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A Universal Reduction Procedure for
Hamiltonian Group Actions*
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Abstract

We give a universal method of inducing a Poisson structure on a sin-
gular reduced space from the Poisson structure on the orbit space
for the group action. For proper actions we show that this reduced
Poisson structure is nondegenerate. Furthermore, in cases where the
Marsden-Weinstein reduction is well-defined, the action is proper, and
the preimage of a coadjoint orbit under the momentum mapping is
closed, we show that universal reduction and Marsden-Weinstein re-
duction coincide. As an example, we explicitly construct the reduced
spaces and their Poisson algebras for the spherical pendulum.

1 Introduction

Reduction of the order of mechanical systems with symmetry is a venerable
topic dating back to Jacobi, Routh and Poincaré. Although reduction in the
regular case is well understood [1, 2], interesting and important applications
continue to arise [3, 4]. (See also [5] for a comprehensive exposition.) The
singular case has received much less attention, despite the growing realization
that it is the rule rather than the exception. (See for instance [6-11].) For
example, the solution spaces of classical field theories are invariably singular
and the ramifications of this have only recently begun to be explored [12, 13].
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Singularities also play an increasingly critical role in understanding the be-
havior of simple mechanical systems, such as the photon [14], the Lagrange
top [15], coupled rigid bodies [16], particles with zero angular momentum
[17] and even homogeneous Yang-Mills fields [18].

The central ingredient in the reduction of a mechanical system with sym-
metry is the construction of a symplectic reduced space of invariant states.
This reduction process can be formulated abstractly as follows. Let (M,w)
be a symplectic manifold and G a Lie group with Lie algebra G. Suppose
that there is a Hamiltonian action of G on (M,w) with an Ad*-equivariant
momentum mapping J : M — G*. We consider the problem of inducing
symplectic structures on the reduced spaces

M, = J_l(ﬂ)/Gu

as p ranges over J(M) C G*. Here G, is the isotropy group of p under
the coadjoint action of G on G*. Marsden and Weinstein [19] solved this
problem in “regular” cases. (See also [20].) Specifically they showed that if
w is a weakly regular value of .J and if G, acts freely and properly on J~!(u),
then M, is a symplectic quotient manifold of J~!(x) in a natural way.

This Marsden-Weinstein reduction breaks down in singular situations. In
this context various reduction techniques were developed and studied in [21]
and [22]. Unfortunately these alternative reductions are not always applica-
ble, and so it is sometimes necessary to switch from one reduction technique
to another as p varies in J(M). Obviously this would cause havoc in the
context of perturbation theory. Even worse, when these reduction proce-
dures apply, they do not necessarily agree. Other techniques give reduced
Poisson algebras which, however, are not always function algebras on M,,.
We note that the reduction procedure of Sniatycki and Weinstein [23] suffers
this difficulty.

The purpose of this paper is to present a new reduction procedure which
assigns a Poisson structure to each reduced space M,, even in the presence
of singularities. The salient features of this reduction are that:

(1) it always works;

(2) it is natural;

(3) it can be applied uniformly to every M, for every u € J(M).
One can regard it as a universal method of reduction. As such it has advan-
tages over the other singular reduction procedures discussed above.



As this paper was being written, conversations with P. Dazord [24] in-
dicated that he has independently discovered ideas similar to the notion of
universal reduction treated here. However, his techniques and results differ
from ours in several respects.

The notation and terminology are explained in the appendix.

2 Universal reduction

Let (M,w), G and J be as in §1. Our reduction procedure is motivated by
the following commutative diagram:

J ) — M
(1) Tl L
M, - M/G .

Here 7 and 7, are the G- and G/,-orbit projections. The map ¢, is defined by
associating, to each point m, € M, the G-orbit in which ﬂ;l(mu> lies. Con-
sequently ¢, o7, = w|J }(x). An easy argument using the Ad*-equivariance
of J shows that i, is one to one. In fact ¢, is a homeomorphism of M, onto
m(J7'(p)). In what follows we will identify M, with its image under i,.
Note that M, is also 7(J1(O,)) where O, is the G-coadjoint orbit through
. Observe that we make no assumptions regarding the regularity of J or
the smoothness of either M, or M/G.

The key observation is that M /G is a Poisson variety. The Poisson bracket
{ ,}M/G on C*(M/QG) is given by

2) (i}, (wm) = {Fomhom} (m)

where { , }M is the Poisson bracket on M associated with w. This definition

makes sense since C®(M/G) = C=(M)® is a Lie subalgebra of C>(M).
This allows the possibility of inducing a Poisson structure on each reduced
space M, by restricting the Poisson structure on M/G. Our main result is
the observation that reduction by restriction always works.



Theorem 1 For each pn € J(M), M, inherits the structure of a Poisson
variety from M/G.

Proof: For each pair of Whitney smooth functions f,, h, € W>(M,) set
(3) {fuvhu}”: {/, h}M/G|Mu

where f, h are any smooth extensions of f,, g, to M/G. Equation (3) defines
a Poisson bracket {, } on W(M,), provided we can show that its right
n

hand side is independent of the choice of extensions f,h. This amounts
to showing that the ideal Z(M,,) of smooth functions vanishing on M, is a
Poisson ideal in C*°(M/G), that is,

(4) {C%(M/G), Z(M,)} < T(M,).
Since C®(M/G) = C~(M)¢ and M, =n(JH0O,)), equation (4) is equiva-

lent to
(5) (O Z(I7(0)}, CT(T7H0.),

where Z(.J _1((’)#))(; is the ideal of smooth G-invariant functions which vanish
on J H0O,). Let F, H € C=(M)“ with H|J-'(0,) = 0. We must show that
for every m € J71(0,),

(6) {F,H}M(m):—XFH(m):O.
Now for every & € G,
{J§7F}M = _§MF =0,

where J¢(m) = J(m)(£). The first equality follows from the definition of
the momentum mapping J, while the second follows from F' € C*(M )G.
Consequently for every & € G, J¢ is constant along the integral curves of Xp.

Hence the integral curve t — ¢! (m) lies in J~!(J(m)). This proves
(7) H(pf (m)) = 0.

Differentiating (7) with respect to ¢ and evaluating at ¢t = 0 gives (6). i



In this fashion each orbit space M, is naturally equipped with a Poisson
structure. The corresponding reduced Poisson algebra is (W>(M,),{,} ).
o

It follows from the definitions that the underlying function space can be
represented as
W (M,) = C*(M/G)/T(M,)
= C*(M)/Z(J71(0,)
0 _ e}
= C(M)%/T(T ()

G

where Z(J _l(u))G is the ideal of smooth G-invariant functions on M which
vanish on J~!(p). In the last equality we have used the fact that J~1(0,) =
G - J7'(u), which is a consequence of the Ad*-equivariance of J.

Formally we see that reduction in singular cases works exactly as it does
in regular cases. We caution, however, that the results of singular reduction
may seem a bit strange. For example, in the regular case, one knows that
the reduced Poisson algebra is nondegenerate in the sense that it contains no
nontrivial elements which Poisson commute with everything, that is, there
are no nontrivial Casimirs. This is not necessarily so in the singular case
without additional assumptions. Likewise in the regular case M), is a finite
union of symplectic leaves of M/G. This also is no longer true if the reduced
algebra has nontrivial Casimirs. We illustrate these remarks with the follow-
ing example. Lift the irrational flow on 7% to an R-action on T*T?. Here M,
may be identified with 72?/R x {u}. The Poisson algebra consists entirely
of Casimirs, some nontrivial. Certainly M, is not “symplectic”. Note that
the symplectic leaves of T*T?/R are just points. (See [21, example 3.4] for
more details.) These kinds of behavior cannot occur if the action is proper.
When this is the case, we will show in §3 that the reduced Poisson bracket
is nondegenerate.

If G is noncompact, we encounter another phenomenon which can arise
even in the regular case. For example, let M = T*G with G acting on M
by the lift of left translation. Let J : M — G* be the momentum map
given by J(a,) = Rja, for ay € M. Every pu € G is a regular value of J and
M, = J Yu)/G, is symplectically diffeomorphic to O, with its Kostant-
Kirillov symplectic structure [1]. On the other hand, T7*G/G is isomorphic
as a Poisson manifold to G* with its Lie-Poisson structure [4]. Thus the basic



commutative diagram (1) becomes

J ) — TG
Tl ‘ Il
0, & ¢

where i, is the inclusion mapping. Now suppose that O, is not closed in G*.
Then the Marsden-Weinstein reduction, which views O,, abstractly as a quo-
tient space, differs slightly from the universal reduction, which views O, as
a subset of G*. This distinction is apparent on the level of function algebras.
The Marsden-Weinstein reduced function algebra is C*(0,), whereas the
corresponding function algebra for the universal reduction is W>(i,(0,)).
In applications there are plausible arguments for the appropriateness of both
function spaces. In general relativity and other field theories, the momen-
tum for the gauge group is constrained to vanish for all physically admissible
states. (See [25] for more details.) This situation strongly suggests using the
Marsden-Weinstein reduced function algebra C*°(0,,): the extension of func-
tions to nearby, physically unrealizable values of momentum is irrelevant. In
mechanics, however, momentum usually is a parameter which may be var-
ied. In such cases, Hamiltonians should be smoothly extendable to nearby
values, and therefore should lie in the universal reduced function algebra
W(i,(0,)).

A concrete example of the above situation is obtained by taking G to be
the subgroup of SI(2,R) consisting of matrices of the form

<g ab1>,a>0.
o=(3 o) mie=(2)

be the standard basis for G. Viewing (&3, &) as coordinates on G*, the coad-
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joint orbits can be pictured as

Figure 1. The coadjoint orbits of G on G*.

There are two classes of orbits: (1) the open upper and lower half planes,
where G, = {e}, and (2) points along the {-axis where G, = G.

3 Universal reduction for proper actions

In this section we give conditions which eliminate the unusual features in
the reduction process illustrated by the examples in §2. We will show that
if the action of G is proper, then the universal reduced Poisson algebras
(W>(M,),{, },) are nondegenerate and hence give “symplectic structures”
on the reduced spaces M. If in addition to having a proper action we know
that J=(0,) is closed in M and that the Marsden-Weinstein reduction pro-
cedure applies, then the Marsden-Weinstein and universal reductions agree.
To obtain these results requires some machinery. As a byproduct we will
show that the singularities in J~*(u) are quadratic.

We first recall some definitions. Throughout this section we will assume
that the action of G on M is proper. This means that

O:GXxM—MxDM:(g,m)— (g-m,m)

is a proper mapping, that is, the preimage of any compact set is compact.
For m € M, let G,, be the isotropy group of m. A (smooth) slice at m for
the G-action is a submanifold S,,, € M such that



(i) G - Sy, is an open neighborhood of the orbit O,,; and
(i) there is a smooth equivariant retraction

r:G-S, —G-m

such that S, = r~'(m).

From these properties one easily derives the following (cf. [26], propositions
2.1.2 and 2.1.4):

(a) Sy, is closed in G - S,,, which we call the sweep of S,,.

(b) m belongs to Sp.

(c) Sy, is invariant under G,,

(d) For g & G,,, the sets S,, and g - Sy, are disjoint.

(e) Let 0 : Y — G be a local cross-section of G/G,,. Then

F:UxS, — M:(us) —ou)-s

is a diffeomorphism onto an open subset of M.
In the literature a slice is sometimes defined by requiring (a-e) or (7) and
(a-d); these definitions are equivalent to that given above.

Proposition 1 There is a slice for the G-action at each m € M. FEach
isotropy group Gy, is compact, and M /G is Hausdorff.

Proof: The first statement follows immediately from proposition 2.2.2 and
remark 2.2.3 of [26]. The fact that G,, is compact is a direct consequence of
the properness of the action, since G,, = p(®~!(m,m)) where p(g,m) = g.
Finally, since ® is proper, it is a closed mapping. Now apply proposition
4.1.19 of [1] to conclude that M /G is Hausdorff. B

Remark: Palais’ definition of proper action [26] differs from ours, but a
straightforward exercise in point set topology shows that the two definitions
are equivalent.

The existence of slices for the G-action has several important conse-
quences. One is that it guarantees that there are enough smooth G-invariant
functions to separate orbits. This is a corollary of the following proposition.

Proposition 2 Let N be any G-invariant subset of M and suppose that
f € W(N) is constant on each G-orbit. Then there is a smooth G-invariant
extension F of f with F € C=(M)% and F|N = f.
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Proof: The main ideas of this proof appear in Palais’ argument showing the
existence of an invariant Riemannian metric for a smooth proper action ([26],
theorem 4.3.1). We will pick a set of local slices whose sweeps are a locally
finite open cover of M, and then construct a G-invariant partition of unity
subordinated to this cover. The properties of slices allow us to extend f as
desired on each sweep. Then we patch these local extensions together using
the partition of unity.

As M/G is locally compact, o-compact, and Hausdorff, we can choose
a sequence of points m; and slices S; at these points such that {m(S;)} is
a locally finite cover of M/G. Then {G - S;} is a locally finite cover of M.
Furthermore M /G is normal, so we may assume that the slices were chosen
so that each m; has a relatively compact neighborhood N; C S; such that
{7(N;)} also covers M/G. On each slice S; construct a function h; which
is positive on NV; and has compact support in S;. As G,,, is compact, we
may average over its orbits to get an invariant function on S;. (Here we have
used both proposition 1 and property (c) of the slice.) By properties (d)
and (i) of the slice, we may extend h; to the sweep and then to all of M
by requiring it to be G-invariant and to vanish outside of the sweep. Now
by the local finiteness of the covering by sweeps, the h; can be normalized
to a G-invariant partition of unity h;. That is, let h; = ﬁz / > izj, so that
> h; =1 at all points of M.

To extend f, we first define a function F; on each sweep G - S;. If NN .S;
is empty, set F; = 0. Otherwise, we can extend f|S; N N smoothly to S;
because f belongs to W (N) and S; is a submanifold of M. As above we
can average over the orbits of the isotropy group on S; and extend to a G-
invariant function f; on the sweep. Now define F; belonging to C°(M )G
by setting F; = h; - f; on the sweep and F; = 0 elsewhere. It is clear that
F =3, h; - F; has the desired properties. i

Corollary 1 C>®(M)° separates G-orbits in M.
Proof: Let N =0, UQO,, and let f =1 on O,, and f = 0 on O,; such a
function exists and belongs to W>°(N) since these orbits are closed, embed-

ded submanifolds of M (because the action is proper). Thus by proposition
2, f has an invariant extension I’ which separates O,, and O,,. i

Another consequence of the existence of slices is that the singularities of
J must have a particularly simple form.
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Proposition 3  For each p € J(M), the singularities of J () are quad-
ratic.

Proof: We first reduce to the case p = 0 by the following standard con-
struction (see theorem 4.1 of [13]). Define an action of G on M x O, by
(9, (m,v)) — (g - m, Ad;-,v). This action is proper because the original
action on M is. Then give M x O, the symplectic structure © = mjw — w52
where w is the symplectic structure on M, € is the Kostant-Kirillov sym-
plectic structure on O, and m; is the projection of M x O, on the i factor.
Note that on (M x O, ©) the G-action is Hamiltonian with Ad*-equivariant
momentum mapping 7 : M x O, — G* given by J (m, v)(&§) = J¢(m)—v(§)
for all £ € G.

The level sets J~'(u) and J~1(0) are closely related. In fact we can
construct a local diffeomorphism

a:MxU— M XU,
where U is a neighborhood of © € O,, such that
alJ () xU) =T H0)N (M x U).

To do this use a local section for G/G,, to construct a map § : U — G
such that §(p) is the identity element of G and Ad”"j -1yt = v. Then define
a(m,v) = (B(v)-m, v). It follows easily that « is a local diffeomorphism. The
equivariance of the action implies that J(m) = p if and only if J(a(m,v)) =
0 for all v € Y. Thus J~'(u) has a quadratic singularity if and only if 7 ~*(0)
has.

For the case u = 0, the result follows immediately from [8]; we only
need to confirm that the hypotheses of that paper are satisfied. By theorem
4.3.1 of [26], a smooth proper action admits an invariant Riemannian metric.
The usual polarization construction allows us to assume that the metric and
symplectic structures are compatible in the sense of being related by means
of a G-invariant almost complex structure (cf. p.8 of [27]). By proposition
1, there is a slice at each point. Also by proposition 1, the isotropy group of
each point is compact, so we can construct a metric on the dual Lie algebra
which is invariant under the coadjoint action of the isotropy group. Thus by
theorem 5 of [8] the singularities of J~!(0) are quadratic. B

Since the singularities in J~1(u) are quadratic, we have
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Corollary 2 Each J='(u) is locally path connected. in the proof of the
proposition, it case u = 0. Now connected as quadratic

In fact proposition 3 shows that nearby points of J~!(u) can be connected
by piecewise smooth curves in M lying in J~1(u). With these results in hand,
we are ready to prove the main results of this section.

Theorem 2 Let G act properly on M. Then for each pu € J(M) the reduced
Poisson algebra (W>(M,),{, },) is nondegenerate.

In other words, each Casimir in W>(M,,) is locally constant. Thus in the
context of universal reduction we are able to answer a question of Weinstein
4, p.429].

Proof: Suppose that ¢, € W>(M),) is a Casimir. This means that for all
He C=(M)°
{Ov H}MIJ_I(OM) = 07

where C' is any smooth G-invariant function M with C|J*(O,) = ¢, o 7.
Since by Ad*-equivariance J~1(0,) = G - J '(u), this is equivalent to

(8) {C.H} 1T (1) = =(Xc )T (1) = 0.

By corollary 1 the G-invariant smooth functions separate G-orbits on M.
Thus (8) implies that X¢|J~*(p) is tangent to the G-orbits in J ! (), that is,
at each m € J~!(u) there is £ € G such that Xo(m) = &y (m). Equivalently,

(9) dC(m) = dJ*(m).

Since by corollary 2 J~1(u) is locally path connected, equation (9) implies
that C is locally constant on J~*(p) and hence that ¢, is locally constant on
M, 1

Theorem 3  Suppose that G acts properly on M, J=1(O,,) is closed in M,
and the Marsden-Weinstein reduction is well-defined. Then the Marsden-
Weinstein and universal reductions are the same.

Proof: The reduced spaces are the same and both Poisson brackets descend
from that on M, so the only question is whether the reduced function algebras
are the same. For the Marsden-Weinstein reduction, the function algebra is

O%(M,) = C=(J 7} ()™ = C=(J10,)".

11



As J710O,) is closed, any smooth function on J1(O,) has a smooth exten-
sion, and by proposition 2 we may assume that the extension is G-invariant.
Thus

Cx(J71(0u)" = C=(M)F/T(T71(0,))".
But the left hand side of the preceding equation is C'°°(M,) while the right
hand side is W*(,,), so the Marsden-Weinstein and universal reduced func-
tion algebras coincide. ll

The results of this section demonstrate that proper actions are rather well
behaved as far as reduction is concerned. In particular theorem 2 shows that
the orbit space M /G for such an action is always partitioned into symplectic
leaves, these being the connected components of the reduced spaces M,,.

4 Universal reduction for compact groups

In this section we briefly discuss universal reduction when G is a compact
Lie group. This is the nicest of all possible situations, because theorems 2
and 3 apply.

According to a recent result of Gotay and Tuynman [28], every symplectic
manifold of finite type which admits a Hamiltonian action of a compact
(connected) Lie group G can be obtained by equivariant reduction from a
linear symplectic action of G' on R*" with its standard symplectic structure
w. Therefore, without loss of generality, we may suppose that M = R?®
with its standard symplectic form w and that G is a subgroup of the group
of linear symplectic mappings of R?" onto itself. This symplectic G-action
is Hamiltonian because the mapping J : R?*" — G* given by J(m)¢ =
%w({Rzn (m), m) for every £ € G is an Ad*-equivariant momentum mapping
[29].

To construct the G-orbit space R?*"/G we use invariant theory. Since G
is compact and acts linearly on R*", the algebra of G-invariant polynomials
is finitely generated [30]. Let oy,...,0% be a set of generators. Define the
Hilbert map for the G-action by

o:R™ —R":m — (0,(m),...,on(m)).

12



Since G is compact, o separates G-orbits [31]. Therefore o(R?") is the G-
orbit space R*"/G. Because ¢ is a polynomial mapping, o(R?") is a semial-
gebraic subset of R¥, by the Tarski-Seidenberg theorem [32].

According to Mather’s refinement of Schwarz’s theorem [33], the mapping
o* 1 O°(RF) — COO(RQ”)G : f — foo is split surjective. An easy diagram
chase shows that the space of smooth functions on R?"/G is isomorphic as
a Fréchet space to the space of Whitney smooth functions on R?"/G C RF.
We know that the space of smooth functions on the orbit space has a Poisson
bracket { ’}R%/G' The invariant theoretic construction of R**/G gives rise

to the question: is there a Poisson bracket { ’}Rk on C°°(R¥) such that

C>(R?"/@) is a Poisson subalgebra? In all known examples, the answer is
yes.

We can identify the reduced space M, with o(J*(0,)). Moreover,
J~1(0,,) is an algebraic variety, since .J is a polynomial mapping and O,, C G*
is an algebraic variety. Consequently, M, = o(J '(0,)) is a semialgebraic
variety, which is a subvariety of the orbit space R*"/G. By theorem 1 we
know that we have a Poisson bracket on the space of Whitney smooth func-
tions on M,. Comparing this with [21], in particular propositions 5.5, 5.6,
and 5.7, we see that in the present case universal reduction agrees with geo-
metric reduction and also Dirac reduction, when the latter applies. It then
follows from either theorem 2 or proposition 5.9 of [21] that the Poisson struc-
ture on M, is nondegenerate. In [21] one can find an example which shows
that universal reduction can differ from the Sniatycki—Weinstein reduction
even in the case of a compact linear group action.

5 The spherical pendulum

To make this somewhat abstract discussion more concrete, we use invariant
theory to construct the reduced spaces and Poisson algebras occurring in the
spherical pendulum. For other treatments see [34, 35].

Consider the linear symplectic action of S on (TR?,w) defined by

®: 8" x TR? — TR?: (t,(z,y)) — (Rix, R y)

13



where
cost sint 0

R,=| —sint cost O
0 0 1

® leaves the subspace defined by {z; = 29 = y; = yo = 0} fixed and is the

diagonal action of SO(2,R) on R? x R?, which is the subspace defined by
{z3 = y3 = 0}. A theorem of Weyl [36] states that the algebra of S'-invariant
polynomials is generated by

_ _ .2 2 2 2
TN =3 T3=Yi tY;5 Ts = X] + T3
To=1Ys T4=T1Y1+ T2Y2 Te = T1Y2 — T2Y1.

Later calculations are simplified by using the equivalent set of generators

_ _ .2 2 2 ) 2
01 =23 03=Y +YyYs,+Yy3 05=2]+25
O2 =1Y3 O04=2T1Y1 +ToYo O = T1Y2 — TaV1-

The Hilbert map for the S'-action is
o:TR? — RS :m — (o1(m),...,06(m)).
Here the o; satisfy the relation
(10) o1 +op = o5(03 — 03)
together with

(11) 0'320&0'520.

As is shown in [36] these are the only relations. Thus the S*-orbit space
TR3/S' is the semialgebraic variety o(TR?) definedby (10) and (11).
Now observe that

TS* ={(z,y) € TR® |z} + 23 + 23 = 1 & z1y1 + T2y2 + w3y3 = 0}

is invariant under ®. Moreover w|T'S? is a symplectic form on T'S?. Therefore
the S'-orbit space T'S?/S* of ® is the semialgebraic variety o(7TS?) defined
by (10), (11) and

os+o7 = 1

(12) o4+ 0109 = 0.

14



Solving (12) for o5 and o4, and substituting the result into (10) gives

0(TS2) = {(o1,09,03,06) € R4|
Ufag + 0625 (1-— O'%)(O'g - 02) lo1] <1 & o3 > 0}.

The S! action ® has the angular momentum mapping
L:TR?> — R : (2,y) — T192 — T2y1 = 0.
Set J = L|T'S?. Then the reduced space
My=o(J7}(0)) = o(L7(()NTS?)

is the semialgebraic subvariety of o(T'S?) given by

(13) = /.

Equivalently M, is the semialgebraic variety in R? defined by

(1—0})o3 =05 + (2

with |o1| <1 & 03 > 0. When £ # 0, M, is diffeomorphic to R?, being the
graph of the function

o3 + (2
1—o0%’

o3 = lo| < 1.

When ¢ = 0, M, is not the graph of a function, because it contains the

vertical lines {(£1,0,03) € R3|o3 > 0} (see figure 2). However, this singular
space is still homeomorphic to R2.

Figure 2. The reduced spaces M,.
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Next we compute the Poisson structure on 7'S?/S'. We could do this
using (2) and the symplectic form on T'S?. However, we proceed in a slightly
different (but equivalent) way. A straightforward calculation shows that
C>(R?®) with coordinates (0;) has a Poisson bracket whose structure ma-
trix is the skew symmetric matrix, half of which is given in table 1.

{A,B}gs | 01 o092 03 o4 o5 O | B

o1l 0 1 209 0 0 0
09 0 0 0 0 0
o3 0 —2(o3—02) —4o4 O
04 0 —20'5 0
05 0 0
O¢ 0
A

Table 1. Structure matrix for the Poisson bracket on RS.

Another calculation shows that C; = 0% + 02 — 05(03 — 03) and Cy = o
are Casimirs. Since o(TR?) C RS is defined by C} = 0, the Poisson bracket
on TR3/S! has the same structure matrix as the Poisson bracket on RS.
Because

{os + 01,04 + 0102} (TR3)’U<TS2) = 2(05 4 01)|0(T'S?) = 2,

o(TS?) is a cosymplectic subvariety of o(TR?). Consequently, the Poisson
bracket on o(T'S?) = T'S?/S! may be computed using the Dirac process [37].

The structure matrix of { , } is given in table 2.
TS2/St

16



{A,B}rs2isr | 01 09 o3 os |B
op | 0 1-— a% 209 0
09 0 —20'10'3 0
03 0 0
O¢ 0
A

Table 2. Structure matrix for the Poisson bracket on 7'S?/S?.

Since the reduced space M, C o(T'S?) is defined by Cy = ¢, the Poisson
bracket on M, has the same structure matrix as given in table 2 (with the
last row and column deleted). If we set

(14) V(o1 09,03) = 03(1 — 07) — 05 — 12,

then a careful look at table 2 shows that
o
(15) {oi, 05} = Zk:%k@

(16) {feo9e}, = (Ve x Vge) - Vo

via the calculation:

{ff)gf}z = dfﬂ Zafzdo-] gg

0
= nge{(f],gg} _ Zidgé

j 5 00j
0feOge 0¥
i Ooj Doy, gkt Oo;

= (VfixVg)- V.
Therefore Hamilton’s equations for h, € W (M,) are

& = Vhe x Vi
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where x is the vector product on R?, because

g; = {O—i’hé}z
= (Vo; x Vh) - Vb
= (Vhe x V) - Vo
= (Vhe x V)

%

So far we have only treated the S! symmetry of the spherical pendulum.
To treat the dynamics, we consider the Hamiltonian

1
H:TR3—>R:(x,y)—>§(y%+y§+?/§)+x3-

When restricted to 752, H is the Hamiltonian of the spherical pendulum.
Since H is S'-invariant, it is a function of the invariants, namely

1
(17) H:§O'3+01.
The reduced Hamiltonian on M, is hy, given also by (17). A short calculation
shows that the critical points of hy occur only when o9 = 0. Geometrically
they occur in the oy, o3-plane when the line defined by h, = e is tangent to
the fold curve of the projection of M, on the oy, o3-plane (see figure 3).

Figure 3. The darkened curve is the fold curve of
the projection of M, on the {0y = 0} plane. The
dots are the critical points of hy on M, N {0y = 0}.
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Over every point on a line in figure 4 lie two points of M, except when (i) the
line intersects the darkened fold curve where there is only one point of M,
or (i) outside the darkened curve where there are no points of M,. Hence
Py, Fy are stable equilibrium points of X}, and correspond to stable periodic
orbits of Xp. On the other hand, Fj is an unstable equilibrium point of Xy.
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6 Appendix: Notation and terminology

We deal with varieties in a generalized sense. For us a variety consists of a
topological space X together with a choice of a set of “smooth” functions
C>®(X) C C°%X). This choice defines a differential structure on X. If
m: X — Y is a surjection of a variety X onto a space Y, we make Y a
quotient variety of X by putting the quotient topology on Y and taking

CoY)={fecC%Y)|for=F forsome F € C*(X)}.

Similarly if Y is a subset of a variety X, we make Y into a subvariety of X
by putting the relative topology on Y and taking C*(Y) = W>(Y), where

W>(Y)={feC»Y)|f = F|Y forsome F € C*(X)}

are the Whitney smooth functions on Y. A map f : X — Y between
varieties is smooth provided it is continuous and f*C*(Y) C C*(X). If
Y C X is a subvariety, then the ideal Z(Y) C C*(X) of Y consists of all
smooth functions on X which vanish when restricted to Y.

Let G be a Lie group, which acts smoothly on a variety X. Let YV =
X/G be the corresponding orbit space. From the definitions it follows that
C®(X/G) = C=(X)°, the space of G-invariant smooth functions on X.
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