwas their usual brand, the response$roke into nine
separatelassifications Figure 7.5 shows the resultingtree structureandthe four groupsinto which
theindividualswereplaced.Groupl essentiallyconsistof non-drinkers,groupll andlll tendto prefer
brandsA andB respectiely, andgrouplV respondentstronglypreferbothbrands.

7.8.1 Differenceof Means: Beer

No significantdifferencesveredetectedn a directcomparisorof groupsll andlll sinceall of the z;
statisticswere locatedwithin two standarddeviations. Large scoreswere detectedvhen comparing
groupsl and 1V but sincegroup IV consistedof only five individuals our underlyingassumptions
of normality were no longervalid. Sincethe 53 characteristicglo not seemto be ableto clearly
differentiatethe two brandsof beer it was more appropriatewith this datasetto comparedrinkers
of both brandsversusthoseindividualsthatdo not drink eitherbrand. As such,groupsill, Il andIV
wereconsolidatednto a singlegroupwhich wasthencomparedo groupl. The portionsof the data
mine concerninghesetwo groupswill bereferredto as(2, and(2,. Figure7.6illustratesthe spectral
structureof thesetwo classificationsanddistribution of the differenceof means.

ComparingFigure 7.6(a) with Figure 7.2(a)illustratesa striking similarity with the eigervalue
distribution of the beerdataandthe car dataof the previousstudy This similarity is alsoreflectedin
the preliminaryfactoranalysiswhich hasbeenomitted becausef its similarity to the BMW/Honda
analysis.Eventhoughthe eigervaluestructurewassimilar, noneof theteststatisticdie outsideof the
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Figure7.7: lllustratedis the clusteranalysisfor beerdrinkers. The correlationcutoff wassetat 50%.
Solid lines represenpositive correlationsand dashedines represennegative correlations. On the
left of the arethoseindicatorswhosemeanresponsdor beerdrinkerswashigherthanfor non beer
drinkers.

threestandarddeviations. Despitethis, we begin the clusteranalysisstartingwith factors50, 7, 48 on
thedrink beersideof thedatamineandfactors27 and14 onthedon' drink beersideof themine.

7.8.2 Cluster Analysis: Beer Preference

We againremindthereaderthata full explanationof eachof the factorsfrom the censudatacanbe
foundin the appendix.Correlationsbetweerthe startingfactors7, 14, 27, 48, 50 andthe remaining
guestionsveredetectedbncethe cutoff level wasdroppedto 50%. This reductionin the cutoff level
was expectedgiven the lack of significantdifferencesdetectedn the previous section. Figure 7.7
summarizeghe resultsand illustratesthat respondentshat prefer thesebrandsseemto fall along
ethniclines. The analysisalsoindicatesthat beerdrinkersare characterizedby individualsthat rent
ratherthanliving in asingledetachedouse.However, with this collectionof 53 factorstherewasno
additionalproductinformationthatcould be correlatedwith thesendividuals.

Without a clear indication of questionsthat differentiatebetweenbeer drinkers and non beer
drinkers, at leastfor thesetwo brandsof beers,we do not attemptto correlateothercharacteristics.
Clearly, someadditionalanalysigs necessaryo improve thefirst partof theanalysisnamely making
distinctionsaccordingto a particularproductpreference Sincethe differencein meanss not signif-
icantly large for any onefactor this suggestshat a combinationof questionsvould be necessaryo
make a significantdistinction. As mentionedabove, a factoranalysishasnot beendonefor this data
set;however, onecouldusethisanalysigo designa combinatiorof afew questionasafirst algorithm
for differentiatingbetweerconsumers.
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7.9 Conclusion

For a given producttwo taskswererequired. Thefirst beingidentificationof consumerghat would
reactfavourablyto productandthesecondeingtheinferenceof othercharacteristiceoncerninghese
consumers.

This was accomplishedvith a twofold strateyy. By ranking the differenceof meansacrossall
of the factors,thosequestionghat bestcharacterizdavourableconsumersan be identified. Once
identified, the datamine canbe usedto estimatethe power of a given stratgy to correctlyidentify
a givenindividual. For casestudy A the identificationalgorithmwas simply to usean individuals
homevalue. By optimizing the cutoff level this single variablewas able to correctly identify 41%
of the individualsin the datamine. By using a combinationof questionghis percentageould be
increasedPerforminga clusteranalysisthatis rootedat thesekey identifying questionsallows other
characteristicef theseconsumerso beinferred.

The two casestudiesshawv that being able to identify questionsthat significantly differentiate
respondentsvith respecto a given productis a fundamentapartof the processFailureto make this
identificationdecreasetheresolutionof thesubsequertlusteranalysis.CasestudyA exemplifiesthe
situationwhenthereis aclearseparatiomwith respecto a productwhereasasestudyB illustratesthe
decreasén resolutionwhenno clearseparatiorexists. In generalthis first stepmay be dependenbn
thetypeof dataandthedesireddifferentiations A combinatiorof factoranalysisandtheconsideration
of differencesn basictest statisticsproved to be superiorto methodsbasedon latent variablesor
principalcomponentsgueto the underlyingeigenstructuref the datamine.

To increasethe capability of this methodfuture advancesshouldinclude a more sophisticated
clusteringalgorithm.For example,PLS/SVDcouldbe usedon the clusteringsubgroupsfterthefirst
stepof separatingvith the differenceof the meansstatistic. An addition,automaticdeterminatiorof
theidentificationpower for a givensetof identifying questionshouldalsobe addressed.
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Appendix: Factors from CensusData
| Question| Description Mnemonic |
01 Total population PP-TOT
02 Total numberof families FM-TOT
Household
03 Total numberof households HH-TOT
04 Averagegrossrent HH-TOTRENT
05 Averageowner's majorpayments HH-TOTMAPJ
Education
06 Total populationl5 yearsold andover ED-HL
07 Perceneducatiorievel: lessthangrade9 ED-GR-9
08 Perceneducatiorlevel: universitywith bachelors degreeor higher| ED-UNIDG
Employment
09 Total labourforce 15 yearsold andover EM-TOT
10 Percenemployment: self-emplged (incorporated) EM-PSMI
11 Percenemployment: self-emplged (unincorporated) EM-PSMU
12 Percenemployment: unpaidfamily workers EM-UP
Dwelling
13 Total numberof dwelling units DM-TOT
14 Percentdwelling type: single-detachetouse DW-SINGLE
15 Percentdwelling: semi-detachetlouse DW-SEMI
16 Percentdwelling type: town house DW-ROW
17 Percentdwelling type: apartmentgdetacheaiuplex DW-DUP
18 Percentdwelling: apartmenbuilding, five or morestoreys DW-APT5
19 Percenthomeavners DW-OWNED
20 Percenthomerenters DW-RENTED
21 Averagehomevalue DW-TVALUE
Income
22 Annualaveragefamily income IN-AFM
23 Annualaveragehouseholdncome IN-AHH
Expenditures
24 Annualhouseholdotal expenditure D1000-5230
25 Annualexpenditureon food D1000-1560
26 Annualexpenditureonrent D2000
27 Annualexpenditureon transportation D3000-3260
28 Annualexpenditureon purchasef automobilesandtrucks D3000-3004
29 Annualexpenditureon automobiles D3000
30 Annualexpenditureon gasolineandotherfuels D3050
31 Annualexpenditureontires,batteriespartsandsupplies D3060
32 Annualexpenditureon bus,subway, streetcarandtrain D3200
33 Annualexpenditureon public transportation D3200-3260
34 Annualexpenditureon taxi D3210
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35 | Annualexpenditureon airplane D3220

36 | Annualexpenditureon moving, storageanddelivery services| D3260

37 | Annualexpenditureon accidentanddisability insurance D3384

38 | Annualexpenditureon personakare D3500-3580

39 | Annualexpenditureon recreatiorequipmentndservices D3700-3830

40 | Annualexpenditureon computemardware D3750-3752

41 | Annualexpenditureon computersoftware D3755

42 | Annualexpenditureon gifts of money andcontributions D5200-5230

43 | Annualexpenditureon gifts to persondiving outsideCanada| D5210

44 | Annualexpenditureon contributionsto charity D5220-5230

45 | Annualexpenditureon non-religiouscharitableorganizations D5230

46 | Averagenumberof vehiclesownedperhousehold NMVEHONP
Ethnicity

47 | Percenethnicity: British BRITISH

48 | Percenkthnicity: Chinese CHINESE

49 | Percentkthnicity: Dutch DUTCH

50 | Percentthnicity: German GERMAN

51 | Percentthnicity: Italian ITALIAN

52 | Percentthnicity: Polish POLISH

53 | Percentthnicity: Scandingian SCANDINAV
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