Nov 10, 1999.

Multiple Vector Products.
Given two pairs V7, Vo and Wy, W5 of vectors in 3-space, let us first derive the formula
(Vi x Va) o (W1 x Wa) = (Vi @ W) (V2 @ Wa) — (Vi @ W3)(Vo e 7). (1)

Indeed, writing V7, V5 as rows and Wy, W5 as columns, we have the square matrix product

Vi VielWy VieW,; VieX
Vol W WS XT] = |VoeWy VoeWs VoeX (2)
X 0 0 XeX

for any X orthogonal to both W7 and W5. Remembering that the cross product Vi x V5
is defined by
Vi
det [ Vo | = (V1 xV5)e X, (3)
X

we obtain
(Vi x Vo) e X) - (W1 x Wa) e X) = ((VieW1)(VaeWs) — (VieWs)(V2eWy)) - (XeX),

by taking determinants on both sides of (2). Putting X = W x Wy, we finally get (1).



