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II1- GAUGE SYMMETRIES AND INITIAL VALUE
CONSTRAINTS

This part studies gauge symmetries and the relation between various constraint
sets and zero sets of instantaneous momentum and energy-momentum maps.
In particular, the zero set €-1(0) of the energy-momentum map for the gauge
group § will be shown in Chapter 10 to coincide with the final constraint set
C;. Similarly, the momentum map for a certain foliation QT, which is derived
from the gauge group § and is defined in Chapter 11, will be identified with
the primary constraint set P,. Both these results require that the system under
consideration be first class in an appropriate sense. We prepare for these results
by defining the gauge group and discussing its properties in Chapter 8 and by
proving the Vanishing Theorem in Chapter 9.

8 The Gauge Group

Here we define the gauge group of a given classical field theory, analyze its
properties, and then show how to construct it. In the final section we discuss the
correspondence between the notions of “gauge transformation” in the covariant

and instantaneous formalisms.

8A Covariance, Localizability, and Gauge Groups

Suppose we have a group G, as in §4D, which acts on Y by bundle automor-
phisms, so that we have a homomorphism § — Aut(Y). (We will often blur the
distinction between G and its image in Aut(Y").) Our fundamental assumption
A1 is that the Lagrangian density L is equivariant with respect to the induced
actions of G on J'Y and A"T1X. If this is the case, we say that the Lagrangian
field theory under consideration is G-covariant.

Covariance under the action of a group G leads to the following important
consequence. Recall that Sol denotes the set of all spacetime solutions of the

Euler-Lagrange equations.

Proposition 8A.1. Suppose that a Lagrangian field theory is G-covariant.
Then the induced action of G on Y stabilizes Sol C Y.
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In other words, if £ is G-equivariant and ¢ € Y is a solution of the Euler—
Lagrange equations, then so is 77+ ¢ for all n € G. Here, and throughout the rest
of Part III, we suppose that all fields are variational.

Proof. Let ¢ € Y be a solution of the Euler-Lagrange equations so that, by
Theorem 3B.1
(j'6)"(V 1 dOr) = 0 (3A.1)

for all V € X(J'Y). For n € G, (4A.5)yields
7 ¢)* (V.1dOr) = (npy o jiéony') (VI doy)
= (1x")"('¢) npry™(V 1 dOp).

Since 7,1 (y) is a diffeomorphism, each vector field V' on .J L(Y') can be written
in the form V' =Tn i (y) - W for some W. Substituting this into the preceding
equation and using the fact that G-equivariance of L implies O is G-invariant

(cf. Proposition 4D.1), we obtain
31 9) (V1 dOc) = (nx')"(j'¢)" (W J my1y"dOr)
= (nx")*('¢)*(W 1 deg) =0
by (8A.1). The result now follows from Theorem 3B.1 |

If a field theory is G-covariant, then, according to this proposition, G acts by
symmetries in the sense that it maps solutions of the Euler-Lagrange equations
to solutions. A very important property of a gauge group, which distinguishes
it from a mere symmetry group, is that the former is “localizable.”

We say that a group G of automorphisms of a bundle Y — X is localizable
provided that for each pair of disjoint hypersurfaces ¥; and ¥ in X and each
Lie algebra element ¢ € g, there is a Lie algebra element y € g such that
Xy [Txy (51) = Evlmiy (1) and xy |7y (82) = 0.

Now consider a Lagrangian field theory and a subgroup § of Aut(Y). We
say that G is a gauge group for the theory provided § is localizable and the
theory is G-covariant. We will justify this terminology and discuss our standard
examples in the next section.

A constrained theory may have no gauge symmetries at all (that is, G is the
zero group); the Proca field on a fixed background spacetime is such a theory.
(See Gotay and Nester [1980]). But the Proca field acquires the gauge group
Diff(X) when parametrized. More generally, every parametrized theory has
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nontrivial gauge symmetry. At the other extreme, there are systems which are
totally gauge in the sense that they have no true dynamical degrees of freedom;
for instance, parametrized electromagnetism on a (14 1)-dimensional spacetime
(cf. Example 6E.b).

8B Principal Bundle Construction of the Gauge Group

The gauge groups of many field theories arise via the following principal bundle
construction (cf. Fischer [1982]). One can often associate a principal bundle B
to the configuration bundle Y in such a way that automorphisms of B induce
automorphisms of Y'; the association may, but need not be, via the standard
notion of an associated bundle.

Let mxp : B — X be a principal bundle with Lie group G. (Thus, G acts
effectively on B on the right, leaving B fiberwise invariant.) Suppose that § C
Aut(B) is a group of automorphisms of B, i.e., fiber-preserving diffeomorphisms
of B which commute with the G-action. In general we have a homomorphism
Aut(B) — Diff(X) which maps n € Aut(B) to the induced diffeomorphism nx
of X. We assume that Y is “associated” to B in the sense that G acts on Y by
bundle automorphisms that cover the induced action on X. In most examples,

the choices of B and G are usually apparent.

Examples

We refer the reader to §4D for a discussion of §-covariance in each case.

a Particle Mechanics. In parametrized particle dynamics, B is the identity
bundle R — R (so that G = {Id}), § = Aut(B) = Diff(R) and Y is the
associated bundle B xg @ = R x @ with typical fiber Q.

Obviously the group Diff(R) of time reparametrizations is localizable. Thus

Diff(R) is a gauge group.

b Electromagnetism. For electromagnetism as a 1-form field theory on a
fixed background X, G is the additive group R and B = X x R. Then we have
G = Auta(B) = F(X), where Autiq(B) is the group of automorphisms covering

the identity on X. In this case Y is the generalized associated bundle

JHX xR)/R~ A'X
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and the induced action of § on Y coincides with (4C.17).

The group § = F(X) is manifestly localizable, and so it is a gauge group.

To illustrate how special gauge groups are, as compared to symmetry groups,
we consider other possible choices of G in the context of this example. For
instance, take G to be the additive group of closed 1-forms on X, acting on Y
by (o, A) — A+ a. Then § is a symmetry group of L, but it need not be
localizable. To ensure localizability, we need to restrict to the additive group of
exact 1-forms on X, i.e., § =~ F(X). Now suppose we take G to be the isometry
group of the fixed background spacetime X, acting on A'X by push-forward.
Then electromagnetism is G-covariant, but G is not a gauge group as again it is
not localizable. On the other hand, § = Diff (X) is localizable but the Maxwell
Lagrangian density (3B.12), is not Diff (X )-covariant unless gravity is included,
either parametrically or dynamically. Similar remarks obviously apply to any

theory on a background spacetime.

When the spacetime metric is not fixed, we keep B = X x R as in the
background case. However, since in this context the metric on X is supposed

to transform under spacetime diffeomorphisms, we now take

G = Aut(B) = Diff(X) x F(X)
to be the full automorphism group of B. Then G is localizable and acts on the
“parametrized” configuration bundle ¥ = A'X x x S5 (X) as in Example b of
§4C.

c A Topological Field Theory. Again we take GG to be the additive group
R and B = X xR. Then § = Aut(B) = Diff(X) x F(X) where, as before,
Y = JY(X xR)/R ~ A'X and the induced action of G on Y is given by (4C.17)
(4C.18).

Although the Chern-Simons theory is not Diff(X) x F(X)-covariant, a
glance back at the proof of Proposition 8A.1 shows that it remains valid provided

merely that Q = —dOg is invariant, which it is in this instance.

d Bosonic Strings. This is similar to parametrized electromagnetism, cf.
Example b above. Keeping the conformal invariance of the bosonic string in
mind, we let G be the multiplicative group R* and set B = X x RT. Then

G = Aut(X x R") = Diff(X) x F(X,R")
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acts on the configuration bundle Y for bosonic strings as in Example d of §4C.

Remark 8B.1. When a field theory is parametrized, the above examples show
that the appropriate principal bundle B is just that corresponding to the “in-
ternal” degrees of freedom. It follows that the appropriate group § = Aut(B)
has Diff(X) built in automatically. (We refer the reader to Interlude I for a
discussion of parametrized vs. background theories.)

When the fields being studied propagate on a fixed background spacetime
X, we may proceed in two ways. In one approach, we restrict § to be just
Autpq(B)—those automorphisms of B which restrict to the identity on X. Hence

3

G corresponds to the “internal” gauge group. This approach leads to the ap-
propriate relationship between the energy-momentum map and the constraints
for these fields (see Chapters 10 and 11). In the second approach, we let § be
all of Aut(B) so that Diff(X) is now “included” and the background metric is
treated parametrically. This approach, according to §7D, leads to the desired
relationship between the energy-momentum map and the Hamiltonian. Exam-
ple b shows that only when the metric on X is dynamic do we get both desired
relations.

Thus, on a group-theoretical level the parametrization of a theory can be

accomplished merely by replacing Autg(B) by Aut(B). ¢

8C Gauge Transformations

In §6E we defined a gauge transformation in the instantaneous formalism to
be a diffeomorphism of the final constraint set €, which stabilizes the fibers of
the subbundle TC, N TC of TC, (or, what essentially amounts to the same
thing, a flow on C, whose generating vector field belongs to the distribution
X(C,;)N X(€,)1). In this section we relate this notion of gauge transformation
to its covariant counterpart, defined in §8A, and discuss what it means for the
gauge group to be “full.”

Consider a subgroup G of Aut(Y’). The first order of business is to determine
how G “acts” in the instantaneous framework. Strictly speaking, of course, G
need not act at all in this context, as it does not necessarily stabilize Cauchy
surfaces. Nonetheless, using the instantaneous energy-momentum map &, :
P, — g* defined in §7D, we show that g naturally defines a Lie subalgebra ge_

of X(€,) which, for our purposes, serves as an (infinitesimal) action.
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Proposition 8C.1. Consider a G-covariant field theory. For every € € g, there
exist solutions &e, € X(C;) of the equation

(e, J wr —d(E,,€)) [ €, =0 (8C.1)

The proof of this Proposition is deferred until §10A, as it relies upon cer-
tain results to be established there. Below we prove a modified version with g
replaced by g, the stabilizer algebra of the Cauchy surface >..

Proposition 8.2 says that, for each £ € g, (€, £) has Hamiltonian vector fields
along €, which are tangent to C,. Given ¢, (8C.1) only defines £ modulo
elements of ker w, N X(C.). Denote by ge. the involutive distribution generated
by the set {c. | £ € g}. We may think of ge, C X(C;) as playing the role of an

“action” of g on C,. A main result is:

Theorem 8C.2. Assume that all fields are variational. For each gauge group
3,
ge. C X(C) N x(€)*t.

Again, the proof will be postponed until §10A. The standing hypothesis that
all fields are variational is crucial; see Example b following for an illustration of
what can happen when this is not the case.

Recall from §6E that the distribution X(€,) N X(C,)* is the gauge algebra
of the theory. Thus this Theorem constitutes the fundamental link between the
covariant and instantaneous notions of “gauge.” It follows that if G is a gauge
group in the covariant sense and all fields are variational, then § “acts” on each
C, by gauge transformations in the instantaneous sense.

To ensure that § comprises all the gauge freedom of the theory, we shall

require

A5 Fullness. ge, = X(€,) N X(C,)*.

A gauge group G is called full if this condition holds.

This condition should be thought of as a means of checking whether the
choice of gauge group is “correct.” We emphasize that this is a nontrivial matter
in general. Our philosophy throughout this work is that one knows the correct
gauge group at the outset; this is indeed often the case, as in the examples we
have presented. But from a practical standpoint, for a given Lagrangian field

theory, the choice of § may not be entirely obvious. Thus one may “undershoot,”
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that is, choose a candidate gauge group which is too small. This error would be
signaled by a violation of A5. We illustrate the sort of things that can go wrong
when the gauge group is not full in Chapter 10. We point out, however, that
it is not possible to “overshoot,” at least when all fields are variational. This is
because of Theorem 8C.2; a candidate gauge group which is too large (in the
sense that ge, D X(C;) N X(€,)1) would have to violate either localizability
or covariance, and so could be immediately discarded.

Remark 8C.3. Note that by definition, ge, always contains kerw, N X(C;) as
an involutive subdistribution. Consequently, if a given theory has only primary
constraints, so that €, = P,, then any gauge group is vacuously full, since
in this case X(C,) N X(C,)t = kerw,. This is true even for the zero group.
This observation and the closing comments in §6E indicate that the fullness of
G is correlated with first class secondary constraints, but not with first class
primaries. The connection between G and the first class secondaries will be
made more precise in Chapter 10. We also remark that there is a condition
on G, similar to fullness, which is explicitly tailored to the first class primary

constraints; see §11D. ¢

Remark 8C.4. A computable sufficient condition for fullness is given in Corol-
lary 10B.6. ¢

Remark 8C.5. It is conceivable that a given theory could have several different
full gauge groups. (See Example d following for an illustration, as well as the
footnote to Example 4C.b.) However, up to questions of reconstructing groups
from algebras®® and the faithfulness of the representation & +— e, assumption
A5 makes the gauge group “unique,” simply because X(C,)N X(€,)* is intrinsic
to the theory, independent of any choice of gauge group.2° ¢

We now state and prove a modified version of Proposition 8C.1, as promised
earlier. Recall from Section 7C that the subgroup G, of G does act in the

instantaneous formalism with momentum map J, : 7*Y, — g&.

Proposition 8C.6. Assume A1, A2, and A4. Then the action of G, stabilizes

both the instantaneous primary and final constraint sets P, and C, in T*Y.,.

Proof. By Proposition 4D.1 the covariant Legendre transform is equivariant
with respect to the actions of G, on (J'Y), and Z., so that G, stabilizes N,

25We will not consider global issues—such as the existence of ‘large’ gauge transformations

(viz., the connectedness of G)—in this book.
26 More precisely, it makes the action on €, unique.
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in Z, and hence N, in Z,. Then (7C.2) and Corollary 6C.5 imply that the
G,-action stabilizes P, in T*Y..
Recall from (6D.10) that the canonical decomposition map can, : Y — P,

relative to the embedding 7 : ¥ — X is given by
can, (¢) = R-(FL o jip o).
The above results yield, for all n € G,

canr(ny(¢)) = nr-y, (can,(¢)).

In view of A2 and A4, Corollary 6E.11 asserts that can,(Sol) = C,; to prove
that G, stabilizes €., it therefore suffices to show that G, stabilizes Sol in
Y. But this is immediate from our assumption of covariance together with
Proposition 8A.1. ]

Now, on T*Y, we may solve

§T*%T | wr+y, = d<37’7£> (802)

uniquely for the generators {r-y_ . Finally, Proposition 8C.6 together with
Corollary 7D.2(4i) guarantee that (8C.2), when pulled back to P;, coincides
with (8C.1) for € € g., and that &p«y_| C; is tangent to Cr.

Examples

a Particle Mechanics. Fix a Cauchy “surface” ¥;. We know from Example
a of §6E that €, = P;, and from Example a of §7D that & = 0. Thus (8C.1)
yields ge, = kerwy, so the gauge group Diff(R) is vacuously full, in accordance
with Remark 8C.3.

b  Electromagnetism. In the background case § = §., so we obtain a

genuine action of § = F(X) on T*Y,. It is given by
(f,(A,€) = (A+df[ 5., €)

for f € F(X). For x € g~ F(X), we may write

— L—FV i
XT*Y, = X06A0 Xt SA
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in adapted coordinates, where xo := x,0 |2, and xr = x| X,. Now xo and x.
are independently specifiable along Y- and so, by referring to Example b of §6E,
we see that A5 is satisfied. Thus F(X) is the full gauge group for background

electromagnetism.

For parametrized electromagnetism it is no longer true that G =G,
we must compute the Hamiltonian vector fields directly. Given (&, x) € §;
X(X) x F(X), from (6C.22 ) and (7D.12) we eventually obtain:

(€ e, =~ (€N 27y ® + =M + )8+ Dl Ay — )

’ T J Nf J 12 51471

o o 5
— D (9" G + [(€°M' + )€ — (€M7 + )] ) =

modulo terms in the direction §/§ Ag. Because the metric on X is not variational
Theorem 8C.2 fails and these vector fields need not lie in X(C,) N X(C,)+. But
they do when &# = 0, and the same argument as in the background case shows
that G = Diff(X) x F(X) is “overfull” in the sense that X(C,)N X(C,)* C ge. .

¢ A Topological Field Theory. From (6C.30) and (7D.14) we compute

(€06, = DA, =) (@75 - 52

T

modulo the directions §/5Ag. Referring back to §6E, it follows from this and
the argument given in Example b above that § = Diff(X) x F(X) is full. Note
also that Diff (X') alone is not full.

This example indicates that it may suffice—and indeed may be necessary—
to require just that the action of a field theory, as opposed to the Lagrangian

density itself, be invariant for the main results of this chapter to hold.

d Bosonic Strings. Consider ({,)) € g = X(X) x F(X). From (7D.17)
and (6C.37) we compute

)
(& Ne, <§(if Prp +§1MD<PA> SpA

<2\FgABD(NDgo )+§1D(M7rA)> %

modulo the directions §/0hs,,. In view of (6E.31), this may be rewritten

€ Ne, =X ng +E Xy,
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Since £° and ¢! are independently specifiable, it follows from the computation of
X(€,)N X(C,)* in Example d of §6E that the gauge group Diff(X) x F(X,+)
is full in this case. The subgroup Diff(X) is full as well.

9 The Vanishing Theorem and Its Converse

Here we begin the program of relating initial value constraints to zero levels
of the energy-momentum map by proving the Vanishing Theorem (also called
the second Noether theorem). This says that when evaluated on any solution
of the Euler—Lagrange equations, the covariant momentum map integrated over
a hypersurface is zero. The result is a consequence of Noether’s theorem and

localizablility.

9A The Vanishing Theorem

Let ¥ and X_ denote two hypersurfaces in X which form the boundary of a
compact region; we call ¥ and ¥_ an admissible pair of hypersurfaces. (We
have in mind the case of a spacetime X with ¥, and ¥_ deformations of a

given hypersurface to the future and past, respectively, as in Figure 9.1.)

Figure 9.1: An admissible pair of hypersurfaces
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Lemma 9A.1. For every compact oriented hypersurface ¥ there is a disjoint

hypersurface X' such that (X,%') form an admissible pair.

Proof. Choose an outward pointing normal vector field along 3, and smoothly
extend it to a vector field n on a neighborhood U of ¥ in X. Since ¥ is compact,
there is a neighborhood V' C U of ¥ on which the flow F' of n is defined on
some interval (—k, k). Now take ¥’ = FJ, /5(X); then ¥ U X' is the boundary of
the compact region F([0,%k/2] x ¥) in X. |

Suppose that G is a localizable group of automorphisms of Y. Then for
every compact oriented hypersurface X and every & € g, there exists a disjoint

hypersurface ¥/ and a £’ € g such that (3,%’) form an admissible pair and
§y | Yo =&y |Ys and & |Y5 =0,

where Yy = 7y (X) and Yy, = 73y (¥). Roughly speaking, this means that
we can localize any £ € g by “shutting it off” on a hypersurface to the “past”
or “future.”

Now suppose that we have a field theory with gauge group G in which all
fields are variational. Then from the first Noether theorem (Theorem 4D.2 )

and Stokes’ theorem, we obtain

| omaterss@ = [ e uterse (94.1)
+ _
for every solution ¢ of the Euler-Lagrange equations and admissible pair of
hypersurfaces ¥ and ¥_, where 71 : 3+ — X are the inclusions. Note that, as
always, the compactness assumption in this discussion can be relaxed provided
all fields fall off sufficiently rapidly at “infinity.”

Localizability and (9A.1) immediately lead to the “second Noether theorem”:

Theorem 9A.2. (Vanishing Theorem) Let L be the Lagrangian density
for a field theory with gauge group G. Then for any solution ¢ of the Fuler—
Lagrange equations and hypersurface 3, the energy-momentum map on X in the

Lagrangian representation vanishes:
[ratorat©=o
b

for all & € g, where 7 : ¥ — X is the inclusion.
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9B The Converse of the Vanishing Theorem

This will be obtained using the results of §4D.

Theorem 9B.1. (Converse of the Vanishing Theorem) Suppose L s
equivariant with respect to a vertically transitive group action. Let ¢ be a section
of Y which satisfies

L;%f@wﬂa=o (9B.1)

for all hypersurfaces X, where 7 : ¥ — X is the inclusion. Then ¢ is a solution

to the Fuler—Lagrange equations.

Proof. Let ¥, and ¥_ be the images of two such embeddings 7, and 7_
which enclose a “bubble” U as in Figure 9.2. Then

>

-1 \x 70 _ LN WA IV T*'I*L:.
Lﬂmme—ijmJ@>/ * (') T E) = 0

The open sets of the form U comprise a neighborhood base for X. Therefore

Figure 9.2: A bubble in spacetime

d [(jld))*J[“ (f)] = 0 and so by Theorem 4D.3, ¢ is a solution to the Euler—

Lagrange equations. ]

Theorem 9B.1 can be viewed as one formulation of the “geometrodynamics
regained” program of Kuchai [1974]. Indeed, it essentially states that from
symmetry assumptions and the vanishing of the energy-momentum map it is
possible to recover the Euler-Lagrange equations; that is, the geometry and

symmetry together determine the field theory.

Examples
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In each of the following examples, we compute the energy-momentum map

in the Lagrangian representation:
JRERALS
b

without assuming that ¢ is a solution of the Euler-Lagrange equations. Setting
this equal to zero for all values of &, we find that for fixed ¥ equation (9B.1) is

equivalent to a subset of the Euler-Lagrange equations along .

a Particle Mechanics. For time reparametrization-covariant particle dy-

namics with no internal symmetries, (4D.15) yields
(7'0)" = (f) =0

as a matter of course, cf. Example a in §4D. Thus the Vanishing Theorem just
reproduces this fact in this case. It gives no information at all regarding the

equations of motion, since the action of § = Diff(R) is vertically trivial.

b Electromagnetism. From (4C.12) we have
. * 70 VL
(1A TE () = § xpd’mp.

If we take ¥ to be the Cauchy surface 2° = 0 then, by virtue of the antisymmetry
of §#, the left hand side of (9B.1) reduces to

/ 0% id>xo.
D

Setting this equal to zero for all x € F(X), and integrating by parts leads to
Gauss’ Law §° ; = 0. On the other hand, if ¥ is given by z* = 0, we obtain

/ 55X L dPay, (no sum on k).
)

Using the fact that ¥ = 0 (no sum), we may again integrate by parts, and
so the vanishing of this expression for all x € F(X) gives the rest of Maxwell’s
equations S”kw = (0. Thus we get all of Maxwell’s equations, consistent with the

Converse of the Vanishing Theorem and the vertical transitivity of § = F(X).
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¢ A Topological Field Theory. From (4D.21), the energy-momentum map
is )
-/Z (GMUU(_A'rgT,U - Au,TgT + X,l/) + ieyTUFIJTfu)AJ d2x;t~

Taking ¥ to be the 2° = 0 surface and integrating by parts, the terms involving

& drop out and this reduces to
—/ €OinAj7i d%z.
b

Upon requiring this to equal zero, the arbitrariness of x implies that Fi5 = 0.
Similarly, taking 3 to be the 2¥ = 0 surface for k = 1,2 we obtain Fy, = 0. Thus
the conclusion of Theorem 9B.1 holds even though the Chern—Simons theory is
not F(X)-invariant.

d Bosonic Strings. From (4D.8), (3B.24), and (4C.22)—(4C.24), we com-
pute

6. 75(6.8) = Vilaas | {5004 06 0 ~ 11164 167 0
+R097 ot 1! o
R 0108 107 1~ n%9% 06 et
+ h1u¢37u¢A,0§0}d1x1] _

First suppose that ¥ is the Cauchy curve #° = 0. Then if (9B.1) is to hold

for all (£, \), we must have
gan(h¢? 0¢” o — Ao 165 1) =0 (9B.2)
and
gaph™¢? 6% 1 = 0. (9B.3)

Using (3B.25)—(3B.27)and (5C.10), one directly verifies that (9B.3) is just the
supermomentum constraint (6E.30), while (9B.2) is a combination of the super-
momentum constraint and the superhamiltonian constraint (6E.29).

Next suppose that ¥ is the timelike curve ' = 0. Then the vanishing of
(9B.1) leads to (9B.2) again and

gaph'o? 6% o = 0. (9B.4)
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Equations (9B.2)—(9B.4) are not independent; in fact
R (9B.4) — R (9B.3) = h°'(9B.2).

Together these equations are equivalent to the conformal Euler-Lagrange equa-
tion (3B.32). (Recall that of these latter three equations one is an identity.)
Observe that we do not obtain the harmonic map equation (3B.31).—this is
because § is not vertically transitive.

Thus while the Vanishing Theorem holds in this example and yields the
conformal Euler-Lagrange equation (or, equivalently, the superhamiltonian and
supermomentum constraints), its converse fails as it does not recover the har-

monic map equation.

10 Secondary Constraints and the Instantane-

ous Energy-Momentum Map

The examples in the previous chapter illustrate the general result that when
Y, is a Cauchy surface, the vanishing of the instantaneous energy-momentum
map over ¥ yields (first class secondary) initial value constraints. Our goals
now are to prove this statement for a wide variety of field theories and to show
under some reasonable hypotheses that the Vanishing Theorem yields all such

constraints.

10A The Final Constraint Set Lies in the Zero Level of
the Energy-Momentum Map

Consider a Lagrangian field theory with gauge group G. Recall from §6E that
the final constraint set C, consists of all initial data on the Cauchy surface
Y which can be formally integrated to dynamical trajectories which satisfy
Hamilton’s equations. Throughout we suppose that the regularity assumption
A3 holds, viz. that C; is a manifold and kerwe_ is a regular distribution. We

will also need the following refinement of the notion of Lagrangian slicing:
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A6 G-Slicings. For a classical field theory with gauge group G and configu-

ration bundle Y, there exists a G-slicing of Y.
Our first main result is essentially a “Hamiltonian restatement” of the Van-
ishing Theorem:

Theorem 10A.1. Suppose that the Euler—Lagrange equations are well-posed.
Then
e, c &40) (10A.1)

where €, is the instantaneous energy-momentum map induced on P.

Proof. Let (p,7) € C;. By A4 and Theorem 6D.4(éi), there is a solution
¢ € Y of the Euler-Lagrange equations such that can.(¢) = (p, 7). Set o =
FL o jl¢ o 7 so that o is a holonomic lift of (¢, 7). Now apply the Vanishing
Theorem 9A.2 to ¢, obtaining for each £ € g,

0= /ZT*<J'1¢>*J’*(£> - /ET*(j1¢)*FL*J(§) (by §4D)
_ /Z 0" J(€) = (B (0),€) (by (7B.1))

= <8T<¥7a 77)’ §>
according to §7D, as o is a holonomic lift of (¢, 7). Thus (¢, 7) € E71(0). W

This result shows that the conditions (€.,£) = 0 are secondary initial value

constraints. In fact:

Proposition 10A.2. The components (E,,£) of the energy-momentum map

are first class functions.

Proof. We must show that
Ter[(€-,6)] =0 (10A.2)

for each ¢ € g. We break the proof into three parts, depending upon whether
or not £x is tangent to X, is transverse to X, or is a combination.

First suppose that {x is everywhere tangent to X, so that £ € g.. In this
case, Proposition 8C.6 ff. asserts that e = &p+y_| €, satisfies

e, 1w, =d(&;,§) (10A.3)
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along C,. Furthermore, we know that e _ is tangent to C, so that (10A.3),
when evaluated on vectors in TCL, yields (10A.2).

Next suppose that £x is everywhere transverse to the surface ¥,. Then
Corollary 7D.2(i) states that (€;,§) = —H,¢. Then (10A.2) is satisfied by
virtue of Corollary 6E.3.

Finally, consider the intermediate case when £x is neither everywhere tan-
gent nor everywhere transverse to Y. Utilizing assumption A6, let ¢ be the
generating vector field of any G-slicing of Y'; then ( € g and (x M X,. Along
Y., we may decompose

ex =&k + fix
where ﬂ( is tangent to ¥, and f is some function on 3,. Choose any
k > max,es, |f(x)] (such a number exists as X, is compact), and define
¥ = k(—& Then ¢ € g and ¥ M X, so we may write £ = k( — ¥ as the
difference of two transverse gauge generators. Since (€.,&) = k(E,,() — (E;,0),
the desired result follows from the transverse case proved above and the com-

ment immediately following Corollary 6E.12. |

In summary: The components (€,,£) of the energy-momentum map are first

class secondary initial value constraints.

Remark 10A.3. Recall that for secondary constraints we measure class relative
to (Pr,w,), cf. §6E. ¢

Remark 10A.4. This result combined with Proposition 6E.1gives Proposi-
tion 8C.1. Theorem 8C.2 now follows either from Propositions 8C.1 and 6E.8(1)
or from Propositions 10A.2 and 6E.8(iii). ¢

Remark 10A.5. Theorem 10A.1 together with Corollary 7D.2(i) show that
each Hamiltonian H,¢ vanishes identically on €;. Thus on C, the Hamilton
equations (6E.11)pull back to ixwe. = 0, that is to say, X € X(C,) N X(€,)*;
in this sense the evolution is “purely gauge.” This is one of the hallmarks of

parametrized theories (in which all fields are variational), cf. Kuchaf [1973]. 4

Remark 10A.6. When working with background theories, Theorem 10A.1
remains valid as long as A6 is satisfied. So does Proposition 10A.2 (but now the
tangential case is the only relevant one). Proposition 10A.2 also holds in theories
in which there are non-variational fields, but in this context Theorem 10A.1 fails
(because the first Noether theorem 4D.2 does) and so there is no reason why,
for instance, the Hamiltonian should vanish on €,. See Example b at the end

of this chapter for more details. ¢

169



170 810 Secondary Constraints and the Instantaneous Energy-Momentum Map

With a slight shift in viewpoint, it is possible to substantially weaken the
well-posedness hypothesis in Theorem 10A.1. Consistent with our general phi-
losophy, suppose we know ab initio that § “acts” on C,. by gauge transforma-
tions in the sense that Theorem 8C.2 holds (in particular, we might assume
that the gauge group is full). Then for each ¢ € g, the gauge vector field
€. € X(€,) N X(C,)* satisfies equation (8C.1):

(5@, Jwr = d<87'7€>) | Cr=0.

Evaluate this equation on T'C;; since pointwise (e, € TC- N T(‘?TL, we find that
T, [(E,.,€)] = 0.

Thus each component (€., ¢) is constant along C,. Now suppose that at least
one initial data point (¢, 7) € €, can be integrated to a spacetime solution ¢ of
the Euler-Lagrange equations. Applying the Vanishing Theorem to ¢, it follows
that each (€,(p,7),&) is zero on C,. We have therefore proven the following
variant of Theorem 10A.1.

Theorem 10A.7. Let G be the gauge group for the Lagrangian field theory
under consideration. Suppose that the conclusion of Theorem 8C.2 holds and
that at least one initial data point in C. admits a finite time evolution. If C, is
connected, then €. C £-1(0).

Thus we obtain the desired inclusion with the assumption that only one, as
opposed to every, initial data set is integrable. This amounts to requiring that
the field theory be non-trivial, i.e., Sol # @.

Remark 10A.8. If C, is not connected, then Theorem 10A.7 applies only to
those components which contain well-posed initial data. Other components can

be ignored. ¢

10B The Energy-Momentum Theorem

We have shown that the components of the instantaneous energy-momentum
map are first class secondary constraints. Our goal now is to show that &,
contains all such constraints when the gauge group is full.

To begin, we prove equality in either of Theorems 10A.1 or 10A.7 under
the hypothesis that the field theory is first class. Throughout this section we

make whatever assumptions are necessary for Theorem 10A.1 (or its variant
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Theorem 10A.7) to hold. We also suppose that €-1(0) is a submanifold of P..

(Remark 10B.8 below discusses the singular case.)

Theorem 10B.1. (Energy-Momentum Theorem, Version I) If G is full,

all secondary constraints are first class, and E1(0) is connected, then

e, = &-H0). (10B.1)

Proof. To say that all secondary constraints are first class is the same as
saying that C, is coisotropic in P,: TCL C TC,. Then at every point of €, A5
requires
ge, = TCE. (10B.2)
Next, suppose V' € kerT'€, at a point of C,. Then equation (8C.1) yields
wr(€e,,V) =0 for all £ € g. This means that

ker TE, |C, C (ge,)t =TC, c TESH(0)|C, (10B.3)

by (10B.2), Lemma 6E.7, and (10A.1). Since obviously T€-1(0) C ker TE ., we
conclude that
ker TE, = TE-1(0)

along C,. Substituting into (10B.3) gives finally
TC, =TE1(0)|C,.

The inverse function theorem shows that C, is open in €71(0). But €, is
closed by its very construction (being given by the vanishing of constraints), so
(10B.1) follows from the connectedness of €-1(0). |

Remark 10B.2. In the event that £-1(0) is not connected, C, is a union
of components of €-1(0). In practice, the connectedness hypothesis is not a

problem; Example a in §11D provides an illustration. ¢

Remark 10B.3. An examination of the first part of the proof shows that if G
is full and €, = £-1(0) is a coisotropic submanifold of P,, then zero must be a

weakly regular value of &,; that is, in addition to €-%(0) being smooth,
ker TE, = TEZ1(0). (10B.4)

However, the operators D&, are generally elliptic in the appropriate sense, so

that one can sometimes prove, relative a suitably chosen Sobolev topology, that
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0 is a regular value. See Arms et al. [1982] and Interlude IV for more information
and references on this point. We usually shall not pursue the distinction in this

work for simplicity. ¢

Here is another way to obtain equality in (10A.1) which assumes that €-1(0),

rather than C,, is coisotropic.

Theorem 10B.4. (Energy-Momentum Theorem, Version II) If £-1(0)

is coisotropic, then C, = E-1(0).

Proof. Let ¢ € g with (x M X;; such a ( exists by virtue of A6. By Corol-

lary 7D.2(¢), the corresponding Hamiltonian —H ¢ is a component of £, so

TE 1 (0)[H, ] =0.

-
As €-1(0) is coisotropic, this implies that

TEH(0) [H, ] = 0.

T

The desired result now follows from Corollary 6E.3,Corollary 6E.12,(along with
the comment afterwards), and Theorem 10A.1. |

Theorem 10B.1 is perhaps more theoretically appealing than Theorem 10B.4,
but the latter has three important advantages over the former. First, it requires
no a priori knowledge of C,. Second, its hypotheses are straightforward (al-
though not necessarily triviall) to verify in practice. Last, it eliminates the
necessity of having to worry about the connectedness of €-1(0). Later in §13C
we will see that one can check for equality of €, and £-1(0) by equation count-
ing.

Using Proposition 10A.2, we obtain a partial converse to Theorem 10B.4.

Proposition 10B.5. If zero is a weakly reqular value of &, and C, = £-1(0),

then €71(0) is coisotropic.
Proof. By hypothesis and equation (10A.2),

TEZN0)F[(6,,8)] =0

T

for all £ € g. In other words,

TEZN(0)! C ker TE, = TES(0)

T

by the weak regularity of 0. [ |
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In Theorem 10B.1 we had to assume that § was full, but not in Theo-
rem 10B.4. This is because of the next result which, in view of Remark 10B.3

above, can be considered a converse to Theorem 10B.1.

Corollary 10B.6. If zero is a weakly reqular value of &, and €71(0) is coiso-
tropic, then G is full.

Proof. By Theorem 10B.4, E-1(0) = €,. So we must show pointwise that
ge-1(0) = TE(0)
From (8C.1) and weak regularity
gé:l(o) =kerTE, = TE (0).

Taking polars we obtain
81 = TES(0)* (10B.5)

Thus we will be done if we can show that géfl(o) = 98*1(0)'

To this end Lemma 6E.7 gives

11 _ €L
98:1(0) = 98:1(0) + TTT (10B6)

along €-1(0). Now by (10B.5) and the assumption that £-1(0) is coisotropic,
gé‘ﬂ‘l(o) is tangent to €-1(0), and by definition so is 8e-1(0)- From (10B.6) we
conclude that TP c TE€-1(0). But then TP+ = TP+ N TE-1(0) C Be-1(0)

(cf. Remark 8C.3) and so (10B.6) shows that gé}l(o) = 0p-1(0); [ |

These last two results show that the fullness of G is a necessary condition for
equality in (10A.1). It is not sufficient, however, since clearly neither (10B.1)
nor the converse of Corollary 10B.6 can hold in the presence of second class
secondary constraints. Notice also that Corollary 10B.6 can be used to show
that G is full.

Thus, roughly speaking, we have:

G full + C, coisotropic < €, = E-1(0) < &7'(0) coisotopic.

Remark 10B.7. With regard to the hypotheses of Theorem 10B.4 and Corol-
lary 10B.6, observe that €-1(0) is not necessarily coisotropic. This is because
&, is not a true momentum map, but rather an energy-momentum map. (Of
course, the zero levels of momentum maps for cotangent actions—and for arbi-

trary actions, provided zero is a weakly regular value—are coisotropic; see Arms
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et al. [1989] and Abraham and Marsden [1978]) We illustrate this point in our
discussion of Palatini gravity in Part V.

Note that Proposition 10A.2, which states that the components of &, are
first class constraints, does not imply that €-1(0) is globally coisotropic. Rather,
it only shows that €-1(0) is coisotropic along €. ¢

Remark 10B.8. Throughout this chapter we have been treating C, and €-1(0)
as if they were smooth manifolds. In practice, of course, they are not, except in
special (linear) cases such as electromagnetism or abelian Chern—Simons theory
(cf. Remark 6E.4). However, we emphasize that Theorem 10A.1 holds regard-
less, as does Theorem 10B.1 provided certain reasonable conditions are met.
Suppose both €-1(0) and €, are the closures of their smooth points, denoted
S(€71(0)) and S(€,), and that

S(C,) =S(E-H0) N €y (10B.7)

in other words, the smooth points of €, are also smooth points of €-1(0). If the
set S(€71(0)) is connected, then the argument in the proof of Theorem 10B.1
shows that S(C,) is open in S(€-1(0)). But (10B.7) implies that it is closed
in addition, so S(€,) = S(€-1(0)), and thus we recover (10B.1) upon taking
closures. In a similar manner, one can show that Theorem 10B.4 etc. hold,

using the groundwork laid in Arms et al. [1990]. ¢

Remark 10B.9. Given that G is the gauge group of a particular classical field
theory, then in view of Theorem 10B.1 the fullness assumption A5 provides a
sufficient condition for the validity of the “Dirac conjecture” that all first class
secondary constraints generate gauge transformations. Gotay [1983] contains

more information. ¢

10C First Class Secondary Constraints

Either version of the Energy-Momentum Theorem requires that the field theory
under consideration be first class in an appropriate sense. Here we consider the
general case.

To prepare for this, we now give an algebraic restatement of our results. Let
I(€,) be the ideal®” in F(P,) consisting of secondary constraints (i.e., smooth

functions on P, vanishing on C.), and denote by (€.) the ideal generated by

27 All ideals are multiplicative.
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the components (£, &) of £, as £ ranges over g. From either Theorem 10A.1 or
Theorem 10A.7 we have that (€;) C I(C,).

Proposition 10C.1. Suppose (10B.1) holds and that zero is a regular value of

&+, so that all secondary constraints are first class. Then

1(C,) = (&,). (10C.1)

In other words, if f is a secondary constraint, then
= 9a(€r.6a) (10C.2)

for some smooth functions g,, where {£,} forms a basis for g in a topology
appropriate to the analysis needed for the particular application (usually this

means a Sobolev topology, so (10C.2) will generally be a countably infinite sum).

Proof. By (10B.1), it suffices to demonstrate that f € (€,) iff f|€-1(0) = 0.
The obverse is immediate. For the converse, suppose f | E-1(0) = 0. We
will prove that there exists open sets U about each (¢,7) € P,, such that
f1U € (€;)|U. The Proposition then follows by patching these local results
together with a partition of unity.?®

There are two cases to consider: (o, 7) ¢ €-1(0) and (¢, 7) € €-1(0). Fix
a basis {£,} for g. For the first case, choose U such that U N €-1(0) = @. By
shrinking U if necessary, we can find an & such that (€;,£3) # 0 on U. Then
g=(f1U)/(E+,&a) is smooth on U, and

flU = g<87a§&> S (87')‘(]

Secondly, let (p,m) € €-1(0). Since 0 is a regular value of &,, a neighbor-
hood U of (p, ) is isomorphic to a neighborhood V' of the origin in ker T, x
g* = T&71(0) x g* in such a way that &, (z,u) = pu on V (cf. Theorem
2.5.15 in Abraham et al. [1988]). By Taylor’s theorem with remainder, f |
(VN (T€-1(0) x {0})) = 0 implies that f(z,pu) = Y., gap® on V for some
smooth functions g,, where {®} is the dual basis to {{,}. Thus on U, we have
FI(U N E21(0)) = 0 implies that f|U =3, ga(Er, &a). n

281f partitions of unity are not available, then one must localize (10C.1) to sufficiently small

open sets in Pr.
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When second class secondary constraints appear, neither (10B.1) nor (10C.1)
will remain valid. But we can recover their essential content by utilizing the
well-known “Dirac bracket construction” to eliminate these constraints.

Here is how this works in the case at hand. Apply the standard Dirac bracket
construction as developed in Sniatycki [1974] to @, viewed as a submanifold of
T*Y.., thereby obtaining a symplectic submanifold V.. C T*Y, containing C, as a
coisotropic submanifold. Set W, = V. NP.; then it is readily verified that (i) W,
is a second class submanifold of C,, and (4) €, is also a coisotropic submanifold
of W,. The point is that, viewing such a choice of a Dirac manifold W, as
the ambient space and C, as the final constraint set therein, all the secondary
constraints are now purely first class.

Setting K, = &, |W,, we may therefore apply Theorem 10B.1 and Proposi-
tion 10C.1 verbatim to €, C W, and X, with the result that

1(C) = (X-), (10C.3)

the ideals now being taken in F(W,).

Let I¥(€,) denote the ideal in F(P,) consisting of first class constraints,
and let (W, ) be the ideal of all smooth functions on P, vanishing on W, (so
that I(W,) is “generated by the second class constraints”). Set I''(W,) =
IF(€;) N I(W,). Pulling (10C.3) back to P, we finally have:

Theorem 10C.2. Suppose that zero is a regular value of €., and that either
(i) G is full and E-1(0) N ‘W, is connected, or (ii) E-1(0) N ‘W, is coisotropic
m W,. Then

I7(C,) = (&;) mod I (W,).

Proof. Let f € I"(C;). Then f|W, vanishes on €., so our assumptions
imply (10C.3), which gives

f|WT = Zga<j<‘rafa>
«@
for some smooth functions g, on W.. We may therefore write

[ = Zga<8‘r7£oz> +

on P, where the g, extend the g, and | W, = 0 with v first class. |
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Theorem 10C.2(¢) is optimal insofar as it guarantees—modulo the connect-
edness of €-1(0) N W,—that one can recover all the “important” first class sec-
ondary constraints from £, without having to determine beforehand the class
of all the constraints. The latter, of course, would necessitate running through
the entire constraint algorithm. This works provided the gauge group is full; as
part of our general philosophy (cf. the discussion in §8C), we assume that this
is known at the outset, as is the case in all our examples.

The only constraints that cannot be obtained in this fashion are those be-
longing to I*'(W,) = I (C,) N I(W,); since these first class secondaries are
generated by the second class secondaries, they are clearly irrelevant insofar as
constraint theory is concerned. In fact, such constraints v are ineffective in
the sense that d¢|C,; = 0.

To see this, let 1 € IF(C.) N I(W;), and let U C P, be an open set such
that U N €, # @. Let {xo} be a functionally independent set of second class

constraints defining U N'W,. in U. By our assumptions, we may write
YU =" haXa (10C.4)
[e%

for some smooth functions h,. As the x, are second class, for each « there
is a vector field V,, € X(U N €,)* such that V,[xs] = dap on some shrunken
neighborhood V' C U. On the other hand, v is first class, whence V,[¢)] = 0
on V N C,. Taking differentials in (10C.4), restricting to V', and evaluating on
each V,, in turn, we see that ho |(V N €;) = 0, whence the desired result.

Of course, when there are no second class secondaries, Theorem 10C.2 re-

duces to Proposition 10C.1 in which case we get all the secondaries via &..

Remark 10C.3. The global geometry and topology of the Dirac manifold W,
are not uniquely determined by our constructions. However, our results are

insensitive to the global structure of W... ¢

Remark 10C.4. In general, W, will not be symplectic (in contrast to V.),
since the surrounding space P, itself need not be symplectic. (But W, is always
second class.) Even so, I¥(W,) is usually nonzero. The reason is that if f is a

second class constraint, then f2 is a first class constraint. ¢

Remark 10C.5. It may happen that €, is symplectic. In this case our results
still apply—albeit trivially—with G the zero group, so &, = 0, W, = C,, and
Theorem 10C.2 reduces to a tautology. ¢
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Remark 10C.6. If C,. is not a smooth manifold, we localize our results to
F(U), for open sets U in P, such that UN C,. C S(C;). ¢

The Dirac bracket construction enables us to work on W, instead of P,.
This is possible by the following result, which encapsulates a key property of

Dirac manifolds.

Proposition 10C.7. Suppose € C (W, w) C (P,w), with the second inclusion
being presymplectic. Let H be a Hamiltonian on P. If there exists a vector field
X € X(C) such that

(ixw —dH)|C=0 (10C.5)

then
(ixw —dh)|C =0, (10C.6)

where h is the pull-back of H to W. Conwversely, assume that W is a second class
submanifold of P and let h be a Hamiltonian on W. If there exists a vector field
X € X(€) such that (10C.6) holds, then X satisfies (10C.5) for some extension
H of h to P.

Proof. Since X is assumed to be tangent to €, (10C.5) = (10C.6) by pulling
the former back to 'W.

The opposite implication is subtler. Let U C P be an open set with U N
C # o, chosen so that there exists a basis of constraints {x.} defining U N
W C U. By our assumptions and Proposition 6E.8(vi) the x, are second class.
Consequently, for each o we may find (shrinking U as necessary) a collection of
vector fields {V,,} on U which forms a basis for X(U N W)+ such that V,[xs] =
dap- By again shrinking U, if required, we may suppose there exist extensions
h of h and X of X satisfying (10C.6) to U.

Now if H is any extension of h to U, we may write H = h + Y o JaXa for
some smooth functions g,. We show how to choose H in such a way that (10C.5)
holds along U N €.

First observe that (10C.6) shows that (10C.5) holds when evaluated on TW
along U N €, regardless of the choice of H. Next, evaluate (10C.5) on V.
Then w(X,V,) | (U N @) = 0, and we may arrange dH(V,) | (U N €) = 0 by
fixing g, = —Va[ﬁ}. With this choice, (10C.5) also holds when evaluated on
TW+ along U N €. But then the second class condition TW + TW+ = TP
establishes (10C.5). It only remains to patch these locally defined extensions

together with an appropriate partition of unity. |



§10C First Class Secondary Constraints 179

Thus Hamilton’s equations on the primary constraint set have exactly the
same solutions as on the Dirac manifold: the two arenas for dynamics are en-
tirely equivalent. This Dirac bracket construction can save substantial compu-
tational effort, and we shall repeatedly use this construction in the remainder
of the book.

Examples

a Particle Mechanics. In the case of the standard relativistic free particle,
&: = 0 and there are no secondary constraints. However, there is a formulation of
relativistic dynamics in which the free particle does have secondary constraints;

we will discuss this in Chapter 11.

b Electromagnetism. Most of the theory developed in this section applies
only to parametrized field theories in which all fields are variational; nonetheless,
the conclusions all hold for background electromagnetism (cf. Remark 10A.6).
Indeed, we know from §8C that F(X) is full and from §6E that the divergence

constraint (6E.21) is first class. Since clearly
€71(0) = {(A, €)| D;¢" = 0}

is connected, we conclude from Theorem 10B.1 that €, = €71(0). Since fur-
thermore the divergence constraint is linear, zero is a regular value of €., and
Proposition 10C.1 then shows that I(C,) = (D;&%).

On the other hand, when the metric is treated parametrically (but is still
nonvariational), our results are no longer valid. In particular, (10A.1) fails; in
fact, we see from (7D.12) that now

strictly. The reversal of the inclusion here is due to G being overfull, as explained

in Example 8C.b. Of course, in this case é;l(O) is not coisotropic.

¢ A Topological Field Theory. From Examples c of §6E and §9B, we see
that G, = €71(0). This could have been anticipated on the basis of either of
Theorems 10B.1 or 10B.4; note, for instance, that £7*(0) given by D Ay = 0 is
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coisotropic. As this spatial flatness constraint is linear, Proposition 10C.1 may
be applied with the result that I(C,) = (D Ag).

If we took the gauge group to be just Diff (X), which is not full, then from the
computations in Example 9B.c we would have &, = 0, whence €, C £-1(0) =
P, strictly. Thus there are no supermomentum or superhamiltonian-type con-
straints for Chern—Simons theory, even though it has the entire spacetime dif-

feomporhism group as part of its gauge group.

d Bosonic Strings. The instantaneous energy-momentum map is given by
(7D.17). Thus

T

E-H0) = {((p,h,ﬂ) |72 + Dp?* =0, m-Dp = O}

coincides with the final constraint set computed in Example d of §6E, as ex-
pected.

Interestingly, (10B.1) would remain valid if instead for § we used the (full)
subgroup Diff(X) of §. The difference between these two gauge groups—not
apparent on the level of secondary constraints—will appear in the next chapter.

The bosonic string example is the first one in which the distinction between
the energy-momentum map and the momentum map becomes crucial (insofar
as identifying secondary constraints is concerned). While J, picks up the su-
permomentum constraint 7 - Dy = 0, it misses the superhamiltonian constraint
72 4+ Dy? = 0. This is because the latter constraint is associated with that
part of the spacetime diffeomorphism group which moves X, in X, and only
&, is sensitive to §/G,. The momentum map also misses the superhamiltonian
constraints (11D.10) and (14B.42) of the Polyakov particle and Palatini gravity,

respectively.

11 Primary Constraints and the Momentum
Map

The results of Chapter 10 enabled us to recover first class secondary constraints
from the energy-momentum map by means of the Vanishing Theorem. Here we

show that first class primary constraints can be obtained in a similar manner,



§11A Motivation 181

by equating to zero the “momentum map” for a certain foliation G, derived

from the gauge group §. We begin with a description of G, and its “action.”

11A Motivation

We know that the vanishing of the energy-momentum map &, : P, — g* yields
first class secondary constraints; moreover, for first class systems, C, = £-1(0).
It is natural to ask whether the first class primary constraints can be recovered
in an analogous fashion. The obvious counterpart of £, in this context is the
momentum map J, : T*Y, — g* for the action of §; on T*Y,. (Recall from
§7B that G, consists of those elements of the gauge group G that stabilize the
hypersurface ¥, and that g, is its Lie algebra.) Now, in coordinates adapted
to ¥, (7C.6) and (7C.4) give

(8- (p.), 9) = / 7 (9y.(¢))

s,

= / Ta(04 0 — 0 d g (11A.1)
S,
for ¥ € g,. But the comments at the end of Section 11C show that this quantity
need not vanish whenever (p,7) € P.
However, let us go back to the infinitesimal equivariance condition (4D.2)
which states that d¢L = 0, that is,
oL

oL 4
oo Tt T

oL
o4,

<5A — v, 0P afA>+Lg“ =0
S vS p #ayB o — Y

Suppose & = £#0, + €404 happens to satisfy

=0=¢* and €°,=0 (11A.2)
along Y,. Then evaluating the infinitesimal equivariance condition on j'é o i,
where i, : ¥, — X is the inclusion, it collapses to

oL

M@A,O - vAifi’o) (jl(b o iT) =0;

in other words,
A€o —ptito) =0 (11A.3)

where ¢ = ¢ o i,.
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Now use A6 to choose an element ¢ € g with {(x M X,. We may suppose
that bundle coordinates on Y are chosen such that (y |Y, = 8/92°, so (11A.3)

may be rewritten
ma (¢, 8% = ¢ [¢,€") =0. (11A.4)

As ¢ € g varies subject to (11A.2), (11A.4)—when integrated over a Cauchy
surface—imposes restrictions on the fields (¢, 7) € T*Y,. These restrictions are
primary constraints since (11A.4) holds on the entire image of the Legendre
transform. If (¢, 7) € P, so that it satisfies (11A.4) , then (11A.1) implies that
(@0, 7). [¢,€]) = 0.

We next formalize these observations, with an eye to determining P, by

group-theoretic means.

11B  The Foliation G,

Let G act on Y by bundle automorphisms. Define

pr = {€ €gr | €Yq— =0 and [679} CET}'

In bundle coordinates adapted to Y;, elements £ € p, satisfy (11A.2) along Y,
(which is the reason we make this particular definition). The subspace p, is
readily verified to be a Lie subalgebra of g.; the only nontrivial part to check is
closure under bracket. For this, let &,y € p,. Then?’

€ X]y. = —[év,, xv,] = 0.

For ¢ € g, the Jacobi identity gives

Hgv X]v C] = [5} [Xa C” - [Xa [5, C”

Then the fact that g, is a Lie algebra imply that each term on the right hand
side of this expression belongs to g..

We assume, as in A6, the existence of a G-slicing of Y with generating
vector field ( € g for which Y, is a slice. Throughout this chapter, we will
routinely compute in adapted bundle coordinates for which ¢y = /92" on a
neighborhood of Y, in Y.

Now define a distribution on Y, by

§r = spangy) { [(, &y, [ € € pr}- (11B.1)

29 Recall that for left actions, infinitesimal generators satisfy [¢, x]ar = —[€nr, X0z
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We assume that g, is regular distribution in the sense that the pointwise eval-
uation of (11B.1) defines a subbundle of TY,. In adapted bundle coordinates,

we have

¢, &y, = —€' 00; — €% 00a.

Thinking of (y as a “time direction” then, as both this expression and the nota-
tion suggest, g, consists of the time derivatives of those infinitesimal generators
in g which act trivially on Y.

The following properties of g, are key.

Proposition 11B.1. The distribution g, is
(i) independent of the choice of slicing, and
(it) involutive.

Proof. (i) Choose any other G-slicing of Y with generator ¥ € g, and for

which Y, is a slice. A straightforward calculation using (11A.2) gives

Wy, &1 1Yy = (°¢v, &v]) | Vs
The result now follows from the fact that 9° # 0 along Y.
(ii) Let & x € pr. Repeatedly using the Jacobi identity gives
2[[¢, €], [6, X1 = 16 16 16 X1 + [ (65 165 €111 = 166 16 165 X (11B.2)

We first compute the last term on the right hand side of (11B.2) along Y.
We have

(¢, Xy = —x"00, — x? 004 and  [¢,[¢,X]ly = X" 000, + x> 0004

Since & € p,, it satisfies &y, = 0 and £° o | Y, = 0. Thus, we calculate the last
term in (11B.2) to be

16,16 1C Xy | Y = X0 00(6700; + €2 004) = —X° 00[C. ]| Yo

But by the definition of p,, [(,{]y|Yr = [(,{]y,. The middle term of (11B.2) is

similar. Hence along Y, (11B.2) becomes

2[[<a€]YT7[C7>dYT] -

[Cv [C’ [5’ X]]]Y | Y: - EO,OO [<7 X]YT + XO,OO[C,f]YT. (11B.3)
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Consider the first term on the right hand side of (11B.3). Since the other

terms in (11B.3) are tangent to Y., so is this one; thus,

[ 16 16 Xy 1Y =[G 1G 6 My, - (11B.4)

Now [¢,x] € p,r and as [pr,g] C g-, [(,[ X]] € g-- Moreover, by expand-
ing [£,x]y. in coordinates, we conclude from (11A.2) and the Leibniz rule
that [C, [€, x]]y, = 0, whence [(,[£, x]] € pr. Combining this observation with
(11B.4), (11B.3) shows that the bracket of two elements of g, is a linear com-

bination over F(Y;) of elements of g.. |

Remark 11B.2. Later in §12B we will give a principal bundle-theoretic con-

struction of g,. ¢

Remark 11B.3. We point out that the construction of g, utilized a G-slicing,
even though this distribution does not depend upon the choice thereof. Con-
sequently we effectively restrict attention to parametrized theories (cf. Re-
mark 6A.1). However, the results of this section will carry over in their entirety
to background theories, provided G is normal in Aut(Y’). (By the constructions
in §6A the slicing generator (y € aut(Y); normality is needed to guarantee that
[¢,g] C g so that (11B.1), etc., make sense.) Typically, in background theories

G C Autg(Y), so this is not a severe restriction. ¢

Remark 11B.4. The fact that g, forms an involutive distribution will play a

crucial role in Chapter 12 when we construct the dynamic and atlas fields. ¢

Remark 11B.5. The construction of g, is reminiscent of that of the distri-
bution ge, in §8C. In both cases we were led to generalize to the notion of
distributions to obtain Lie algebra “actions” in the instantaneous formalism.
But the analogy is deeper than this; in fact, as we shall see in the remainder of
Chapter 11, g, plays the same role in regard to the first class primary constraints

as ge, does in regard to the first class secondaries. ¢

Lie differentiation of the distribution g, on Y, via (7C.4) gives rise to the

distribution
Span?(y,){[@ﬂ% | €pr}

on Y, and then, by cotangent lift, to the distribution

Spansf(T*y,){[Caf]T*% |Eepr}
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on T*Y,.. When there is no chance of confusion, we will denote these all by
the same symbol g,. Each g, is involutive and so they define foliations on Y,
Y-, and T*Y., respectively, which we will collectively denote by G,. Our final
goal in this subsection is to construct a “momentum map” for G, on T*Y,. Of
course, G, is not a group and does not act on T*Y.., but it does have “orbits,”
viz. its leaves. It turns out that this is sufficient.

Recall from §7C that the cotangent action of G, on T*Y., has a momentum

map J- : T*Y, — g% given by

<3T(§077T>7£> = / W'EHT(@)'

-

Writing 5 :=[¢, €], we analogously define a map J.:T*Y, — gr by

<37(s0,7r)72a:f ey > Z/ (fao@)m (v, (9).  (11BS5)

for &, € p, and functions f, € F(T*Y,). In adapted bundle charts, we have

(3. (p. ), Férmy.) :/ (Fop)m-(IC.Ey 09— Tpo[C.elx)

S,

= [GemEto - )i (1B

-

by virtue of (7C.4) and (11A.2). Equation (11B.6) and the proof of Proposi-
tion 11B.1(4) shows that J, so defined is independent of the choice of slicing.

For future reference, we collect here some useful properties of d,.

Proposition 11B.6. (i) For each & € p,, we have
Epey. J wpey. = d{dr, Epvy. ). (11B.7)

(ii) Let" denote the polar with respect to the canonical symplectic structure
on T*Y.. Then

(ker T3,)" = g-.
(i) J=1(0) is coisotropic in T*Y,.

Proof. (i) This follows from the observation that (J,,&r-y.) = (d-,[C,€])

upon recalling that J. is a genuine momentum map.
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(i) For each £ € pr and V € T(,, 1) (T*Y-), (11B.7) yields
wrey (Epey (o, 7),V) = d(d,(p, ), Erey_ (o, 7)) - V (11B.8)
= (T(p.mdr -V, 612y, (0, m)). (11B.9)

Thus, V € kerT(%,r)E.]T iff wpey (Ep-y. (p,7),V) =0 for all £ € p,.

(iii) From (11B.5) we see that J=1(0) is the annihilator, in T*Y,, of the
distribution g, on Y,. But it is straightforward to check that the annihilator of
a distribution is always coisotropic. |

In view of these properties it is natural to regard J. : T%Y, — gr as a
momentum map for the foliation G,. It is important to realize, however, that
37 is not the momentum map J. restricted to p, C g., but rather is the “time

derivative” of this restriction.

11C The Primary Constraint Set Lies in the Zero Level
of the Momentum Map

Our first main result relates the 7-primary constraint set P, C T*Y, with the
zero level of the momentum map d. for the foliation §, on T*Y.,. Roughly speak-
ing, the covariance assumption A1l implies that L is independent of (certain
combinations of) the time derivatives of various field components 4. There-
fore (certain combinations (11A.4) of) the corresponding conjugate momenta
74 must vanish; these are exactly the momenta (J,,&pey.) for € € p,. The
conditions <37,5T*y7> = 0 are thus primary constraints. More precisely, we

have:

Theorem 11C.1. Suppose the Lagrangian density is G-equivariant. Then
P. c J7H0).

The detailed proof is contained in the discussion in §11A.

Our next goal is to prove that the constraints (37, éT*yT> = 0 are first class.

Proposition 11C.2. Assume A1-A4. Then the components (J,,Er+y_) of the

momentum map for the foliation G, of T*Y, are first class functions.

We require some preliminaries. Define gp_ = ¢, | P, and ge_ = g, | C,. From

the construction of g, and Proposition 8C.6, we obtain:
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Lemma 11C.3. If A1-A4 hold, the distributions gp_ and ge. are tangent to
P, and C., respectively.

Proof of Proposition 11C.2 Let £ € p, and evaluate (11B.7) along the final
constraint set €. By Lemma 11C.3, éT*yT‘ G, is tangent to €, so the constraint
functions (J,,Ep+y. ) satisfy the first class condition (6E.9). [ |
In summary: The components <3775T*g7) of the momentum map for the
foliation S, are first class primary initial value constraints.
We can say more. As gp_ C X(P,), we can pull (11B.7) back to P; Theo-
rem 11C.1 gives gp_ C kerwyp_ and then Lemma 11C.3 gives

Corollary 11C.4. ge, C kerwp_ N X(C;).

Corollary 11C.4 is the analogue, for primary constraints, of Theorem 8C.2.
It proves that the covariant notion of “gauge transformation” is consistent with
the corresponding instantaneous notion on the primary level.

Since directions in kerwp_ N X(C;) are by definition kinematic (see the dis-
cussion surrounding (6E.16)and also at the end of §6E), Corollary 11C.4 proves
that the directions in €, corresponding to ge, are kinematic. Thus the evolu-
tion of the corresponding (combinations of) fields ¢? is completely arbitrary
(or “gauge”). We will see in Chapter 12 that these kinematic fields are closely

related to the atlas fields mentioned in the Introduction.

Remark 11C.5. One may wonder why primary constraints are correlated with
the momentum map for 97, whereas only secondary constraints are associated
with the energy-momentum map for all of §. The reason is that the Leg-
endre transform appears implicitly in g% (¢) = FL*J(¢) when working in the
Lagrangian representation. (Equivalently, when working in the instantaneous
formalism, the energy-momentum map is defined only on P;.) Thus the pri-
mary constraints are not detected by the Vanishing Theorem 9A.2. Even so,
the primary as well as secondary first class constraints are encoded in the gauge

group, but different tools are required to extract them. ¢

Remark 11C.6. While Theorem 11C.1 is the direct analogue of Theorem 10B.1
for primary constraints, the hypotheses in these results are quite different. In
particular, the former requires only G-covariance, unlike the latter which also

requires localizability, well-posedness, and all fields to be variational. ¢
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Examples

In what follows we work in adapted bundle coordinates on Y for which
(x| X7 = 0.

a Particle Mechanics. For the relativistic free particle J; = 0 so jt =0.

Theorem 11C.1 is vacuously true in this case.

b Electromagnetism. We treat the parametrized case first. From (4C.14)—
(4C.15), we compute

pr={(6.X) € X(X) x F(X) | j%[S, =0 and dy|S,=0}. (11C.1)

Then (11B.6) gives

<§T(Aa ¢; g, 7T>7 (6» X).T*97> = - /E (€V<X,V0 - Augu,uo) - 27ropgoufﬂ,po>)d3$0

.

where (&, x) € p,. Using (11C.1) to set x 0 = Xx,0;: = 0, etc., this reduces to
7/2 (€%(x,00 — Apé” 00) — 217 g€t 00) ) d>zo.

Since both x oo and £ oo are arbitrarily specifiable along X, we get
5;1(0) ={(A,¢&g,7m) | =0 and 7°° =0}

which is a proper subset of P, which was computed in Example b of §6C. Recall
also that ab initio, ¥ is not antisymmetric; it only becomes so when restricted

to the covariant primary constraint set, cf. (3B.14).

The computations in the background case are simplified by the absence of the
metric momenta 7°?. Now we find that §7*(0) = P, exactly, as was computed
in Example b of §6C. The reason we get equality in the background case but

not in the parametrized case will be explained in the next section.

¢ A Topological Field Theory. Equation (4C.18) yields
pr={(&x) € X(X) x F(X) | j'€]2, =0 and dx|E, =0}, (11C2)

and then equation (11B.6) becomes

(ram. (€)= = [ 70 = A8 ) o,
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So
471(0) = {(A,m) | 7 = 0}

and from Example ¢ of §6C we see that Theorem 11C.1 is indeed satisfied.
d Bosonic Strings. Equations (4C.22)—(4C.24) lead to

pr={((N) €X(X)x F(X)|j'€|S, =0 and A|Z,=0}. (11C.3)
Now

<3.‘r(90a ha T, W), (fa )‘)‘T*'ZJT> = - /; @’ (2A,0h0p - (hUMé.#,PO + hPNE#,UO)) dle

—2/ (/\70(hgpw6p) — (hww"o)é“,oo)dlxo
s,
As Ao and & oo are arbitrarily specifiable along X, the vanishing of J, implies
that

hopw® =0 and hy,w® = 0. (11C.4)

View these as a system of three linear homogeneous equations for the three
independent w?. Writing these equations out, we compute the determinant
of the coefficient matrix to be hq1(det hop). Now of course deth,, # 0 as h
is a metric on X. But X, is assumed to be a spacelike curve, so that iZh =
hi1dz! ® dz* must be a positive-definite metric on ¥,. (See Remark 6A.4 and
Example 6C.d.) Thus hi; never vanishes on ¥, and it follows that (11C.4)

forces @ = 0. From Example 6C.d we conclude that P, = J-1(0).

It is interesting to see what would happen if instead of J, we considered the

momentum map J, for §,. For electromagnetism, (7D.8) gives

<&M£%@=—/ &y dPr

5,

:/ GOX)O dS’JJ()*/ @ivixdgl‘o.
P p3

Demanding that this vanish for all x € F(X) would yield the correct primary
constraint ¢° = 0 but also forces the divergence of the (spatial) electric field
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to be zero which, however, is a secondary constraint. Analogously, one recovers
both the primary constraint 7° = 0 and the secondary spatial flatness constraint
in this manner in Chern—Simons theory, as well as all constraints—except for
the superhamiltonian constraint—for the bosonic string. In particular we see
that P, is not necessarily contained in J71(0).

That the vanishing of J, yields secondary constraints is not surprising in
view of Corollary 7D.2(ii), and that it yields primary constraints in addition is
a consequence of the fact that J,(§) = J,([¢,€]) for € € p,. Thus we can assert
that

E-N0) c g7 0) NP, and  J7Y(0) € 371(0).

So might it be possible to short-circuit Chapters 10 and 11 by demanding
simply that the momentum map J, vanish? Unfortunately, no. One obvious
reason is that the first inclusion in the above is typically strict, as has been
repeatedly emphasized. An equally important reason is that there is no apparent
theoretical basis for insisting that J, = 0, such as the Vanishing Theorem for
&, and the covariance assumption A1l for .. We can conclude a posteriori that

the vanishing of J, must yield constraints, but it need not yield all of them.

11D First Class Primary Constraints

In Examples d and e and the background version of b of the previous section,
the momentum map 37 for the foliation QT on T*Y, contains “all” the first
class primary constraints present in the theory. We now show that this is true
in general provided the gauge group acts “effectively,” and prove equality in
Theorem 11C.1 under the assumption that all primary constraints are first class.

Corollary 11C.4 shows that g, consists of gauge generators in the sense of
constraint theory. On the other hand, from §6E we know that the distribution
kerwp_ N X(C;) is locally spanned by the Hamiltonian vector fields of first
class primary constraints. Thus, if the components of J, are to comprise all
such constraints, we must have equality in Corollary 11C.4. We say that the
gauge group is effective if this is the case, and formalize this requirement as

an assumption:

AT Effectiveness. ge. =kerwp_ N X(C,).

This assumption is to primary constraints as the fullness assumption A5 is

to secondary constraints. It may be viewed as a way of verifying that the gauge
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group is “large enough,” as discussed in §8C. But it may happen that G does
not act effectively, even when § is the correct gauge group, as in the cases of the
relativistic free particle or the Nambu string. In such theories the gauge group
is not properly synchronized with the geometry, and this suggests that the basic
setup of such examples should be modified. We discuss this in some detail in
Example a following, and at the end of this section.

We now prove a converse to Theorem 11C.1; to do this, we impose certain
regularity conditions. The system is required to be almost regular as set forth
in A2 so that, in particular, ker wyp_ is a regular distribution on P.. In addition,
we shall require that g, be a regular distribution on 7*Y,. Lemma 11C.3 then

implies that gp_ is regular as well. Finally, we suppose that 3; 1(0) is smooth.

Theorem 11D.1. Suppose that the above assumptions hold. If G acts effec-

tively, all primary constraints are first class,®® and 3; 1(0) is connected, then
P. = J740). (11D.1)

Proof. Let " denote the polar with respect to the canonical symplectic struc-
ture on T*Y,. From Proposition 6E.8(i:) applied to P, C T*Y,, we see that
TP is pointwise spanned by the Hamiltonian vector fields of the primary con-
straints. From §6E, the Hamiltonian vector fields of the first class primary
constraints span ker wp_ N T'C; pointwise along C,. By assumption all primary

constraints are first class, so it follows that
TPC|C, =kerwp, N TC, (11D.2)

whence

TP €, CcTC, C TP, |C,.

Thus P, is coisotropic along C., and the regularity of kerwp_ = TP, N T fP’T_
then guarantees that P, is globally coisotropic in T*Y..

On the other hand, (11D.2) shows that kerwp_ N TC, = kerwyp_|C,. By
AT we conclude that ge. = kerwsp_| €. This, the fact that gp_ C kerwyp_ and
the regularity of gp_ imply that gp_ = kerwsp_. Since P is coisotropic, this is
equivalent to

dp. = X(P)". (11D.3)

Equation (11B.7) and Theorem 11C.1 imply that

wr-y, (8-, X(371(0))) =0

30 Tn this context, a primary constraint f is “first class” provided T@: [f]=0.
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along P, whence
X(3710) | P- Cob | Pr = a5

Taking polars in (11D.3) and substituting in this last result, we get
X(3710) [P € X(Ps).
Since P, C J-'(0), we obtain
TP, =TJI=1(0)|P,.

From the inverse function theorem P, is an open submanifold of J=1(0). Since
P, is closed in §71(0) by A2, the connectedness of J7(0) implies that P, must
be all of §71(0). [

Corollary 11D.2. With the same assumptions as in Theorem 11D.1, zero is

a weakly regular value of g,

Proof. Taking polars in (11D.3) results in g;T = TP, while Theorem 11D.1
states that TP, = TJ-'(0). Combining these results with the polar of Propo-
sition 11B.6(4i), we obtain ker T4, = Td-1(0). ]

We observe that Remark 10B.3 holds in the case of primary constraints as
well.

In view of Corollary 11D.2; we have the following partial converse to Theo-
rem 11D.1.

Proposition 11D.3. If zero is a weakly regular value of 3, and P, = 3;1(0),
then G acts effectively.

Proof. We must show that ge, = kerwp, N TC, = TCP: NnTe,.

Now equation (11B.7) and weak regularity imply that g~ = ker Td, =
TJ=1(0). By assumption we thus have g& = TP, so that g, = TP". But
Lemma 11C.3 shows that ge, = g§-|C, C TC,, and the desired result fol-

lows. |

This shows that effectiveness is a necessary condition for the equality of P,

with ST_ 1(0). Tt is not sufficient, however; see Example ¢ below.

Remark 11D .4. If 3;1(0) is not connected, we may still conclude that P, is

a component of g7 1(0).
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Remark 11D.5. Although the regularity assumptions in this Theorem are
stringent, they invariably hold in cases of interest (and in particular in Examples
a-d). One finds in practice that both P, and J;*(0) are well-behaved objects;
this is a reflection of the fact that primary constraints are usually “simple.” (If

only the same could be said for secondary constraints!)

Remark 11D.6. Our assumption that all primary constraints are first class
masks several subtle points, concerning its implication that P is coisotropic in
T*Y., (cf. the first paragraph in the proof of Theorem 11D.1).

The first point is that J-1(0) is always coisotropic by Proposition 11B.6(ii).
Consequently, P, must be coisotropic if (11D.1) is to hold. It would not suffice,
however, simply to replace this primary first class assumption by the assumption
that P, is coisotropic in T*Y... The reason is that P, being coisotropic in and of
itself does not guarantee that all primary constraints are first class. (Whether
a (primary) constraint is first class is determined by the geometry of the final
constraint set C,, not the primary constraint set P..)

Another point is that the regularity condition on kerws_ is crucial, since
the primary constraints being first class need mot imply that P is coisotropic.
The reason is that a constraint being first class restricts its behavior only along
the final constraint set C,; in the absence of regularity, the first class condition

cannot regulate its behavior elsewhere in P...

Remark 11D.7. Because 3;1(0) is always coisotropic in T*Y., there is no ana-

logue of Version II of the Energy-Momentum Theorem for primary constraints.

¢

Theorem 11C.1 and Proposition 11C.2 show that the components of gT are
first class primary constraints. Because of Theorem 11D.1, we expect that .
gives all such constraints. We now make this more precise.

Let I(P,) denote the ideal in F(T*Y,) consisting of primary constraints
(i.e., smooth functions on T*Y. vanishing on P,). As in §10C, utilizing Theo-

rem 11D.1, Corollary 11D.2, and Remark 10B.3, we may prove:

Proposition 11D.8. Suppose that (11D.1) holds and let zero be a regular value
of J,. Then
I (fp‘r) = (37')
Thus under the stated conditions all primary constraints are first class, and

are generated by the components of the momentum map J.. Of course Theo-

rem 11D.1 and Proposition 11D.8 will not hold in the presence of second class
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primary constraints (in particular, in Example ¢). As in §10C we are able to
circumvent this problem using a slight variant of the Dirac bracket construction.
Let WT C T*Y; be defined by the vanishing of the second class (with respect
to C;!) primary constraints and P, C W, be defined by the vanishing of the
first class primary constraints. Setting K, =1, |\/'\7T7 we may therefore apply
Theorem 11D.1 and Proposition 11D.8 verbatim to P, C WT and fkn with the
result that
1(P,) = (&), (11D.4)

the ideals now being taken in F(W,).

Let IF(P,) denote the ideal in F(T*Y,) consisting of first class primary
constraints, and let I(W,) be the ideal of all smooth functions on T*Y, vanishing
on W, (so that I(W,) is “generated by the second class primary constraints”).

Set IF (W) = IF(P,)N I(W,). Pulling (11D.4) back to T*Y,, we finally have:

Theorem 11D.9. Let zero be a reqular value of J., and assume regqularity as
in Theorem 11D.1. If G acts effectively and 3;1(0) N W, is connected, then

IY(P,) = (3,) mod IF(W,).

This result shows that we can recover essentially all the first class primary
constraints from the momentum map ST. The only ones that cannot be obtained
in this fashion are the ineffective constraints belonging to IF (P,;)N I(W,); since
these first class primaries are “generated by the second class primaries,” they
are clearly irrelevant insofar as constraint theory is concerned. (This works just
as in §10C.)

Examples

In every instance one may verify that both the regularity and connectivity
assumptions in Theorem 11D.1 are satisfied. As always, we work in appropri-

ately adapted coordinates.

a Particle Mechanics. Referring to Example a of §§6C and 6E, we find that
for the relativistic free particle g, = {0} whereas ker w; N %¥(C;) = kerw; is non-
trivial. Thus the time reparametrization group Diff(R) does not act effectively

and Theorem 11D.1 fails. (This is to be expected from other considerations:
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The mass constraint (6C.14) is quadratic in the momenta 74, and so could not

in any case be recovered from g which, according to (11B.5), is linear in the
7TA.)

To repair this example, we introduce a (positive-definite) metric h = hy on

R, and consider the Lagrangian density

m (1 9
—— [ —=llv|*+ Vh)at 11D.5
> (gl + va) (1D.5)
viewed as a function also of h and its first jet. Thus we replace Y by ¥ =
Y xx Syt (X).3!
Now the group § = Diff(R) of time reparametrizations acts on Y in the
obvious way. For £ € F(R), the Lie algebra of Diff (R), we compute

_ 0
Yoot
Clearly the Lagrangian density (11D.5) is Diff (R)-covariant.

Fix a G-slicing of Y with generating vector field (y of the form (11D.6) with
¢ > 0. The Legendre transform yields

0
— 2hE o (11D.6)

w=0 (11D.7)
ma=m( gapi®h?, (11D.8)
where w is the momentum conjugate to h, along with the Hamiltonian

= 1
Ht,((qv’fra hvw) = % (gAB']rAﬂ—B + m2) C \/ﬁ (11D9)

on P;. There is a single secondary constraint:

g*Bramp +m? =0. (11D.10)
Both constraints (11D.7) and (11D.10) are first class.

Notice how this treatment of the relativistic free particle differs thus far
from the original one. The Lagrangian density no longer has the square root
of (3B.8), but the factor h~/2 compensates for this so that L is still time
reparametrization-equivariant. However, this apparently innocuous modifica-
tion of the Lagrangian density has dramatic effects insofar as the initial value

constraints are concerned. There is a “new” primary constraint @ = 0, and the

31 This reformulation of the relativistic free particle has also been employed in Green et al.
[1987], §2.1.
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“old” primary (6C.14) now turns up as the secondary (11D.10). This is possible
since the new Hamiltonian (11D.9) does not vanish identically on P, (compare
(6C.15) with ¢4 = 0). Observe also that the infinitesimal generator (11D.6) has
picked up a vertical component.

Returning to our analysis of the primary constraints, (11D.6) gives
pr={€eF(X)|j'¢| 2 = 0}.

But, precisely because of the vertical term in (11D.6), g, is no longer trivial; in

fact, since
0
€. &ly, = 2h<f,tt% (11D.11)
we have 5
g, = spangy,) {ah} . (11D.12)

On the other hand, from the above,

_ - )
kerwgat e x(et) = kerwﬂat | C = spang g, ) {5}1}

so Diff (R) now acts effectively. Theorem 11D.1 gives
j)t = {(q77‘-7h7w) | w= 0} = 3;1(0)

as can be verified directly from (11D.11) and (11B.6).

Thus the “Polyakov particle” displays none of the pathologies of the rel-
ativistic free particle in its ordinary formulation. The underlying reason this
reformulation works is that the offending primary constraint—the mass con-
straint (6C.14)—is now reincarnated as the secondary constraint (11D.10), and
so the problems discussed in the first paragraph of this example are obviated.

Now we show that that the constraint (11D.10) is captured on the secondary
level by the energy-momentum map. We compute the latter to be

(€,6) = —% (9*Bmars +m?) € Vh (11D.13)

on P, whence we have
E71(0) = {(g. 7. ) | g*Pramp +m* =0}, (11D.14)

Obviously &;1(0) is coisotropic, so Corollary 10B.6 implies that Diff(R) is full
for the Polyakov particle, as can also be verified directly .

In this example Theorem 10B.1 gives a weaker result than Theorem 10B.4
as C, has two components. C, is connected only when m = 0 in which case it
has a conical singularity at the origin. Nonetheless, Proposition 10C.1 remains
valid when m = 0; see Gotay [1984].
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b Electromagnetism. Using (11C.1) and (4C.11)we compute

0
[C,X]YT = _X,O(]TAO

for x € p,. Thus

. 1)

From Example b of §6E we see that ge, = kerwgp,_ |C, = kerwp, N X(C;), so
that the gauge group F(X) acts effectively. We have found in Example 11C.b
that J71(0) = P,; from Proposition 11D.8 we conclude that I(P,) = (€).

In the parametrized case we have in addition for £ € p.,

[Ca f]Y—r = 290/,1,6”,00

0
8900

from (4C.14). So now

which is strictly contained in

- ) 0
kerws = spang g m,m .

Thus parametrized electromagnetism is not effective, and as a consequence the
momentum map g, does not capture all the primary constraints in this system

as was noted in Example 11C.b.

Interestingly, one finds that electromagnetism coupled to ADM gravity is also
effective: the appropriate momentum map produces the 5 first class primaries
€% = 0 and 7°° = 0. (In this example there are only 5 primary constraints, and
they are all first class.) So at the two extremes—in the background case and
coupled to gravity—electromagnetism is effective. It is only in the somewhat
artificial intermediate case, viz. when the system contains a nonvariational
metric, that this example behaves badly. (Even though it is still producing
the “correct”—that is, the first class—primary constraints of the fully dynamic
theory.) We have already seen this anomalous behavior on the level of secondary
constraints in §10C. The upshot seems to be that all fields should be treated
variationally.



198 811 Primary Constraints and the MomentumMap

¢ A Topological Field Theory. Together (4C.18) and (11C.2) yield

0

(¢ (& X))y, = (Au€ 00 — X,00) oA,

for (&, x) € pr. Thus just as in background electromagnetism

gp, = spang(p ) {5} = kerwp_.
. )\ 54, .
Glancing back at Example 6E.c, we verify that Diff(X) x F(X) satisfies A6.
Regardless, Theorem 11D.1 fails in this example, because of the presence of the
second class primaries 7¢ — 0% A; = 0. Indeed, from Example c in the previous
section, . correctly incorporates the first class primary 7° = 0, but of course
does not “see” these second class primaries.

We take the corresponding Dirac manifold to be
W, = {(A,m) e T*Y, |n" — "I A; =0}
with the symplectic structure

Wy = / (dAg A dr® + 7 dA; A dA;) ® d*xg
b

T

induced by (5C.9). Then P, given by 7% = 0 is coisotropic in W,, as expected,
and Theorem 11D.9 finally gives

I7(?,) = (7°) mod IF(W,).

d Bosonic Strings. For ({,)\) € p,, we have from (4C.22)—(4C.24) and
(11C.3) that

0
ahUO ’

0
€, (&, M)y, = *QA,OhapW + 2ho 6" 00
ap

Employing an argument similar to that surrounding (11C.4), we thus have

. 0 0
op o

)
Spang(TT) { W }
op

= kerwyp_.

Comparing with Example 6E.d, we see that the gauge group acts effectively and
consequently that I(P,) = (@w?).
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Remark 11D.10. Counsider, for instance, either the relativistic free particle (in
its ordinary formulation) or the Nambu string. In both cases, § = Diff (X)) acts
purely “horizontally” on Y (in the sense that ¢4 = 0 for all £ € g), and the mo-
mentum map J, fails to capture all the first class primary constraints. In either
case the problem can be corrected by introducing a metric on X and treating it
variationally. This procedure—the “Polyakov trick”—in essence “extends” the
action of G by allowing it to act “vertically” on the metric components. Either
system, reformulated in this manner (and with a suitably modified Lagrangian)
now has the property that G acts effectively. Thus, the relativistic free particle
and the Nambu string become the Polyakov particle and the Polyakov string,
respectively, which, as shown above, behave perfectly well.

The fundamental lesson to be drawn here is that it is often useful to en-
dow the “spacetime” X with a metric; this contention is also supported by
our comments in Interlude I and following the definition of Lagrangian slicing
in §6A. Furthermore, Example b indicates that the metric should be treated
variationally as opposed to merely parametrically.

It may be possible to achieve this in many circumstances from first principles
according to the following philosophy. Recall the setup for general relativistic
fluids or elasticity as sketched in Interlude I. Consider the special case of a fluid
in which there is no internal energy, so that the particles all move independently
on geodesics. Rather than viewing them one at at time, imagine viewing them as
a swarm of particles, with a given initial density. From this point of view one can
reformulate the dynamics of a free relativistic particle (our Example a), where
the base is not R but spacetime X and fields are maps ¢ : X — ¥ X R where X
now labels the particle’s initial location (or, equivalently, its world line) and ¢
has the interpretation of a particle labeling field. In either case, this point of
view turns our Example a upside down: what was the base before, namely R,
now is part of the fiber, and the base now is standard spacetime. Thus, the base
now comes naturally equipped with a metric which one then treats variationally,
so one might expect effectiveness to hold, as above, without having to resort
to the Polyakov trick. This point of view has the pedagogical disadvantage of
being overly sophisticated for a free particle, but has the pedagogical advantage

of treating elasticity, fluids, and particles in a consistent manner. ¢
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INTERLUDE III—MULTISYMPLECTIC INTEGRATORS

IITA Introduction

A Vision for Integration Algorithms for Field Theories. Multisym-
plectic integrators are numerical algorithms for field theories that respect the
field-theoretic structure at the discrete level. They have very attractive numer-
ical properties, such as getting the total energy as well as the energy balance
between modes in the system correct and, in addition, computing the total
momentum as well as the multimomentum fluxes exactly on the discrete level.
Considerable numerical evidence shows that these are desirable properties in-
deed and are especially useful in situations in which one would like to get good
mechanical properties without a fully resolved simulation. These sorts of in-
tegration algorithms have been implemented for nonlinear wave equations and
for nonlinear elasticity, for example, and have proven to be very effective and
competitive with existing algorithms. Other systems, such as fluids, are actively
being developed; in addition, relativistic theories, including general relativity,
comprise an important area for future research.

One of the reasons these integrators are promising for general relativity is
that if they are compatible with the gauge symmetry structure of a theory, then
they automatically preserve, in the multisymplectic sense, the multimomentum
mapping and the constraints of the theory—exactly on the discrete level. In
general relativity, these constraints are of course the superhamiltonian and su-
permomentum constraints and it is known numerically that the preservation of
these constraints are one of several crucial roadblocks in the development of
integrators sufficiently accurate to be able to compute, for example, the wave
forms of gravitational waves that are emitted from inspiraling black holes. This
is felt to be a critical ingredient in the detection of gravitational waves. See, for
instance, Holst et al. [2004].

Not surprisingly, there remain many difficulties to overcome. One problem
is how to discretize the diffeomorphism group, the gauge group of general rel-
ativity. However, recently, in connection with fluid mechanics, a candidate has
arisen, namely the group of doubly stochastic matrices (also known as the incom-
pressible Markov group) associated with a given mesh (see Ebin and Marsden
[1970], Desbrun, Kanso, Marsden, Mackenzie, and Tong [2006], and Johnson
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[1985]. A second problem is the need for development of and incorporation
of discrete differential geometry (perhaps in the form of Regge calculus) into
the formalism of multisymplectic integrators. This is currently believed to be
important for electromagnetism; see for instance, Bossavit [1998].

Despite these roadblocks, the outlook for the continued development of mul-
tisymplectic integrators is bright and they have, in fact, already been extremely
successful in various contexts, as has been mentioned.

In this Interlude, we will focus on a special class of these integrators known
as vartational integrators. The key idea here is to not directly discretize
the Euler-Lagrange equations, which would be the normal procedure in nu-
merical analysis, but to discretize the variational principle on which they are
based. As we shall see variational integrators are automatically multisymplec-
tic. In particular, these algorithms preserve the multisymplectic structure in
the sense that a discrete version of the multisymplectic form formula holds; this
is the multisymplectic analog of the fact that the flows of the Euler-Lagrange
equations and Hamilton’s equations consist of symplectic transformations (see
§IIIC). The variational approach allows one additional flexibility in the design
of the algorithms and also helps in understanding how one passes from particle
mechanics to field theories.

The basic ideas of multisymplectic integration are already present in simple
examples, such as particle mechanics, which we discuss after a brief historical

aside.

A Brief History and Abbreviated Literature. The history of varia-
tional integrators is somewhat complex, but its roots can be traced to Hamilton-
Jacobi theory and to discrete optimal control. We shall not recount this early
history, but refer to Marsden and West [2001] for an extensive survey, and pick
up the story in more recent times. One line of motivation comes from the work
of Suris [1989, 1990] and Moser and Veselov [1991]. Here one finds the origins
of many of the ideas of discrete mechanics based on discrete variational princi-
ples. These ideas were developed and applied to a number of examples, such as
particle mechanics and rigid bodies, in Wendlandt and Marsden [1997]. Still in
the standard context of Lagrangian and Hamiltonian mechanics, there were sev-
eral other key developments. in particluar, the incorporation of external forces
(such as dissipative forces) as well as the study of the Newmark scheme (one of
the workhorses of computational mechanics) was given in Kane, Marsden, Or-

tiz, and West [2000]. It was shown there that variational methods respect the
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energy budget of a system in a way that is far superior to standard algorithms.

It should be also noted that there are deep links between the variational
method for discrete mechanics and integrable systems. This area of research
was started by Moser and Veselov [1991] and was continued by many others,
notably by Bobenko and Suris; we refer the reader to the book Suris [2003] for
more information. The main and very interesting example studied by Moser
and Veselov was to find an integrable discretization of the n-dimensional rigid
body, an integrable system; see also Bloch, Crouch, Marsden, and Ratiu [2002]
for further insight into the discretization process in this case.

This line of work on mechanical integrators provided a natural avenue of
investigation into the field-theoretical case for the simple reason—as is evident
in this book—that it is based on variational methods. Again, the idea is to
discretize not the field equations, but the variational principle and to show
that because of the resulting discrete variational structure, the multisymplectic
properties get inherited on the discrete level. The first major paper to take this
viewpoint is Marsden et al. [1998]—hereafter abbreviated as MPS. The main
numerical example treated there is the sine-Gordon equation; the algorithm
was shown to have excellent numerical properties, such as good energy and
conservation law behavior. We present this example in §IIID.

The variational viewpoint was further developed and applied to nonlinear
elasticity in a series of papers on asynchronous variational integrators in Lew
et al. [2003, 2004]. Their methods have also been applied to collision problems
(see Fetecau, Marsden, Ortiz, and West [2003] and references therein), to mesh
adaptation (see, for instance, Thoutireddy and Ortiz [2004]), and many other
problems. The developments in this area continue apace.

Around the same time, a rather different method, based on a “many-sym-
plectic” viewpoint, appeared in the work of Bridges [1997] and subsequent
papers. This was also numerically implemented in Bridges and Reich [2001]
amongst other works. The two viewpoints are related; see, for example, Mars-
den and Shkoller [1999], but the developments have proceeded along their own
paths. Other (nonvariational) approaches to multisymplectic integrators have
been studied by Moore and Reich [2003] and Islas and Schober [2004].

IIIB Basic Ideas of Variational Integrators

The idea of variational integrators is quite simple: one obtains algorithms by

forming discrete versions of variational principles. For conservative systems (in-
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cluding field theories) one typically uses Hamilton’s principle, while for dissipa-
tive or forced systems one uses the Lagrange—d’Alembert principle. For simplic-
ity we limit ourselves to illustrating the former in the case of finite-dimensional
systems.

Recall from basic mechanics (see, for example, Marsden and Ratiu [1999]) the
configuration space form of Hamilton’s principle. Let an autonomous mechanical
system have an N-dimensional configuration manifold ) and be described by a

Lagrangian L : TQ — R. Then the principle states that the action integral

b
5= / Llq(t), 4(1)) de

is stationary for curves ¢(t) in @ with fixed endpoints as in Figure III.1.

varied curve

Figure III.1: The configuration space form of Hamilton’s principle

Of course, by Theorem 3B.1 Hamilton’s principle is equivalent to the Euler—
Lagrange equations (3B.7).

In discrete mechanics from the Lagrangian point of view, one first forms
a discrete Lagrangian, a function Ly of two points qg,q1 € @ and a time
step h by approximating the the action integral along an exact trajectory with

a quadrature rule:
h
Lalao.an. )~ [ L{ate), i) de
0

where ¢(t) is an ezact solution of the Euler-Lagrange equations for L joining
qo to q1 over the time step interval 0 < t < h. Holding h fixed for the moment,
we may regard Ly as a mapping Ly : Q X Q — R. This way of thinking of the
discrete Lagrangian as a function of two nearby points (which take the place

of a discrete position and velocity) goes back to the origins of Hamilton—Jacobi
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theory itself, but appears explicitly in the discrete optimal control literature in
the 1960s, and was exploited effectively by, for example, Suris [1990], Moser and
Veselov [1991], and Wendlandt and Marsden [1997]. It is a point of view that

is crucial for the development of the theory.

i

5‘11'\. l . b

\. varied point

Figure II1.2: The discrete form of Hamilton’s principle

Given a discrete Lagrangian Ly, the discrete theory proceeds in its own right

as follows. Given a sequence qq, - . . , g of points in @), form the discrete action
sum:
K—1
Sa=_ La(ar, ar1:hw).-
k=0

Then the discrete Hamilton configuration space principle requires us to
seek a critical point of S; with fixed end points, qp and gx. See Figure I11.2
Taking the special case of three points ¢;—1, g;, gi+1, so the discrete action sum
is

Lq(qi—1,i,hi—1) + La(qis qiv1, hi)
and varying with respect to the middle point ¢; gives the discrete Fuler—

Lagrange (DEL) equations:
DyLi(qi-1,4i,hi—1) + D1La (¢, qit1,hi) = 0. (IT11B.1)

One arrives at exactly the same result using the full discrete variational principle.
Equation (IIIB.1) defines, perhaps implicitly, the DEL algorithm: (q;—1,q;) —

(Qia Qi+1)~

Example: Particle Mechanics. Let M be a positive definite symmetric
3 x 3 matrix and V : R? — R be a given potential. Choose a discrete Lagrangian
on R? x R3 of the form

La(h,qo,q1) = h B (qlgqo)TM (ql;qo) - V(qo)}, (I11B.2)
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which arises in an obvious way from its continuous counterpart by using a “rect-
angle rule” on the action integral. For this discrete Lagrangian, the DEL equa-

tions are readily worked out to be

-2 _
M(Qk+1 dr + di—1

2 ) =-VV(a),

a discretization of Newton’s equations, using a simple finite difference rule for
the derivative. ¢

In mechanics, the initial conditions are typically specified as a position and
a velocity or momentum rather than two positions; therefore it is beneficial to
write the DEL equations in a position-momentum form. To this end, define

the momentum at time ¢ to be:32

pr = DaLa(qr—1,qx) = —D1La(qk, qr+1)

where the second equality holds due to the DEL equations. The position-

momentum form of the discrete equations is then given by:

Pk = —D1La(qr, qk+1) , Pr+1 = DaLq(qr, qrt1)- (IIIB.3)

For (qx,pr) known, (IIIB.3)(left) is an (often implicit) equation whose solution
gives @41 Q1 is then substituted in (ITIB.3)(right) to find pgy1. This provides
an update rule in phase space.

One may also approach discrete mechanics from a Hamiltonian point of view;
here, Hamilton’s phase space principle comes into play. Many algorithms, such
as the midpoint rule and symplectic Runge-Kutta (“SPARK”) schemes, appear
more naturally in the Hamiltonian context, as pointed out in Marsden and West
[2001]. Additionally, there is a hybrid of the Hamilton configuration and phase
space principles known as the Hamilton-Pontryagin principle Yoshimura and
Marsden [2006], which has counterparts in some field theories and is important
in what is called the discontinuous Galerkin method. For instance, in nonlinear
elasticity, it is called the “Hu-Washizu principle.” It would be of substantial
interest to extend this principle to the general context of field theories as given
in this book.

It is shown in Kane, Marsden, Ortiz, and West [2000] that the widely used
Newmark scheme is variational in our sense. (Structurally, the Newmark scheme

is similar to the example presented above. One can argue that the variational

32 Henceforth we suppress the time step dependence in Lg.
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nature of the Newmark scheme is one of the reasons for its excellent perfor-
mance.) Many other standard integrators are variational as well, including the
midpoint rule, SPARK schemes, etc.; we refer to Suris [1990] for details. In fact,

every symplectic integrator is variational (Marsden and West [2001]).33

IIIC Properties of Variational Integrators

We motivate the properties of variational integrators first with a few examples
and then we briefly discuss a bit of theory involving momentum maps and
symplecticity.

Numerical Motivation. No matter what the choice of the discrete La-
grangian, variational integrators are in the conservative case momentum con-
serving and symplectic in a way that will be made precise below. “Momentum
conserving” means that when the discrete system has a symmetry, then there
is a discrete Noether theorem that gives a quantity that is exactly conserved
at the discrete level. Figure II1.3(a) illustrates the sort of qualitative difference

that momentum conservation gives in solar system dynamics, and in (b) we

illustrate in the case of two-dimensional systems that “symplectic” means area
34

preserving, even with large distortions.

explicit Euler, 4 =10

(a) (b)

Figure II1.3: (a) Variational integrators give good qualitative behavior for comparable
computational effort. (b) Variational integrators preserve the symplectic form in phase space

(area, in two dimensions).

33 Tt is not known if the analogous statement is true for multisymplectic integrators.
34 These figures are due to Hairer, Lubich, and Wanner [2001].
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0.25]
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(a) Conservative mechanics (b) Dissipative mechanics

Figure II1.4: Showing the excellent energy behavior for both conservative and dissipative
systems: a particle in R? with a radially symmetric polynomial potential (left); with small

dissipation proportional to the velocity (right).

Variational integrators have remarkably good energy behavior in both the
conservative and dissipative cases (for the latter, one discretizes the Lagrange-
d’Alembert principle); consider, for example, the system described in Figure
II1.4, namely a particle moving in the plane. This figure illustrates the fact that
variational integrators have long time energy stability (as long as the time step
is reasonably small). This is an important property, but it is also a deep one
from the theoretical point of view and is observed to hold numerically in many
cases when the theory cannot strictly be verified; the key technique is known
as backward error analysis and it seeks to show that the algorithm is, up to
exponentially small errors, the exact time integration of a nearby Hamiltonian
system, an idea going back to Neishtadt [1984]. See Hairer and Lubich [2000]
for a thorough analysis.

We now turn to a brief outline of some of the theory.

Momentum Conservation. The discrete version of Noether’s (first) the-
orem parallels the continuous case discussed in §4D. Consider a one-parameter
family of discrete time curves {¢ } , with ¢ = g, such that La(qg, ¢f 1) =
La(qr, qr+1) for all e and k. The corresponding infinitesimal symmetry is written

a 15
g = k) (I1IC..1)
O |._g
Invariance of the discrete Lagrangian implies invariance of the action sum, and

so its e-derivative will be zero. Assuming that {qx} is a solution trajectory, then
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variation of the discrete action sum gives

K-1
0
0= 2| > Lalah:ais1) = DiLa(a0, 01)So+DaLalgrc—1, ax) €. (MC-2)
e=0 k=0

Observing that 0 = D1Lg(qo,q1) - &0 + D2La(q0,q1) - &1 as Lg is invariant, we

thus have the discrete Noether theorem

DoLa(qr-1,qxK) - § = DaLa(qo, q1) - &, (II1C.3)

where the discrete momentum in the direction ¢ is given by DoLg(qk, qx+1) - €.

Example: Particle Mechanics. Consider the discrete mechanical La-
grangian (ITIB.2) and assume that V is a function of ||q|| only. (This is the
case of a particle in a radial potential, for example.) Then L, is invariant
under rotations qf = exp(eQ2)qy, for any skew-symmetric matrix Q € R3*3.

Evaluating (ITIC.3) in this case gives

qx x M aK —9K-1 =q xM 90 ) (I1IC.4)
tik —tr—1 t1 —to

Thus, we get expressions for the discrete angular momentum, and have shown
that it is conserved on the discrete level. Note that while this result might seem

obvious, in more complicated examples this will not be the case. ¢

As in the continuous case, we can extend the above derivation to general
Lie groups and define a full discrete momentum map Jr, : @ x Q — g* by
Jr,(q0,q1) & = DaLa(qo,q1) -£o(q1). (In fact there are two discrete momentum
maps, corresponding to DLy and DyLg4, but they are equal whenever Ly is
invariant.) From here one can proceed to develop a theory of discrete reduction
as in Bobenko and Suris [1999a,b], Marsden, Pekarsky, and Shkoller [1999, 2000],
and Jalnapurkar, Leok, Marsden and West [2006].

Symplecticity. In addition to conserving energy and momenta, Lagrang-

ian evolution also preserves the Lagrange form wy = —dfr, where®
oL
0 = —dg”.
L 6qA q

35 Intrinsically, 67, is the pullback to TQ of the mechanical Cartan form (3B.6) on J'Y =
R x TQ. The 2-form wy, which is the Lagrangian counterpart of the symplectic form, is

actually symplectic iff L is regular.
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Extended discussions can be found in MPS and Marsden and Ratiu [1999], and
the analogous statement for continuous Hamiltonian evolution has already been
proved explicitly in Corollary 6D.2. As the symplecticity of continuous time
Lagrangian systems is a direct consequence of the variational structure, there
is thus an analogous property of discrete Lagrangian systems. We proceed to
discover this conservation law “by hand” using the variational structure in the

mechanical case.

Consider a two-parameter set of initial conditions {(g5"”,q7")} and let
{q." ,If:O be the resulting discrete trajectories. We denote the corresponding

variations by

82
ol0)%

0
6 g’ = — i 6 2 =
k e 9 Y qk

e,V
4,
e,v=0

and we write g, = 4%, 6@, = 6q5 and ¢ = ¢=° for k = 0,..., K. The second

derivative of the action sum is given by

0

Oe

0

e OV

Sa({gx"})

v=0

21 (psuttarh) - o0°)

e=0

0 , ,
= (DuLaas.a) (045 + DaiLalaic 1. 45) (9a5)")

e=0
= D1;D1;La(qo, (I1)5QS5§6 + D3;D1;La(qo, Q1)5Qé5q_{
+ D1 Do La(qrc—1, i )80 00 1 + D2jDoi La(qr -1, i ) 3¢5 00

+ D1iLa(qo,q1)0°qh + DoiLa(qr—1, qr )0 °qk .

By symmetry of mixed partial derivatives, reversing the order of differentiation
above will give an equivalent expression. Subtracting one from the other will

thus give zero, and rearranging the resulting equation we obtain

D1jDoiLg(qr—1,9K) [5(1%555(71 - 55%541(—1}

= Do; Dy:La(qo, q1) {5(735(1{ —ogiog| . (IIC.5)
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Directly from the symmetry of mixed partial derivatives we have
Ds; DxiLa(gor 1) [3a30a — 0430
= Di;DaiLalao, 1) [04}0d, - 0ai5q}| . (I1IC.6)
Substituting this into (ITIC.5) now gives
Dy DaiLa(qr -1, qx) [5(1%5(1?(_1 - 55%561%_1}
= D1;Ds;La(qo, q1) [5q§5qg - &ﬁ(sqg} . (1IC.7)

We can now see that each side of this equation is an antisymmetric bilinear
form, which we call the discrete Lagrange form, evaluated on the variations
0qr and 0Gx. The two sides give this expression at the first time step and the
final time step, so we conclude that the discrete Lagrange form is preserved by
the time evolution of the discrete system.

Intrinsically we can identify two one-forms HL = DyLgdg; and OZd =
D1 Lgdqo, so that dSg = (ng)*ﬁa + 07, where FLKd is the discrete time flow.
Then 0 = d2S,; = (Fﬁ)*(dﬁzd) + dfy, and so defining the discrete two-forms

wp, = —df7, gives (Ff)*w} = —wp , which is the intrinsic form of (IIIC.5).
However, we observe that 0 = d2L,; = d(@{d +0p,) = —w‘{d — wr, and hence
wzrd = —wr, which is (ITIC.6). Combining this with our previous expression

then gives (FLKd)*szd = wzd as the intrinsic form of (IIIC.7), which is discrete

symplecticity of the evolution.

IIID Multisymplectic and Asynchronous Variational In-

tegrators

One of the beautiful things about the variational approach is that it suggests
a natural extension to the PDE case. Namely one should discretize, in space-
time, the variational principle for a given field theory, such as electromagnetism,
elasticity, or gravity, etc. To lay the groundwork for such a discretization, one
replaces the discrete time points with a mesh in spacetime and replaces points in
Q@ with clusters of points in Y (so that one can represent the needed derivatives
of the fields). These clusters of points may be regarded as a discretization of
the first jet bundle. (See Figure II1.5.) Then the theory proceeds in much the

same way as described above.

The basic set-up and feasibility of this idea for infinite-dimensional systems

was first demonstrated in MPS. This paper showed that there were discrete field-
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y\+1j+1

Figure II1.5: Depiction of the heuristic interpretation of an element of J'Y when

X is discrete.

theoretic analogs of all the structures one has in mechanics with some obvious
modifications; mainly, the symplectic structure gets replaced by the appropriate
multisymplectic structure. The key new ingredient is the multisymplectic
form formula which states that the integral of a bilinear expression in the field
variations, built out of the multisymplectic form, integrated over the boundary
of a region in spacetime and evaluated at a solution, is zero. This generalizes
the symplecticity property, in which the difference of the values of the Lagrange
form at two ends of a temporal interval is zero. This is proved, both in the
continuous and discrete settings in exactly the same way as was done above
for mechanics; namely, it follows from the fact that the second differential of
the action function restricted to the space of solutions is zero. As in the finite-
dimensional case, all of these properties follow from the fact that one has a

discrete variational principle.

Example: Nonlinear Wave Equation. Consider the scalar nonlinear wave
equation
0%
dx0?

where A is the Laplace-Beltrami operator and N is a real-valued C'*° function

— A¢—N'(¢) =0, (ITID.1)

of one variable. For concreteness, we fix n = 1 and take X = R2and Y = X xR.

Equation (ITID.1) is governed by the Lagrangian density

o= {3](35) - (3%)

+ N(¢)} da' A da®.
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To discretize it, we visualize each triangle A C X as having base length h
and height k; see Figure II.5. We then think of the continuous jet jl¢ as
corresponding to a discrete jet as follows:

$(s;) = Yij + Yi+15 + Yit1j+1

1 3 b)

09, _ Yijyl —Yij 0P _ Yirlj41 — Yij+1
0z0 (Zi5) = h T Ozt (®i5) = k ’

where Z;; is at the center of A. This leads to the discrete Lagrangian

2 2
1 (y2— 1 (ys—yo Y1 +y2+us
L—-= - N(Ers
2<h)2<k>+<3>’

where we use y1,y2,¥y3 as generic labels for the vertices vsj, yi j+1, ¥i+1+1 of a

triangle in Y covering A.

The corresponding DELF equations are

Yir1j —2Yi5 Y Vi1 Yij+1 — 2¥i T Yij
2 h?

n 1 (yij +Yij+1+ yi+1j+1>
3 3

n EN' Yij—1 T Yij + Yit+1;
3 3

1 i1 i1 »
pon (Y PV T g ()
3 3

When N = 0 (wave equation) this gives the explicit method

2
Yijr1 = ﬁ(yiﬂj = 2¥ij +Yi-15) +2Yij — Yij-1-

In MPS some numerical investigations of this integrator were undertaken us-
ing the sine-Gordon equation [ (IIID.1) with N'(¢) = sin ¢] with periodic bound-
ary conditions. Figure III.6 shows the time evolution of a waveform through
a soliton collision just before the simulation stops, and may be compared to
Figure II1.7. As can be seen, the high frequency oscillations that are present
during the soliton collisions are smaller and smoother for the triangle-based
multisymplectic method than for the energy-conserving method of Guo et al.
[1986]. ¢

The multisymplectic formalism appropriate for discrete elasticity was given
in Marsden et al. [2001]. Motivated by this work, Lew et al. [2003] developed
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Figure TI1.6: A soliton collision after the triangle-based multisymplectic method (I1TD.2)

has simulated about 5000 soliton collisions. The solitons collide beginning at the top left and
proceed to the top right, then to the bottom left, and finally to the bottom right.
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Figure II1.7: Similar to the previous plot but using an energy-conserving integrator.
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the theory of asynchronous variational integrators (AVIs) along with
an implementation for the case of elastodynamics (discussed below). These
integrators are based on the introduction of spacetime discretizations allowing
different time steps for different elements in a finite element mesh. This is similar
in spirit to subcycling (see, for example, Neal and Belytschko [1989]), but with
no constraints on the ratio of time step between adjacent elements. It is the
flexibility of the variational formulation (rather than trying to directly preserve
the multisymplectic structure) that allows for such a formulation, without any
sacrifice of the benefits of structured integrators.

A local discrete energy balance equation is obtained in a natural way in the
AVT formalism. This equation can be satisfied exactly by adjusting the elemental
time steps. However, it is sometimes computationally expensive to do so and
from simulations (such as the one given below), it seems to be unnecessary. That
is, the phenomenon of near energy conservation indefinitely in time appears
to hold, just as in the finite-dimensional case. However, the full theory of a
backward error analysis in the PDE context is in its infancy, cf. Moore and
Reich [2003].

Example: Elastodynamics Simulation. The formulation and implemen-
tation of a sample algorithm (explicit Newmark for the time steps) has been
carried out in this framework. An important and nontrivial issue is how to
decide which elements to update next consistent with hyperbolicity (causality)
and the CFL (Courant—Friedrichs—Levy) condition; one accomplishes this using
the notion of a priority queue borrowed from computer science. Figure II1.8
shows one snapshot of the dynamics of an elastic L-beam (the beam is undergo-
ing oscillatory deformations). The smaller elements near the edges are updated
much more frequently than the larger elements.

The figure also shows the very favorable energy behavior for the L-beam
obtained with AVI techniques; the figure shows the total energy, but it is im-
portant to note that also the local energy balance is excellent—that is, there is
no spurious energy exchange between elements as can be obtained with other

elements. ¢

Issues of small elements (sliver elements) are even more pronounced in other
examples such as rotating elastic helicopter blades (without the hydrodynamics)
which have also been simulated in some detail. The helicopter blade is one of the

examples that was considered by the late Juan Simo who showed that standard
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Figure IT1.8: AVI methods are used to simulate the dynamics of an elastic L-beam. The
energy of the L-beam is nearly constant after a long integration run with millions of updates

of the smallest elements.

(and even highly touted) algorithms can lead to troubles of various sorts. For
example, if the modeling is not done carefully, then it can lead to spurious
softening and also, even though the algorithm may be energy-respecting, it can
be very bad as far as angular momentum conservation is concerned. The present

AVT techniques suffer from none of these difficulties.

Amongst the many other possible future directions, one that is very exciting
involves combining AVIs with emerging theories of Discrete Exterior Calculus
(DEC) or Discrete Tensor Calculus (DTC). For example, it is known in com-
putational electromagnetism (see, for instance Bossavit [1998]) that one gets
spurious modes if the usual grad—div—curl relation is violated on the discrete

level.
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