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On the arithmetic of
commutative group rings

Klaus Hoechsmann

Unlike the other chapters in this volume, the present one does not deal with a
specific aspect of Hans Zassenhaus’s mathematical legacy, but rather with recent
work by one of his older students. There seems to be no deeper meaning to its
inclusion here than that it actually represents one of the talks given at the memorial
colloquium.

One of the off-shoots of Zassenhaus’s life-long interest in the arithmetic of orders
in @Q-algebras was his recurrent work on units in integral group rings ZZG for
finite groups G. Initially, his purpose here seems to have been the characterization
of finite subgroups of units with a view toward solving the so-called isomorphism
problem. In fact, he conjectured that any finite subgroup H of the unit group U ZZG
would have to be conjugate, within & QG, to a subgroup of G itself. Eventually
Roggenkamp and Scott were able to prove this for |H| = |G| and G nilpotent —
and to show that it failed for certain metabelian G. The full conjecture, without
the restriction on the order of H, was later established by Weiss, of course only
for nilpotent G.

Meanwhile, new questions had arisen and drawn all of U ZG into the scope
of these investigations, on which Zassenhaus worked mostly in collaboration with
his former student Sudarshan Sehgal of Edmonton (Canada). With the help of
Al Weiss, a Zassenhaus pupil of the youngest generation, Sehgal had turned his
home base into a focal point for this kind of research. As a fellow Zassenhaus
student living in nearby Vancouver — a mere 1000 km away — I was bound to
get involved in this activity sooner or later. In fact, I became so engrossed with
the commutative side of the story, that I never rejoined the main stream.

I am much obliged to the organizers of this colloquium for the opportunity
to give a coherent summary of the following results, which I cannot really call
mine, since they owe so much to my collaborators Sudarshan Sehgal and Jiirgen
Ritter. Among the great number of Zassenhaus’s mathematical progeny, many a
contributor could have been found with a better story to tell. Therefore I am
grateful that the chance has fallen on me to write this belated homage to my
teacher.
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1. Introduction

The easiest way to introduce the subject at hand is by the very simple problem
Sehgal proposed in December 1983: find an explicit formula for the units in the
group ring ZA of an abelian group A = (z,y) with 2P = y? = 1 — for starters,
take p = 5.

To put this more precisely, let us recall the splitting

U(A) = £A x U (A), (1.1)

valid for any finite abelian group A of odd order *. It represents the decomposition
of U(A) into its torsion subgroup +A and the torsion-free complement ;" (A),
consisting of those units which have coefficient sum (“augmentation”) = 1 and are
left fixed by the standard involution coming from z + z=1 (z € A). The problem
was to find a basis of U (A) for A non-cyclic of order 25.

We knew that U;"(C) for the cyclic group C' = (z) of order 5 was generated
by the single unit w(z) = z — 1 4+ z~! and (via Dirichlet and Wedderburn) that
U;(A) had rank 6 for the A in question. Therefore we had a natural candidate
for the desired basis, namely {w(z;) | 0 < ¢ < 5}, where (z;) = C; ranges over the
non-trivial cyclic subgroups of A.

Thus, the problem was to prove the bijectivity of the map

we T U (©) —ut(a), (1.2)
CCA

where C' runs over the non-trivial cyclic subgroups of A, and the product is direct.
We eventually managed to do this, not only for |A| = p?, but for all elementary
abelian A, provided p was a regular prime. Indeed, this bijectivity turned out to
be characteristic of regular primes: for irregular p, we found a lower bound on the
index of p (i.e., the order of its cokernel) and an identification of that index with
the order of a certain group of (projective) ideal classes in ZZA.

In fact, the map p remains surjective for any abelian p-group A, as long as p
is regular. But without its injectivity, it is no longer suitable for defining bases,
and its index is no longer so easily related to ideal classes. In collaboration with
Ritter, we therefore modified our approach in two ways. Firstly, we restricted our
attention to the subgroup U (A) C Ut (A) of circular units, i.e., those which map
into cyclotomic units under every character of A. Secondly, we looked for bases in
an even smaller subgroup V(A) C U (A) of constructible units, which is the direct
product of very explicit groups W(C') attached to the various cyclic C' C A.

Instead of u, we now had a pair of inclusions

[I w©)=y4) cugA) cuf(A) (1.3)
CCA

*  Here begins our policy of omitting reference to the coefficient ring if the latter is ZZ.

Note further: in this introduction, groups of even order will be left aside, as they
require certain finicky modifications in our procedure.
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and were interested in the exploration of the factor group T'(A) = UP (A)/V(A),
whose order ¢(A) we called the circular index of A. If |C| = p, it so happens
that W(C) = UP(C). Hence, for elementary abelian A, our new scenario is just
the old one restricted to Z/{le9 (=). Under a very mild condition on p, which is
certainly satified for p < 50% and may even be completely vacuous (cf. “Vandiver’s
Conjecture”), the index of U;*(A) in Ut (A) is prime to p for any p-group A; this
leads to the divisibility

ind(p) | e(A), (1.4)

since both these numbers turn out to be p-powers a priori. Of course, they are
equal for elementary abelian A.

Whenever the exponent of A is “small” (this notion being different for prime
powers and composites but including all numbers < 67), we even have UP(A) =
U;T(A). Thus, not much seems to be lost by the restriction to circular units, and
a lot of transparency is gained. Since these investigations were initially conducted
and recorded in terms of ind(u), one of the purposes of the present write-up is to
reorganize the whole story around c¢(A). Another task is the systematic inclusion
of groups of even order.

In the sequel, we shall mainly deal with the following three questions:
1. For what abelian p-groups A is ¢(A) =17

2. How is ¢(A) related to the class number of ZA ?

3. What can be said about ¢(A) if A is not a p-group ?

The answer to the first question, explained in Sections 6 and 7 below, is remark-
ably simple: ¢(A) = 1 if and only if |A| < p or p is regular. If this seems surprising,
it should be noted that, unlike ind(u), the circular index is not automatically triv-
ial for cyclic groups. If A is cyclic of order p?, for instance, Y(A4) = W(A) x W(AP)
is a direct product of lattices of lower rank.

So far, the second question can be answered only for p-groups A, when p satis-
fies the “semi-regularity” condition which is the object of Vandiver’s Conjecture.
However, the simplicity of the result in that case provides some reason to believe
that ¢(A) is not as unnatural as it looks at first sight. In fact,

c(A)x(A) = DT (A4)], (1.5)

where x(A) is an easily computable quantity related to the complexity of the
subgroup lattice of A (being = 1 for cyclic A), and D¥(A) denotes the group of
ideal classes, invariant under the standard involution, which become trivial in the
maximal order IM(A) of QA.

This is the subject of Section 8.

The third question is deliberately vague, since little is known apart from cyclic
groups of order n = pq (two distinct primes), which are dealt with in Section 9.
For instance, we can say that ¢(4) = 1 whenever (p — 1)(¢ — 1) < 72, except for
A of order 65, 85, or 91 — in which cases ¢(A) < 3. As an example, let us take
A = (z,y) with 2% = y” = 1; then we can use our old w(z) = 271 — 1 + z to write
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down a basis for Y(A) = UP(A) = U;T (A) as follows: {w(x),w(y?), w(z?)}, where
z=uxy,i=1,2, and j = 2* with 0 < k < 10.

After describing the genesis and nature of (A) in Section 2, we deal exclusively
with p-groups until we come to Section 9. Here is an outline of what happens in
the intervening pages.

Section 3 establishes an inductive formula of the form ¢(K) = ¢(K?)i(KP) for
the case of cyclic p-groups K. The new index i(K) will later turn out to be trivial
for regular p, thanks to a generalization of a lemma by Kummer. In the derivation
of this inductive formula for ¢(K), the pivotal question concerns “liftabilty”: when
is a cyclotomic number u in the image, under the obvious character, of U (K)?
The answer is that v must be in the (explicitly describable) image of W(K).

Section 4 builds one of the bridges from cyclic p-groups to more general ones by
showing that maps of type (1.2) — even when applied to subfunctors like ;7 (A)
— are a priori of p-power index. Combined with some results of Section 3, this
shows that ¢(A), too, is a power of p.

A second bridge is built by Section 5, which deals with units in the p-adic
group ring 7Z,A, and shows that maps of type (1.2) — here applied to I/{ferA
— are a priori surjective. Actually, this surjectivity will be required for a certain
subgroup U{" 7L, A, and this occasions some preliminary work on “polarized bases”.
Thereafter, the main tool is a logarithmic map into the additive structure of Z,A
which, however, functions only on very small pieces of Z/{1+ Z,A.

Section 6 proves that ¢(A) =1 if A is a p-group for regular p. In that case, the
natural image of U ZA in L?ferA is shown to be dense in the p-adic topology
(“Density Lemma”), and the index i(K) defined in Section 3 is found to be trivial
(“Kummer’s Lemma”); hence so is ¢(K). Kummer’s Lemma requires some loga-
rithmic input from Section 5, restricted to cyclic groups. Via the Density Lemma
for non-cyclic A, which uses Section 4, and the surjectivity result of Section 5, we
finally establish the triviality of c(A).

For any p-group A with |A| > p and p irregular, Section 7 shows that c(A) > 1,
thus providing a complete answer to Question (1) above. Since it is always true
that A C A’ implies ¢(A) | ¢(A’), this problem reduces to groups of order p?. For
these, explicit (but ugly) non-constructible generators of I'(A) are described.

The regular prime p = 2, which complicates formulas and arguments in all prior
sections except the seventh, is excluded by fiat in Section 8: it does not fit into
the scenario of the first part, and is irrelevant to the ultimate aim of the section.
We begin by showing, for p > 2, that U;"Z,A is a direct product of canonical
subgroups V,(C) associated with the various cyclic subgroups C' C A. This is
definitely false for p = 2. It eventually leads to a comparison between the “local”
situation (with coefficients Z,) and the global one (with coeflicients ZZ), which in
turn permits the derivation of the formula | DT (A)| = ¢(A)x(A) mentioned above.
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2. Constructible units

This section gives a brief description of the unit groups to be studied. For details,
the reader is referred to the first three paragraphs of [H8] or Chapter 2 of [S2].

For any finite group G, let A(G) denote the kernel of the augmentation map
2ZZG — 7. Given a cyclic group C of order n, put G = Aut(C), and consider the
factor group H = G/(%), where x is the standard involution given by z — 271, for
z € C. We shall construct an injective H-homomorphism

w: A*(H) — U (C) (2.1)

whose image will be the group W(C') mentioned in the introduction. Of course,
A?(—) stands for the square of A(—). The map w will depend on the choice of a
generator = of C, and we shall write w, () for the image of o € A2(H).

The groups used by Bass in his seminal paper [B1] were essentially the w-images
of mA(H) C A%(H), where m is a multiple of |G|. Apart from their dependence
on m, which ruins certain functorial properties, these groups tend to have large
indices, namely mlHl*l‘/|H\7 in the corresponding W(C'). For instance, |C| = 67
gives W(C) = Ufr(C’), while the best Bass group has an index > 10°° in Ufr(C).

We begin with a homomorphism from A(G) to the units of the maximal order
M(C) of QC,

u: A(G) —UM(C) ~ [TU(Ca), (2.2)
d|n

where d # 1 ranges over the divisors of n = |C], and {; denotes a primitive d-th
root of unity. It is defined by mapping the canonical basis {o — 1) | 1 # o € G} of
A(G) according to the rules:  u,_1(1) =1, and

Ug—1(¢) =((—1)7 =1+ (4 4+, (2.3)

with ¢ chosen so that o(z) = 2¢, and ¢ denoting a non-trivial n-th root of unity.
For o = %, this formula gives ((1 —1)/(¢ —1) = —(~!, a torsion element. Letting
U(—) stand for U (—) modulo torsion, we can therefore define a homomorphism on
A(H), namely

i AH) — U M(C) ~ [[U(Ca) (2.4)
d|n

in the obvious way. A slight variation on a fundamental lemma of Wolfgang Franz
[Fra] now says that @ is injective. The proof of this lemma, though compact and
transparent, hinges on a “transcendental” result: the non-vanishing of Dirichlet L-
functions at s = 1. In the present context, the injectivity of u is therefore something
of a deus ex machina.

By algebraic means, Hyman Bass [B1] later proved that all the @-maps attached
to the various cyclic subgroups C C A of a given finite abelian A could be strung
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together and still yield an injection

D AlHe) —hM(A) =~ [TuUx), (2.5)
K

ccA

where K runs over all non-trivial cyclic factor groups of A, and H¢ is derived from
Ge = Aut(C) as above, the subscript C' now being unavoidable. By Dirichlet’s
Unit Theorem (transcendental tools again!), source and target of this map have
the same ZZ-rank; hence it is of finite index. So much for background.

To get from the maximal order back into the group ring, we use Lemma 2.1 of
[H8], which states the following fact about the original map A(G) —= U;IM(C):

us(z) EUC) = § € A2(G). (2.6)

By restriction, Franz’s Lemma thus gives an injection @ : A2(H) —U(C).

Example. If |C| is prime to 6, consider the automorphisms o : z — 22 and 7 :
x +— 23, as well as the elements § = 0 —1 € A(G) and a = (0 —1)(7—1) € A*(G).
Then, for any non-trivial ¢, we have us(¢) = (( —1)°~! = ( + 1, which cannot be
lifted to U(C), and u(¢) = (¢ +1)"1 = (¢3 +1)/(¢ + 1), which corresponds to
ua(x) = 2% — 2+ 1 €U (C).

To eliminate torsion, we invoke Lemma 2.6 of [CSW], which guarantees a direct
decomposition

Ui (A) = A x Us(A), (2.7)

with Us(A) = U(A)N (1+A2(A)) C U, (A) torsion-free. Explicitly, the projection
e : U (A) — A is given by the formula

e: Zczz — HZCZ , (2.8)

with both the sum and product indexed by z € A. Since e is clearly compatible
with homomorphisms h : A — B, so is the formula (2.7).

This functoriality is obviously inherited by the split Z/lf' (A) = Az x Ua(A).
Thus, if Us(B) = {1} — i.e., U1(B) is a torsion group — it follows that Uz (A) is
contained in the kernel of the induced map Z/llJr (A) — Z/{lJr (B), with equality if and
only if h yields an injection Ag < Ba. If A has no elements of order 8, we can take
B = A/A* in this scenario and hence characterize Uz (A) by

Up(A) = ker [Uy (A) — Az],
with the map to Ay = U (A/A%) induced by the canonical projection A — A/A*.

Note: we may sometimes use the redundant notation Us(A) = Uy (A); if A has
odd order, we can avoid reference to U2 (A) altogether by using its alias U;" (A).

The map w advertised in (2.1) above is now obtained by letting w,(z) be the
projection of uq(z) onto the second component in the decomposition (2.7). For
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a = (o0 —1)(t — 1) as in the example above, we retrieve the element w,(z) =
2! — 1 + z already encountered in the introduction. Let us summarize.
Theorem 2.1. For a finite cyclic group C' = (x), the formula wq(x) = uy(z)17¢
defines an Hc-isomorphism a +— we(z) from A%(Hg) onto a subgroup W(C)
of Us(C). The direct product Y(A) of these groups W(C'), as C ranges over the
cyclic subgroups of a finite abelian group A, is a sublattice of Us(A), the canonical
torsion-free component of U(A).

Elements of Y(A) will be called constructible units.

Remark 2.2. It is important to realize that a unit u ¢ Y(A) cannot become
constructible in a larger group A’ D A. Indeed, we would have u = v - v’ by
the direct decomposition Y(A") = Y(A) x [[o W(C"), where C" € A, and since
ul¥ € Y(A) for some N € Z, it would follow that (v')¥ = 1. Thus I'(A) — T'(4’)
is injective, and ¢(A) divides ¢(A4’)

The following proposition gives explicit formulas for v and w in terms of the
sums f;(z) = 14+x+---+2"~1 defined for any i > 0. It is proved in [H8], where it
happens to have the same number as here. Without risk of confusion, we use the
same notation for elements of G and their counterparts in H.

Proposition 2.3. Let a = (0 — 1)(7 — 1) € A%(G) with o : x — 2, and let b,k
be positive integers with bc = 1 + kn. Then uq(x) = fo(a?) fe(z™) — kfn(z) and
wa(x) = .'L‘_(T_l)(c_l)/zua(x)'

Most of our structures are H-modules, where H = Hy for a maximal cyclic
subgroup K of A. Except when we need the bijectivity of each A?(H¢) - W(C),
we usually compose these maps with the canonical surjections A%(H) — A%(Hc),
using a single H = H,, derived from G, = (Z/n7Z)*, where n is such that
A" = {1}.

The kind of bases for J(A) shown in the introduction are available whenever
H happens to be cyclic. In that case, if H = (o), multiplication by (o — 1) yields
isomorphisms

ZH/S(H) = A(H) = A*(H), (2.9)

where ¥(H) denotes the ideal generated by the sum of the elements of H. Mapping
1 to wq(x), where a generates A?(H) and z generates K, we get an isomorphism
ZH/Y(H) — W(K). Hence the product over the H-orbit {w,(z) | (z) = K} is
trivial, and a basis of W(K) is obtained by leaving out one element of the orbit.
Bases of the groups W(C') for other C C A are formed analogously, always using
the same w,(—). This is how we got the bases mentioned in the introduction.

H,, is cyclic in exactly the following cases (p # ¢q odd primes): n = 2"p®, with
r<2ors=0,and n = 2"p*¢", with r < 1 and |Hps| relatively prime to |H el
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Here is the argument for n = pq. Let J C Hj, be the image of the subgroup
generated by (—1,1) and (1,—1) in Gp x Gq = Gy». Then Hyp/J ~ Hy x Hy, and
therefore the cyclicity of Hy implies that of Hp x Hg. Conversely, suppose that
|Hg| is odd and thus relatively prime to |Gp|. Then Gjp X G(QJ is a cyclic subgroup of
Gn, which maps onto H;, because it does not contain the involution x = (=1, —1).
This argument works just as well for n = p®q’. The rest is easy.

An element of U; (A) will be called circular, if every character ¢ : A — C*
maps it into a real cyclotomic unit, i. e., a unit of ZZ[(y —|—C;1] in the multiplicative
semi-group generated by ¢4 and {1 — (¢ | a € ZZ}, where d is the order of . For
k = 1,2, the group U? (A) of circular units in U (A) obviously contains Y(A), and
we wind up with a pair of inclusions

V(A) C UF(A) C Uy(A) (2.10)

whose indices will be denoted by ¢(A) and ¢/(A), respectively. In practice, Uy (—)
is easier to handle than Us(—), and we shall usually read off the same indices from
the inclusions Ay - Y(A) C UP(A) C U] (A), where Ay = {2z € A| 22 =1}.

The index ¢/(A) is related to the class number AT (A) of the maximal order in
the real subalgebra of QA. Of course, this is a product of class numbers h:{ for
rings Z[C4+¢; '] with d | n. In fact, if n has fewer than four distinct prime divisors
— which will certainly be the case in the present paper — Sinnott’s formula (cf.
[Si], p.107) implies ¢/(A) | AT (A).

For small n, we simply have h*(A) = 1, “small” meaning < 136 if one assumes
the generalized Riemann hypothesis (cf. [Wa], p.352). More importantly, for prime
powers n = p™, it is prime to p for at least p < 50% and maybe always (Vandiver’s
Conjecture). At any rate, ¢/(A) is very elusive, leaving the circular index c(A) as
the more tractable invariant and one of the main objects of this study.

3. Cyclic p-groups

Constructible units were introduced in [HR2] by means of ad hoc formulas and
restricted to p-groups of odd order. Moreover, the main result for cyclic groups —
Formula (3.2) below — was left implicit, hidden away in a commutative square,
loc. cit., Diagram (9). The present section tries to repair these shortcomings as
well as those of a previous attempt ([H8], §4) in this direction. Apart from its
deliberate sketchiness, the latter is flawed by a gap in the proof of its first lemma
and some imprecisions involving the prime 2.

All subgroups of a cyclic p-group C' = (x) can be described in terms of repeated
applications of the single endomorphism 7 : x — xP. Many properties of ZZC thus
become accessible by induction, especially with the help of the fundamental pull-
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back diagram (cf. [KM], §1)
ZC s 7|
m] ! (3.1)

zcr s TF,oP

in which ¢ :  — (, is a character of order n = |C|, and p : Z—1IF, is just
reduction modulo p of the coefficient ring 7. Incidentally, a similar pull-back is
available with the p-adic integers 7ZZ, in the place of ZZ.

The eventual aim of this section is to establish a recursion relation of the form
c(C) = ¢(CP) - i(CP), (3.2)

for the circular index of C. For any non-trivial subgroup K C C, the number i(K)
is defined as follows. Since t™ and tP are congruent modulo p for any t € ZC),
the map t — t™~P = t™ /t? produces a homomorphism from U (K’) to the kernel of
p:U(K)— UIF,K. For any subgroup V C U(K), let us abbreviate V Nker(p) by
ker, V. Then i(K) is the order of cokernel I(K) of the map

Us (K) ™% ker, U3 (K) (3.3)

so obtained. Most of the arguments required can be gleaned from the first two
paragraphs of [HR2].

Some of the fine points missed in [H8] have to do with the case p = 2. For
instance, the pull-back derived from (3.1) for x-symmetric 1-units has a slight
asymmetry because m maps U; (C) = Co x Us(C) into Uz(CP). We record the
result for the subgroup of circular units, which is our main concern:

UR(C) 5 UP(()
Tl l (3.4)

ugery s Uywr,cr

is a pull-back. Remember that the difference between U (—) and U (—) does not
exist for groups of odd order.

In order to use (3.4) for induction, one needs to clarify what goes on in the
upper right corner. For cyclic p-groups, it turns out that the y-images of W(C') and
UT(C) are essentially (i.e., up to & for p = 2) identical, and that the restriction
of ¥ to W(C) is injective. This will follow from the next two lemmas.

Lemma 3.1. Let § € A(G). Then ((, — 1)° € % (Us(C)) implies that § € A*G or
§ € (x— 1) + A2%G, the latter occurring only for p = 2.
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Proof. Recall the unique decomposition § = (¢ — 1) + a with a € A?(G) and
o = e(d), where e is as given in (2.8). According to (2.6), there is an element
U () € U1 (C) such that us(Cq) = (¢q — 1), for all 1 # d | n. Therefore we need
only show that (¢, —1)7~* € ¢ (U (C)) implies 0 = 1 or o = .

The fact that (¢, — 1)* € ¥(U1(C)) for all a € A%*(G) also means that the
standard isomorphism G — A(G)/A?(G) induces a homomorphism
(

h: G—U(G)/Y(Uh(O)), (3.5)

given by o — (¢, — 1)1 (U1 (C)). We will show that its kernel contains at most
* (and that only if p = 2). Suppose that o # 1 lies in the kernel of h.

Then o : x +— ¢ for some ¢ prime to p, and f.((,) = (¢ —1)/(Cn — 1) =
1+ Co+ -+ ¢St is equal to ¥ (v(x)) for some unit v(z) € 1+ A(C). Obviously
fe(¢n) must be congruent to 1 modulo ¢, — 1, and since it is visibly congruent to
¢, we have c =1 (mod p).

This settles the matter for n = p. Moreover, unless p = 2 and o = *, it means
that a suitable power of ¢ is the automorphism x — x'*"/?_If ¢ is in the kernel
of h, then so is that power. Without loss of generality, we may therefore assume
that c =14+ n/p and o # *.

The hypothetical unit v(z) must have the form v(z) = f.(z) — ®,(z)k(z),
where f.(z) = 1+ 2+ -+ + 27! and ®,, is the n-th cyclotomic polynomial.
Since v({,) = f.(¢y) is perfectly good, whatever is amiss must show up in the unit
v(y) = fe(y) —pk(y) € U (CP), where y = zP. Since ¢ = 14+n/p, we have f.(n) =1
for all non-trivial (n/p)-th roots of unity 7. Therefore v(y) looks like the element
I(y) = 1—pk(y) € ZCP under all non-trivial characters of C?, while the condition
v(1) =1 translates via 1 = ¢ — pk(1) to (1) = 1 — n/p. We shall see that such a
pair v(y), l(y) cannot exist.

Multiplication by I(y) = ao + a1y + - +a,—1y*~ " is given by a matrix whose
columns are cyclic permutations of [ag, a1, ...,a,—1]. If, as in this case, p divides
ap — 1 as well as all a; for ¢ > 0, Lemma 1.4 of [HR2] makes the determinant of
such a matrix congruent to 1 modulo n. On the other hand, it is the product of
the absolute Galois norms of all Wedderburn components of I(y). In other words,

(1—n/p)- H N, <p(v(y)) =1 (mod n), (3.6)

p#1
where ¢ runs over the non-trivial rational characters of C?, and N, denotes the
norm on the field Q(¢(y)). Since v(y) € Uy (CP), each of these norms is +1 (with
—1 occurring only if p = 2). Hence (3.6) implies 1 —n/p = £1 (mod n) — an
impossibility unless n = 4 and o = *. a

Lemma 3.2. Ifn > p, let sy =147 +---+ 77" € ZG with 7 : © — z'T7/?,
Then w(C?) = w(y)*® for any w(zx) € Cy - W(C).

Proof. Tt is well-known and elementary that ((, — 1)°* = (¢2 — 1) and that (3* =
+¢P, with the minus sign occurring only for p = 2. It follows that v({,)"* = v(¢®)
for any v((,) = ¢2(¢n—1)P, with a € Z and 8 € A(G) — as long as a is even when
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p=2. For 3= (0c—1)(1—1) € A%(G), one easily checks that v(¢,) is real (i.e.,
invariant under «) if and only if 2a = (1 — ¢)(1 —d) (mod n), where o : z — z°¢
and 7 : x — 2. If p = 2, this makes 2a divisible by 4. a

Proposition 3.3. The character ¢ defined by ¥ (x) = ¢, induces a bijection of
C - W(C) onto ¢ (UF(C)).

Proof. For w(x) € CoW(C') suppose that w((,) = 1. Then w((?) = 1 as well, either
because all of W(CP) is trivial (i.e. n is too small) or because w(¢E) = w((,) =1
by Lemma 3.2. By induction, w({s) = 1 for all d | n, whence the injectivity.

For the surjectivity, let v(x) € UP(C) and consider v(¢,) = ((¢, — 1)?, with
a € Z and 3 € A(G). Lemma 3.1 ensures that 3 = (t—1) +a with a € A%(G) and
t =1 or = . Putting u(z) = v(z)/wa(z), we now get u(¢,) = (¢ for some ¢ € 7.
Since v(¢,) was real, it follows that u((,) = 1. Replacing wq(z) by ™/?w (z),
if necessary, we can always get u({,) = 1. O

Remark. Abbreviating (U (C)) by £(¢,) — the £ stands for “liftable” —
Proposition 3.3 yields an isomorphism ¢ : CoW(C) — L((,), and an inductive
application of Lemma 3.2 says that all the Galois norms £((,) — £((/pi) are
surjective.

Proposition 3.4. There exists a short exact sequence of finite H-modules of the
form1 — T(C?) — T'(C) — I(C?) — 1.

Proof. For use with the decomposition U7 (C) = CoW(C) x ker(1)) inferred from
Proposition 3.3, we shall modify the product CoY(C) = CoW(C) x Y(CP) so as
to make the second factor fit into ker(t)). Indeed, if n = p™, we write

m—1 m—1
V(@) =Wox [[ We=Wox J] Wi, (3.7)
k=1 k=1

where W), = W(Cpk) and s, = 1+75+- - ‘+T,€_1 € ZG, with 14 : x > 2 +7/P" The
point is that each sy acts as the Galois norm Q((y)* — Q(¢h)* for d = n/pF~1,

and that W, ** lies in the kernel of ¢ by Lemma 3.2 applied to crt .
Now consider the commutative square

P Wier 5 ker(y)
7| =~ (3.8)

upcr) T ker(p)

whose horizontal arrows denote the product k = (7 — s1) X -+ X (7 — $;,—1) and
the map shown as (3.3) for K = C?, respectively. By the preceding discussion, the
cokernel ker(1))/im(x) of the former is isomorphic to T'(C), while the cokernel of
the latter is clearly I(C?).
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The pull-back property of (3.4) makes the right vertical arrow of (3.8) bijective.
Moreover, the bottom arrow represents an injection: v? = u™ inductively implies
w?" =u" =1, but U>(—) has no torsion. Hence by a standard diagram chase
(e.g., the “snake lemma”), the natural map ker(¢)/im(x) — I(CP) of the hori-
zontal cokernels in (3.8) is surjective, and its kernel is canonically isomorphic to
I'(CP), the cokernel of the left vertical arrow. O

Remark. The recursion relation (3.2) is immediate from this proposition. Indeed,
since ¢(C)) = 1 always, we inductively obtain the explicit formula

m—1

o(C) = i(CP)---i(CcP" Y. (3.9)

In Section 6, the condition ¢(K) = 1 will be seen to characterize regular primes,
by a generalization of a well-known lemma of Kummer. For p = 2, the latter
has an elementary proof (avoiding the p-adic logarithms of Section 5) via the
index j(K) = [ker, Y(K) : Y(K)™?] and the following corollary. All induction
arguments below start from the fact that ¢(C),) = 1.

Corollary 3.5. ¢(C) = i(CP)---i(CP""
subgroups K C C.

)=1 < j(K) =1 for all proper

Proof. ¢(C) =1 = ¢(K) = i(K) = 1, by (3.9). But ¢(K) = 1 means U (K) =
Y(K) and hence i(K) = j(K). Conversely, we may assume c(CP) = 1 by induction
hypothesis. Then i(C?) = j(C?), and ¢(C) = ¢(C?);j(CP) = 1. O

Proposition 3.6. The indices j(C), i(C), and ¢(C) are powers of p.

Proof. We will show first: for every u € Y(C), a certain power u?" lies in Y(C)™P.
By induction, we may assume that a certain p"-th power of «™ lies in Y(CP)™?. In
other words, u™" = v™(™=P) for a suitable v € Y(C), because 7 : Y(C) — Y(CP)
is surjective. Now w = u? /v™ P lies in the kernel of that surjection, and hence
wP™T = wP = upﬂrl/vp(”*p), so that finally u?’ " = (vPw)P~™,

We have shown that the index [V(C): Y(C)™*] is a p-power. Hence so is its
divisor j(C). As for ¢(C), we may inductively assume that ¢(K) is a p-power for
all proper subgroups K C C. Then Uy (K)?" C Y(K) together with Y(K)P" C
Y(K)™ P implies that i(K) is a p-power, too. Now apply (3.9). O

4. Functors on cyclotomic algebras

The proof that ¢(A) is a p-power for any p-group A depends, oddly enough, on a
property of maximal orders. Let £(A) denote the subgroup of the those units of
IM(A) which are congruent to 1 modulo the ideal A(A)IM(A). This means that
u € E(A) if and only if every projection ¢ : IM(A) — ZZ[{] onto a Wedderburn
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component gives ¢ (u) € £(¢), i.e. ¥(u) = 1 modulo the ideal ((—1)ZZ[¢]. The units
u € E(A) which furthermore always have ¥ (u) € UP(() are collectively denoted
by EP(A). The crucial result concerns the £®-version of the map p shown in (1.2).

Proposition 4.1. The natural map

pe J] £9(0) — £%(4), (4.1)
CCA

as C' ranges over all cyclic subgroups of A, has p-power index.

This is not so much a property of £¥(—) as a result of the combinatorics of cyclic
subgroups and factor groups of A. As we shall see, it applies to any sufficiently well-
behaved functor on cyclotomic ®-algebras, i.e., finite direct products of cyclotomic
fields. The reason for using £%(—) is the following simple fact.

Lemma 4.2. U (A) is a subgroup of p-power index in EP(A).

Proof. Let £7Z,A denote the p-adic analog of £(A), i.e., units of the maximal order
in @Q,A which are = 1 modulo the appropriate (( — 1)Z,[(] in each component.
Then £Z,A (a multiplicative group!) is a free ZZ,-module by II.15.5 of [Hal.

By general principles (cf. [S1], proof of I1.2.9), however, the unit group of ZZ, A
must be of finite index in that of the maximal p-adic order.

Hence the right vertical arrow in the following square of injections,

Z/{l (A) — Mlsz

! | (4.2)

A — Eu,A
can only be of p-power index. This diagram is a pull-back, that is: if we read the
arrows as inclusions, we have U (A) = E(A) NUZ,A. Indeed, v € IM(A) implies
|A|-v € ZZA (cf. [Re], Theorem 41.1), whereas v € Z, A implies N - v € ZZA with

N prime to p. It follows that the left vertical arrow,too, has p-power index. Now
throw in a couple of @ superscripts, and the proof is done. a

Remark. It is clear how this lemma translates Proposition 4.1 into the statement
that the first horizontal arrow in

[McU?(C) — UP(A)
! ! (4.3)

[lc&®(C) — £&%(4)

is also of p-power index, and how this leads, via Proposition 3.6, to the desired
property of ¢(A). For the rest of this section, we shall deal with the proof of
Proposition 4.1.
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4.1. Admissible functors

Keeping n = p™ fixed, let ¢, stand for the particular p*-th root of unity e, =
exp(2mip~*) € Cfor k=0,1,...,m. Let Cpm denote the full subcategory of finite
dimensional @Q-algebras whose simple components are isomorphic to some of the
cyclotomic fields Fj, = Q[ex]. Note that G acts naturally on all objects of Cpm,
and that F} is the subfield of F,, corresponding to the group G(k) generated by
the automorphism &,, — 5}n+pk, for k > 0, whereas G(0) = G. We shall also need
to refer to the standard inclusions ¢y : F, — F; given by ¢j, — ¢, for £ < 1.

For any commutative ring A, a finitely generated free A-module will be referred
to as a A-lattice.

Definition 4.3. A A-lattice valued functor V' on C,m is said to be admissible, if
(i) it commutes with direct products, and V( Q) = {0};
(ii) V(tx,) bijects VI(Fy) onto V(F)¢%) for all 0 < k <1 < m;

and is said to be cyclogenic (mod p) for the abelian p-group A, if the map

Hv,At H V(QC) —V(QA)

CCA
is of p-power index.

N.B. Conditions (i) and (ii) ensure in particular that the image-lattices never
have (non-trivial) G-invariant elements, no non-zero submodules on which G acts
via the trivial character.

If V satisfies (i), any epimorphism A — A’ will entail surjections QA — QA’
and V( QA) — V( QA’); hence V is cyclogenic for A’, if it is cyclogenic for A.
This will allow us to concentrate on the case A =C x --- x C with |C| = p™.

Lemma 4.4. Let V' be the functor which commutes with products and associates
with Q(eg) the Z-lattice formed by E¥(ex,) modulo torsion. Then V is admissible.

Proof. For k > 0, the group G(k) injects into H because it does not contain the
involution . Suppose that u = (g, — 1)° with § € A(G) is fixed modulo torsion
by T € Gy, i.e. that (,, — 1)°"~1) has finite order. By Proposition 3.3, the finite
order is inherited by we(g,,), where o = §(7 — 1) € A2?(H). This is impossible
unless @ = 0, which means that § is divisible by the sum over the powers of .
Ifr:en,+— 5,1,1“)’6, the order of 7 is v = p™ %, and 1 + 7 + --- + 7v~! equals
81+ Sm—k in the notation of the proof of Proposition 3.4. Thus § = s1 -+ S;m_i
for some 3 € A(G), and by iterating the formula (g, — 1)** = (¢£, — 1) already
met in the proof of Lemma 3.2, we see that u = (5 — 1)”. We have proved:

U®(sm)G(k) = U@(sk) , (4.4)

where the dot means “modulo torsion”, as usual. To finish the proof we must show
that £ may be substituted for I/ in this formula. But this is clear since the ideal
(€m — 1)Z]e,,) intersects Fy, exactly in (e — 1)Z[ey]. 0
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If we were dealing only with p > 2, the references to torsion could have been
omitted, because then U (g},) = (elzl — ek)A(G) is torsion free. The slight advan-
tage in working modulo torsion is that it makes every cyclotomic unit look like
(e — 1)5. Note also that the torsion possible here does not interfere with the claim
made in Proposition 4.1.

In view of this lemma, Proposition 4.1 follows from the main result of [H4],
which says that an admissible ZZ-lattice functor on C,= is automatically cyclogenic
(cf. ibid., Proposition 1.2). This is derived from a lengthy matrix-argument which
the reader may wish to avoid. In the present treatment, we shall first prove a
relative result to the effect that, for admissible functors, the cyclogenic property
is equivalent to certain matrix-conditions. This will open an alternative route to
the proof of Proposition 4.1.

Each of the matrices in question will have entries in one of the group rings
LG, for h=1,...,m. Letting Ry, denote the ring ZZ/p"ZZ, we have G,» = R}
Every element a € R,,, can be uniquely decomposed as

a=p"Du(a), (4.5)

where u(a) € Rlx(a) for I(a) = m —v(a). For every h =1,...,m and a € R,,, we
put up(a) = u(a) in case I(a) = h, and up(a) = 0 otherwise.

The test groups A =C x --- x C (cf. “N.B.” following Definition 4.3), will be
written additively, i.e. as free R,,-modules A = R! . For © = (x1,...,2,) € A,
we define I(x) to be the p-logarithm of the order p'*) of z, in other words, the
maximum of the numbers [(zy). For a pair x,y € A, the “dot product” will be the
usual x -y =), Tryr € Ry,

After choosing a set S of representatives for the G-orbits of A, we put S, =
{z € S|l(z) > h} C S and define the Sj, x Sp-matrix Mg by its entries:

Ms p(x,y) = un(z-y). (4.6)

The determinant Dgp, is an element of the group ring ZG,.. If we replace an
x € S by another element ux in its G-orbit, i.e., change one row and one column
of Mg p, by the factor u € R, the determinant changes by the factor u?. Therefore
the class [D, 4] = Ds,nG,» depends only on h and the rank 7 of A.

Though tedious, these definitions are, so far, internal to the world of finite free
R,,,-modules.

4.2. Cyclogenic functors

Now consider the p-group J = G(1) C G generated by the automorphism z +—
2P and look at the ring A = Z[p~!]. The idempotents ey, ..., e, which split
QJ into simple components all lie in AJ and therefore produce a canonical de-
composition X ®---H X, of any AJ-module X. Each e, corresponds to a certain
G-orbit of characters x : J — €, namely the ones with conductor G(h). The
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fixed module X" always equals X; & - - - @ X},, and each X, is a natural module
for G/G(h) = Gpn.

In particular, let V.= A ® V be the A-extension of an admissible Z-lattice
functor. Then V splits functorially: V =Vi&---&V,,. Moreover, V is an admissible
A-lattice functor *, and consequently

Th(Fy) = {%(Fh) it h < k; (47)
0 otherwise.

For h < k <1 < m, the maps f/h(%l) are canonical AG,»-module isomorphisms.

Lemma 4.5. An admissible Z-lattice functor on Cpm is cyclogenic for A = R}, if

and only if the determinant class [D,.,] C ZLG . acts invertibly on Vi(Fy), for all
h=1,...,m.

Proof. The beginning of the proof follows Section 2 of [H4]. We first need to describe
the Wedderburn decomposition of QA more closely than “up to isomorphism”.
Any functional f : A — R,, yields a Q-algebra homomorphism QA — Fjs) by

a — efn(a), and every G-orbit in Hom(A, R,,) constitutes a set of @®-isomorphic

irreducible representations. Choosing a set T C Hom(A, R,,) of representatives of
G-orbits, we get an algebra isomorphism

QA— [ Fupy by ar(...el{®,.). (4.8)
fer

This is the Wedderburn isomorphism with respect to T'. However, in case A = C,, is
cyclic with a chosen generator z, the standard isomorphism is induced by the map
x— (... €k,...), with 0 < k <l(x). The question is how to describe the natural
inclusion QC, — QA in terms of these two decompositions. Indeed, for a single
f €T, the map from QC, ~ [], Fj to the f-component of the decomposition
(4.8) has three has three stages:

H Fy— Fy — Fy — Fypy - (4.9)
k<I(z)

The first of these is just the projection onto the I’-th component, where I’ = I(f(x)),
the second is the automorphism ¢; — aﬁcn(r), and the third is the inclusion given

by gl H— €l(f).

Since we have assumed that A = R}, any f: A — R, can be obtained in the
form y* : z +— x -y, so that the same set S of representatives of G-orbits in A can
serve to index the cyclic subgroups C, C A as well as the simple components of

QA, i.e., play the role of T as described above. Applying Vj,, we now have the

¥ If X is a Z-lattice, A ® X is the union of all p~” X. Hence, for any group I' acting

on X, the fixed set (A ® X)! is the union of p~" XT.
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commutative square

HzES Vh( QCI) o HzES Hkgl(r) Vh(Fk)

! L (4.10)

Vi( QA) - [I,es Va(Fiy)
whose horizontal arrows are AG ,»-isomorphisms. The question is whether the two
verticals are surjective (remember that p is invertible in A). Of course, we shall
concentrate on .

Since f/h(Fk) = 0 for k < h, the index set for z and y can be cut down to S},
without changing anything. The other components appearing in source and target
of 4/ are all canonically isomorphic to the module V;,(F},). The typical argument
of 1/ is a double array (ayx) with € Sy, and h < k < [(z), and its image is a
single array (b,) with y € Sp; all the entries a, j, and b, are from Vj,(F},). By (4.9),
we have

by = Z u(T - Y) Ay 1(zy) 5 (4.11)
z€SH

because ¥V = elli(x'y) when I’ = l(z - y), it being understood that a,, = 0 for
k < 0. Surjectivity of p/ means that every array (b,) with y € S can be obtained
in this manner.

The “if” part of the lemma is now easy. In fact, the invertibilty of Dg ) on

Vi (EF},) says precisely that the equation

by = Z up(x - y) ay (4.12)

z€eSH

is always solvable for the single array a, with « € Sj. To solve (4.11), we simply
set az =0 for k > h, and az , = a,.

For the converse, we need to show that any equation of the form (4.11) can be
recast to look like (4.12), so that if the former is always solvable, then Dgj; must
act invertibly. Given a double array (a, 1) as above, we now create the single array

Az = Z u(c)_lam,h+v(c) (413)

Cr=z

with z,z € S;, and suitable ¢ € R,,,. Actually the sum extends over the set S, =
{x € S|z € C,}. For each x € S, there is a unique c,. € Rj) such that
cz,.* = z. For the sake of clarity, we have omitted these subscripts in the formula
and lifted each ¢ arbitrarily to R,,. Note that there is no reference to y in these
prescriptions.

The proof will be finished if we can show that the substitution of (4.13) in
(4.12) produces exactly (4.11). The relevant calculation depends, of course, on the
formulas

u(ex-y) =u(u(z-y) and I(z-y) =I(cx-y)+ v(c), (4.14)
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which are valid as long as cx -y # 0. But it hinges even more delicately on an
exact description of sets of x and z which can contribute non-trivial summands,
and these sets do depend on the particular y involved !

Consider the sets Sp(y) ={x € S |l(z-y) > h}, Sp(y) ={z € S |l(z-y) = h}:
they are the actual index sets for the sums in (4.11) and (4.12), respectively. Fixing
y € Sh, we record the sum (4.12), but with the summation index z restricted to
S5 (y) — which allows us to write u(z - y) instead of up(z - y) — and with a, as
given in (4.13). We get

Z U(Z : y) Z U(C) Ay Jhtv(e) = Z Z ulx - y Qg Jh+v(c) (415)

zesg(y) cr=z zeS°(y cx=z

by using the first part of (4.14). Now remember that [(z - y) = h for all z € S} (y),
so that cx = z implies h + v(c) = l(x - y). Recalling further that the summation
“cx = 2” really stands for “x € S,”, we finally obtain

Z Z (- Y) g (ay) » (4.16)

2€8) (y) €S>

which is the same as (4.11) because Si(y) is the disjoint union of the sets S, as z
ranges over Sy (y). O

Corollary 4.6. Suppose that two admissible Z-lattice functors V and V' are such
that Q®V = Q®V'. Then V is cyclogenic if and only V' is.

Proof. With A = Z[p~!], let X and X’ be A-lattices such that Q® X = Q® X,
and consider a linear endomorphism L of @ ® X which maps X into X and X’
into X’. Then d = det L is certainly in A. Now, L acts invertibly on X <= d is
a unit in A <= L acts invertibly on X’.

The corollary results from applying this to X = V;,(F),), X' = f/}i(Fh), and
L =Dgy,. O

Conclusion. There are now several ways of finishing the proof of Proposition 4.1:

1. One could invoke the “Main Lemma” of [H4], according to which |x(Ds z)|?
is a p-power for all characters y : G — C* of conductor G(h). This involves an
eigenvalue calculation which is unpleasantly lengthy and convoluted — except in
the simplest case m =1 treated in [HSW].

2. A less direct but more conceptual way would use Corollary 4.6, with V' (F;,)
given by U(e,,), the group of all units (modulo torsion), in which £ ®(5m) has finite
index. By K-theory this V' is well known to be cyclogenic — cf. [B2], Chapter XI,
Theorem 7.1 (c).

3. A possible third way would also use Corollary 4.6 (or a variant) with a V’
for which the cyclogenic property is easy to prove, say, something made from the
additive groups of the ZZley]. This remains to be explored.
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5. Local units and logarithms

This section will summarize the papers [HR1] and [H3] in such a way as to include
the case p = 2. For a quick idea of its content, the reader might want to skip the
first three lemmas and have a peek at the second half, which deals with group rings
over the p-adic integers Z,. In the first half, however, we have to establish some
preliminaries which are just as true when the coefficient ring of the underlying
group rings is Z and will therefore be discussed in that setting. They carry over
verbatim to Z,,.

5.1. Polarized bases

Let K C A be finite abelian groups and put B = A/K. Working within ZZA, define
A(A,K) =ker [A(A) — A(B)] and A*(A,K)=A(A)A(AK). (5.1)
For the moment, we are interested in the modules A#(A, K) and Af(A, K)NAT(A).

Lemma 5.1.

AY (A, K) = ker [A%(A) — A%(B)].

Proof. A standard basis of A(A, K) consists of all elements of the form b(a —1) =
(b—1)(a—1)+ (a —1) with a € K and b from a system of representatives of A
modulo K. Therefore A(A, K) = A(A)A(K)+A(K) and A*(A, K) = A(A)A(K),
in other words: Af(A, K) 4+ A(K) = A(A, K). It follows that the first of the two
homomorphisms

A(K) A(AK) A(AK)
— —
A2(K) Af(AK) A2(A)NA(AK)
is surjective, and evidently so is the second. On the other hand, the two end-terms

of (5.2) are isomorphic to K: the first by canonical lore, the second by the exactness
of the sequence

0 — A2A)NAMAK) — AAK)-K—0, (5.3)

(5.2)

which is clearly the kernel of an epimorphism of short exact sequences, namely

O—»Az(A)—>A(A)L>A—>O

l 1 1 (5.4)
0 — A*B) — A(B) -~ B — 0,

with e : A(A) — A denoting the standard map (2.8). Consequently, the two maps
of (5.2) are isomorphisms, whence

A% (A)NA(AK) = A A K), (5.5)

which is just what the lemma claims. O
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Our next concern is to construct bases for certain submodules of A(A, K),
tuned to the action of a given automorphism group I' C . Recalling that any full
set V' of representatives of A modulo K gives rise to a basis

BV)={bla—1)|beV,1#a€ K} (5.6)

of A(A, K), we shall first concentrate on the shape of V' with respect to the I'-
action.

For brevity, b € A will be called naughty, if b° = ba for some ¢ € I' and
1 # a € K, i.e. if the stabilizer T,k of the coset bK is larger than the stabilizer T’
of b. The coset bK itself will be deemed naughty, if all its elements are. Clearly, this
property (of elements as well as cosets) is inherited by I'-conjugates and inverses.
If b is not naughty, no two distinct conjugates of b lie in the same coset modulo
K, and therefore the entire I'-orbit of b can be incorporated into a system V of
coset representatives. If this is done wherever possible, V' becomes a disjoint union
V1UVa, with V) forming a T'-set, and all b € V5 belonging to naughty cosets. Such
a V will be called T"-polarized.

In particular, we can polarize V with respect to the involution % : b +— b~!. For
this special case, we write V = V' UV", where b € V' means b=! € V', and b € V"
implies that b> = a € K with a # 1 of 2-power order. Indeed, if b is x-naughty,
i.e., if b1 = ba with 1 # a € K, we can put a = c?a’, where o’ € K has 2-power
order, and replace the representative b by bc. If V = V3 U V; is already polarized
with repect to some I', we can make these adjustments inside each V;, and get the
decomposition

V=viuvy,uvuvy, (5.7)

where b € V] implies b7 € V{ for all ¢ € T; b € VJ means b=! € Vy but b is
I-naughty; and so on. Some of these components may be empty: if | K| is odd, V"
is empty; if T' is trivial, V5 is empty; if T includes the x-involution, V;” is empty,
etc.

Lemma 5.2. Let the subgroup T' C G act trivially on the subgroup K C A of prime
order p. Then A*(A, K) N AT(A) = AT (A, K)N A2%(A) has a basis B = By U By
with the following properties:

(i) every element of B lies in A*(S, K) for some subgroup S = (b)K with b € A;
(ii) By is invariant under I', and all elements of Ba have I'-trace zero.

Proof. First we take V = V'UV" to be x-polarized and go after a basis of A* (A, K).
Under the present hypotheses, b € V" means that v> = a with (a) = K and
a? = 1. For any 3 = b(a — 1) with b € V and a € K, we therefore have: either
be V' and 8,6 € B(V), or b € V"’ and * = ba(a — 1) = —(. Obviously, if
d =) ngf € A(4, K) is x-symmetric, the latter kind of 8 must have ng = 0 and
the former kind must satisfy ng = ng~. Hence § = ¢* implies

5= ng(B+B)+ Y ngB. (5.8)

B#B* B=p*
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Conclusion: A" (A, K) has the basis {3+ 8* | 3 # B*}U{B | B = B*}, where
B =0bla—1) withbe V' and a € K. Note: § = 3* means a? = b*> = 1 and occurs
only if p = 2. Let us agree to choose V' N K # {1} if p = 2.

Turning to A+ (A4, K) N A2?(A), consider an element ¢ as in (5.8) and note that
its first summand lies in A%(A) because

BB =0-Da-)+0" =1 =1) = (a=1)(a"" ~1). (5.9)

The second term in (5.8) (zero unless p = 2) is a linear combination of § =
bla—1)=(b—1)(a—1)+ (a— 1), with b € V', and lies in A?(A) if and only if it
can be rewritten as a linear combination of (b — 1)(a — 1) with the same b’s (and
b = a allowed). This yields the following basis B for A* (A, K) N A2(A):

B={B+p"|B=ba—-1),8#5}U{b-1(a-1)[b"=a’=1} (510)

with b € V' and 1 # a € K. Now let V' be completely polarized as in (5.7), so
that V' = V/ U VY, and define B; to be that part of B for which b € V/. Then B is
a I'-set, which contains the (G-fixed) second term of (5.10) if p = 2. Thus, every
element of By is of the form 3+ * with 8 = b(a — 1) and b € V3 naughty. Such
a (0 has zero I'-trace. Indeed, since T" acts trivially on K, the map ¢y : T'pyx — K
given by o +— b°~! is a homomorphism; since |K| = p, it is surjctive. Therefore
a € K implies ba = b and § = b? — b, for suitable o € T'. a

Notation: We shall write A,(A) = A2(A) N AT(A). The kernel A, (A4, K) of the
map A, (A) — A,(B) thus equals A*(A, K)NAT(A) = AT (A, K) N A2%(A).

Note: If the group order |A| is odd, a basis of AT(A) is given by the elements
(1—a)+(1—a"1')=(1—a)(1—a'). Therefore A*(A) C A%(A), hence A,(A) =
AT(A), and AL(A,K) = AT (A, K).

Lemma 5.3. Let I' and K be as in Lemma 5.2. If F denotes the family of all
subgroups of the form S = (b)K with b € A, we have natural surjections

[] 25, K) — AL(A,K) and [ kerr Au(S,K) — kerp A, (A, K),
SeF SeF

where kerr stands for the kernel of the I'-trace.

Proof. The first of these is obvious from item (i) of Lemma 5.2. Now let B = B;UBs
be as in Lemma 5.2, and suppose that § = Y naa € A, (4, K) with a € B has
zero I'-trace. Then § = §; + 05 according to the partition of B, and d is already
in the image of the second map displayed above. Moreover,

= Z naa:ZZnaa:Z(ST, (5.11)

a€eBy T «€eT T

where T runs over the distinct I-orbits of By, also has zero I'-trace. Since the
T'-trace of each dr is an integer multiple of §7, it must be zero. On the other hand,
since every S = (b)K is I'-invariant, a € A(S) clearly implies o7 € A(S) for the
orbit T of a. d
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5.2. Logarithms and applications

For the rest of this section, we let A be a p-group, and take the p-adic integers 7,
as our coefficient ring. However, for the sake of simplicity, we shall keep 7, out of
the notation except in formal statements of results.

Note that the preceding lemmas remain true when read over 7Z,. The first new
item on the p-adic agenda concerns the unit group U*(A, A’) = 1 + A¥(A, A").

Proposition 5.4. For every subgroup A’ C A, the logarithm
log : U7, (A, A') — AVZZ,(A, A",

defined by the usual power-series, is an isomorphism of G-modules.

To appreciate the need for this, let us remind ourselves that the exp-series does
not converge as easily as one would wish, and that the log-series does not always
yield a homomorphism on its entire domain of convergence. We shall proceed
inductively and by small steps, repeatedly using the diagram

1 — UYAK) — U*(A4) — UYB,B) — 1
! ! | (5.12)
0 — A¥AK) — AfAA) — A¥B,B) — 0,

with K C A’ C A, Its second row is exact by Lemma 5.1 restricted to the subgroup
A¥(A, A") of A%(A), and the first row tags along because U* (A, A’) = 1+A¥(A, A")
and so on.

Proof of the proposition. The following statement summarizes the results of the
first section of [HR1], whose arguments extend (almost verbatim) to the case p = 2.

The map log : U*(A, A,) — AP(A, A,) is an injective homomorphism of G-
modules; it is bijective for cyclic A.

It therefore induces injections U*(A, A’) — A#(A, A’) for all A’ C A,,. In par-
ticular, (5.12) is a monomorphism of short exact sequences, and the surjectivity
of the second vertical arrow implies that of the first one. This means that the A’
occurring in the proposition can always be shrunk.

We shall prove the surjectivity of log : U*(A, A,) — A#(A, A,) in three stages.

Stage 1: First, let A = (a,b) with |A| = p?. Then A, = A and A*(A4,4,) =
AZ%(A). Letting K = (a) and A’ = A in diagram (5.12), and noting that B’ = B
is cyclic, we are reduced to showing the surjectivity of the left vertical arrow.
This is where exponentials come in: since t € Af(A, K) implies t = 6(a — 1) with
d € A(A), it follows as in the proof of Lemma 2 of [HS2] that ord,(t?) > 2, whence
exp(t) = 1+ t*/k! lies in Z,(A), and evidently even in U*(A, K). The fact that
t = log(exp(t)) is a formality which is easily transplanted to group rings.

Stage 2: Next, let A = (a,b) be non-cylic with a? = 1 and b of order p™ > p.
Putting K = A%, with ¢ = p™~!, we have K = (b?) = L,, for any cyclic subgroup
L C A of order > p, and hence the bottom horizontal arrow in the commutative
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square
UHAp, K) x [[,U*(L,L,) — U*AK)
| l (5.13)
AHA,, K) x [1; AYL, L,) — A¥YAK)
is surjective (cf. Lemma 3.2 of [HR1]), the verticals again being logarithms. The
left vertical is bijective by Stage 1 and the cyclic result quoted earlier; hence so
is the right vertical. Again turning to diagram (5.12), with A" = A, — hence
B = A/K and B’ = A,/K = (a) — we may assume by induction that log :

U*(B,B') — A¥(B, B') is surjective. By (5.13) so is log : U*(A, K) — A*(A, K)
and we are done.

Stage 3: In the general case, every generator (b— 1)(a — 1) of A%(A, A,) lies

in A¥*(S,S,) for some subgroup S = (a, b) of the type considered above. Therefore
the bottom arrow of the diagram

Hsuu(87 Sp) - uﬁ(AvAp)
1 1 (5.14)
[1s A%(S,S,) — Af(AA)

is surjective, and so (as shown above) is the left vertial. It follows that right vertical
is surjective, too. a

Remark. By an easy induction, it follows that UsZZ,A = 1 + A%Z, A is torsion-
free, just like its global counterpart.

In the sequel, we shall be mainly interested in A, = A2NAT and U = 1+A,,
as well as in the kernels A, and Z/{2+ of the H-trace and H-norm, respectively.
Restricted to U™, the proposition clearly yields an H-isomorphism

US72,(A, Ay) — AZ,(A A, (5.15)

which maps Uy 7, (A, A,) onto A ZZ,(A, A,).

Proposition 5.5. As C' runs over all cyclic subgroups of A, we obtain a natural
surjection

114 z.c — us7z,A.
C
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Again we proceed by induction and hide 7, in the notation. Abbreviating Uy
by U,, we now use the diagram

HSLL(S,K) - HSL?*(S) - Hsd*(S/K) — 1
! ! ! (5.16)

1 UAK) — (4 —  WAK)
where S ranges over a family F of subgroups of A each containing the fixed sub-
group K C A,. K and F will have to chosen in such a way that (a) S/K is cyclic
for all S € F, (b) the right vertical arrow of (5.16) is surjective by induction
hypothesis, and (c) the map

I A8, K) — Au(A,K) (5.17)
SeF

is surjective. By the logarithmic isomorphism (5.15), the latter conditon will make
the left vertical of (5.16) surjective. Condition (a) ensures that both rows of (5.16)
are exact. In fact, the only problem is the right exactness of the first row, but by
Lemma 4 of [H3] — whose proof is easily adapted to include p = 2 — we know:
the map

U 7,8 — Uy %,(S/K) (5.18)

is surjective whenever S/K is cyclic. Altogether, then, Conditions (a) — (c) make
the center arrow of (5.16) surjective.
The proof of the proposition itself is again in three steps.

Step 1: Let A = (x,y) with |A| = p?, and take F to be the family of cyclic
subgroups. For this preliminary step, we shall not use (5.16) but a more summary
argument based on the isomorphism log : U5 (A) —- A, (A) available in this case.
For p = 2, these groups are trivial because of the trace condition (!), and there is
nothing to show. For p > 2, however, A,(A) = AT(A) has generators of the form
(2 —1)+ (271 = 1), which are obviously available from cyclic subgroups. Therefore

II 2.(¢) — A.(4) (5.19)
CeF

is surjective. By a rank count, it is even bijective: we have (p+ 1) non-trivial cyclic
subgroups C, and hence a module of rank (p+ 1)(p — 1)/2 = (p*> — 1)/2 on both
sides. Clearly this continues to be an isomorphism when restricted to the kernel
of the G-trace. In view of the log-isomorphism, this yields the result.

Step 2: Let A = (z,y) with |A| = p™™ > p? and 2P = 1. This time F will
consist of all “large” cyclic subgroups of L C A such that |L| > p together with
the elementary abelian group A, = (z,y?). Every L is generated by an element
x"y®, where 0 <7 < p—1and s = p' with 0 < ¢ < m — 2. We shall use (5.16) with
K = (y7).

Let us now worry about Conditions (a) — (c¢). The first of these is automatic
by definition. For Condition (b), note that A/K is a smaller group of the same
type or elementary abelian. Moreover, L/K runs over all cyclic subgroups of A/K,
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except for (x) = A,/K, so that Condition (b) is the induction hypothesis on the
theorem. The trickiest part is Condition (¢), the surjectivity of

Au(Ap, K) x [TAL, K) — A(AK). (5.20)
L

This comes from Lemma 5.3: because of our choice of K, every group S = (b)K #
K occurring in that context is either an L or equals A,, depending on whether b
has order > p or not. Lemma 5.3 thus yields the desired kind of surjection for A,
itself and for kerp A,, where I' stands for the maximal p-subgroup of G (which
acts trivially on K). For p = 2 we have G =T, and all is well. For p > 2 we have
G =T x G', with G’ of order p— 1, and ' = G(1) in the notation of Section 4. We
now use the known surjectivity for the analogues of (5.20) with A, and kerp A,
in the place of A,, and invoke Lemma 1 of [H3], to wit:

If an epimorphism X — Y of 7ZZ,G-modules remains surjective when restricted
to kerr X, it will also remain so on ker ¢ X. (This easily follows from decomposing
X,Y with respect to the characters of the p’-subgroup G’ C G).

Using the resulting surjectivity of the center arrow of (5.16) and applying Step 1
to A,, we get what we want.

Step 3: For general A, we let K = () of order p, and take F to be the family of
all subgroups S = (z,y) with y € A. Conditions (a) and (b) are straightforward.
Condition (c) is a bit smoother than above but follows the same pattern. To get the
surjectivity (5.17), we appeal to Lemma 5.3, which yields it for A, and kerr A,,
where T is again the maximal p-subgroup of G. For p > 2, we must once more use
Lemma 1 of [H3]. Applying Step 2 to each S € F, we are finished. O

Corollary 5.6. If A — B is an epimorphism of finite p-groups, the induced map
U 7,A — U 7L, B is surjective.

Proof. This follows at once from Proposition 5.5 and the surjectivity of the map
(5.18) for cyclic groups S/K C B and suitable pre-images S C A. O

Remark. For p > 2, the proof of Proposition 5.5 also works — in fact, becomes a
lot easier — without the restriction to the kernel of the H-norm (which is the same
as kerg on Z/{2+ ). Hence the proposition and its corollary have valid non-accented
counterparts; in particular

114 z,c — us7z,A (5.21)
C

is surjective for odd order A (of course U, = U, in that case). For p = 2, on the
other hand, the map (5.21) is not surjective: the unit 1+ (x — 1)(y — 1) is not
a product of “cyclically induced” units in Uy, Z,A, if A = (r,y) with z # y and
2=y =1.



26 Klaus Hoechsmann
6. Regular primes

A prime p is said to be regular, if the class number h, of the field of p-th roots of
unity is not divisible by p. For abelian p-groups A, regularity of p will be seen to
mean that the group L{l@ 7Z.A makes up as much of the p-adic group L{f' Z,A as it
possibly could (cf. Corollary 6.4 below). This will allow us to exploit certain con-
venient properties of the p-adic environment (notably logarithms) and eventually
prove that all circular units are constructible, i.e., ¢(A) = 1.

This is stated as Theorem 6.6, whose proof requires the main results of the last
three sections as well two new ingredients: Corollary 6.4 and Proposition 6.5. For
odd p, these can be found in [HS3] and [H5], respectively.

6.1. Arithmetical background

Let us take this opportunity to list the properties of class numbers h(F') of number
fields F' which will be needed in the sequel. For a primitive n-th root of unity (,,
let h,, and h;} denote the class numbers of Q((,) and Q((, + ¢, 1), respectively.
Let p be a prime not necessarily related to n.

(i) p divides h(F') if and only if F' has an unramified Galois extension of degree p.
(ii) h, factors as hy h;t, and for n = p™, the index [UT(¢,) : UP((y)] equals At
(iii) h, is divisible by p if and only if the Bernoulli numbers By, ..., B, 3 (which

lie in 7ZZ,) are prime to p.

The notion of regularity was introduced by Kummer [Ku] in his famous proof
of Fermat’s Last Theorem for regular prime exponents. He also gave the charac-
terization of regularity in terms of Bernoulli numbers hinted at by (iii). We picked
up only the h, part of this characterization, since we shall have to revisit the rest
of it, in Lemma 7.2 below, for our present purposes.

Item (ii) comes from the analytic class number formula h, = P,/Rp, where
R = R is the regulator of the unit group of Z[¢y] (or that of Z[Cy + ¢ 1)) and
P, is essentially the product of L(1,x) for the characters x # 1 of G. Separating
odd characters from even ones yields the factorization hyn, = hy, (P / R;), whose
second factor is just k. For even y, however, L(1, x) can be expressed by sums,
over o € G, of terms involving log |¢? — 1| with suitable ¢ (cf. [Wa], Theorem 4.9).
This expression, which is also behind the fundamental injectivity (2.4), reveals
that, for n = p™, the product P, is just the regulator of the cyclotomic units
(cf. [Wa], Theorem 8.2). For general n, Sinnott [Si] has shown the index of the
cyclotomic units to equal 2bhﬁ, where b depends on the number of distinct prime
divisors of n, and b = 0 if that number is < 3.

Finally, (i) is immediate from one of the core results of class field theory: the
isomorphism between the ideal class group of F' and the Galois group of its maximal
unramified abelian extension (“Hilbert class field”). It will be used in Lemma 6.1.

In view of item (ii) we are also interested in primes p such that h;f is prime to
p: they will be called semi-regular. It has been conjectured (by Kummer and later,
independently, by Vandiver) that every prime has this property. Although h;; is

difficult to compute, this has been checked for p < 503.



Commutative group rings 27

Notation. If X is a finitely generated Z-module, we shall use X to denote the
maximal torsion-free factor module. Most of the time we shall be dealing with
torsion of exponent < 2, non-trivial only if p = 2 — much ado about (almost)
nothing. Furthermore, we write X ® 7, = X and X ®IF, = X, and use analogous
notations for similarly adjusted homomorphisms.

As in the preceding section, if the group H acts on X, we shall denote by
kergy X the kernel of the H-trace (called H-norm in the multiplicative case). If
H = G/(*) with G = (Z/nZ)* for some fixed n, we abbreviate kery X = X.
As long as we are dealing with torsion-free H-modules, there is, of course, no
difference between kerg and kerg.

Our first aim is to extend the primeness of the class number from h,, to all h,m.
This easily done by (i) and the following elegant argument of Iwasawa [Iw].

Lemma 6.1. Let E/F be a cyclic number field extension of degree p, such that a
single prime divisor v of F' ramifies in E and is totally ramified. Then E has an
unramified Galois extension of degree p if and only if F' does.

Proof. Let L'/E be an unramified Galois extension of degree p. Working in its
Galois closure M over F', which is still unramified over £ and of p-power degree,
it is easy to see (since the commutator group of Gal(M/F') cannot have index p)
that L'/E can be replaced by an unramified Galois extension L/E of degree p
and such that L/F is abelian. Hence all prime divisors of v in L have the same
inertia group I' C Gal(L/F), and |I'| = [E : F]. The fixed field of T" is the desired
unramified extension of F' of degree p. The converse is obvious. a

Remark. By (i) it follows that h(E) is divisible by p if and only if h(F') is. Applied
to F = Q((pm-1) and E = Q((pm), this shows that a regular prime p does not
divide hpm for any m. Applied to the real subfields, it says that a semiregular
prime p does not divide h;'m for any m. Note that p = 2 and p = 3 are allowed
here.

Lemma 6.2. If p is regular, the natural map UZL[C,) — UZL,[C,) is injective for
alln=p" > 1.

Proof. If e € UZL[(,,] is not a p-th power but becomes one in UZZ,[(,], the polyno-
mial X? —¢ is irreducible in Q((,) but splits completely in Q,(¢,). If E = Q((y)
and L = E(n), where n? = ¢, the prime divisor of p in E splits completely in L.
Since the different of L/E divides pnP~!, no other finite prime of E can ramify
in L. The infinite primes are already complex. Hence L/F is unramified, and p
divides h(E). O
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6.2. Abelian p-groups

We now turn back to finite abelian p-groups A, keeping in mind that £(A) stands
for the 1-units in the maximal order of QA (cf. Section 4) and that £,(A) denotes
the analogous group in Q,A.

Proposition 6.3. If p is regular, the natural map X\ : EOZA — kerg ET7ZL,A is
an isomorphism for all for finite abelian p-groups A.

Proof. It suffices to prove this for A, : §®Z[§n] — kerg E17Z,[¢,]. Note first
that, while H-norms of 4" (¢,) may be +1 (for p = 2), the G-norm is always 1.
Abbreviating E7,[¢,] by €,(¢), we have an injection £(¢) — &,(¢) by Lemma 6.2,
because £(¢) always has index p — 1 in U(¢) and hence £(¢) = U(().

If we now go from & to £7T, i.e., restrict our attention to real units, we still have
an injection. Indeed, for p > 2, even E+(C) — &(C) is injective: if u = vP with u
real, then v* = ev with e”? = 1 and also €2 = 1, so v must be real. For p = 2,
however, we could have v* = —v, so that —u = (iv)? is a square of a real unit; but
if such a u became a square in 8;‘ (€), say u = w?, we would have the impossible
equation —1 = y? with y = iv/w € £} (¢). Thus gt Q) — f;_ (€) is injective for all
regular p.

Finally, since [UT(¢) : UP(C)] = h;} by (ii), where n is the order of ¢, and since
h} as a divisor of h,, is also prime to p, the groups E+(() and ?®(() coincide.
All in all, we conclude that the reduction modulo p of the map A, is injective.
But, except for the nuisance factor —1 on both sides for p = 2, source and target
of A\, are free Z,-modules of the same rank — the left one by Dirichlet’s Unit
Theorem, the right one by an analogous p-adic result (cf. [Ha], I1.15.5). Hence their
reductions modulo p have the same IF,-dimension and are therefore isomorphic.
By Nakayama’s Lemma, A, is surjective.

For odd p, the aforementioned equality of Z,-ranks on both sides of A, imme-
diately implies the desired isomorphism. For p = 2, each of the groups mentioned
in the proposition is a free module times the group {£1}. In that case, too, the
surjectivity of \,, does the trick, but the argument is left to the reader. a

For p = 2, we sometimes have to deal with maps T'x V — T x W, where T
is a group of order 2 and V,W are free modules over Z or Zy, and where T is
mapped onto itself. This is not very different from a similar map V — W without
the T', and we shall not elaborate on the fastidious details, unless there is a real
difficulty.

Corollary 6.4. (Density Lemma) For any finite abelian p-group A and regular p,
the natural inclusion US ZA — U T, A is an isomorphism.

Proof. The p}receding result can be restated as saying that 5’@(4) is dense in the
7Z,-module £ (¢), the acute accent denoting the kernel of the H-norm. Indeed, if

0 € £9(¢) has H-norm —1, it yields the disjoint unions E2(¢) = £2(¢) UE®(()
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and kerg EF(¢) = 8;((:) u 95;‘ (¢). Since the first of these is dense in the second,
the same is true for the individual (open) components.
A modified version of the pull-back (4.2), namely

US(A) — UFZ,A
| | (6.1)
£9(A) —  E£F(4)

says that US(A) = E9(A) NUS Z,A, the intersection taken inside S;‘(A) We
know, however, that £®(A) is dense in EJ(A) Since Uy 7, A is of finite index in
Z/{l"r 7L, A, hence open in 5; (A), a simple argument of general topology shows that

it contains the intersection Uy’ (A) as a dense subset. In other words, 2:1\2@ (A) fills
up all of Z/’{;ZPA. a

Remark. For semi-regular p, we have the much weaker isomorphisms (equalities)
EP(A) = EF(A) and UL (A) = Uy (A). But these do not require the arguments of
Lemma 6.2 or Proposition 6.3: the first follows simply from the fact that h} =
Ut (Cn) : UP(¢)] is prime to p, and the second follows from this as in the corollary.

Actually, Proposition 5.5 reduces the Density Lemma to the cyclic case A = C.
In that form, it could have been derived from the pull-back (3.4), according to
which L{fB(C’) is the kernel of a surjective “difference map” USG(CP) xEP() -V,
where V' is a suitable finite p-group. By mapping this arrangement into its p-adic
counterpart, one can avoid an overtly toplogical argument by an appeal to the
exactness of the “hat”-functor on finitely generated modules — cf. [HS3].

Our next proposition returns to the questions and the notation of Section 3. It
says that ¢(C') = 1 in the regular case.

Proposition 6.5. (Kummer’s Lemma) ker,Us (C) = UF(C)™P for any cyclic
p-group C and reqular p.

Proof. By formula (3.9) and induction hypothesis, we may assume that Uy’ (C?) =
Y(CP). Since 7 : Y(C) — Y(CP) is surjective, we obtain a short exact sequence

1 — Uy(C.C) — UF(C) — Uy (Cr) — 1 (6.2)

in which Z/ISB (C,C,) just denotes the appropriate kernel. By induction and a stan-
dard diagram chase, it suffices to show that any u = 1+ pd € UP(C, C,) is a p-th
power in U (C, C,).

With u transferred to Uy 7, (C, C,), the logarithmic isomorphism (5.15) yields
v € Uy 7Z,(C,C,) such that vP = u. Since the H-norm of u is 1, that of v must
have order < p. But there is no torsion in Uy 7Z,(C,C,) ~ AZ,(C,C,), and
hence v has G-norm 1.
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Reducing the map shown in the Density Lemma modulo p-th powers, we get
an isomorphism whose inverse takes the class (modulo p-th powers) of v into the
class of some w € Uy (C) with w? = u. Now u™ = 1 implies w™ = 1, because
Uy (C) certainly has no torsion either. Therefore w lies in the kernel Uy (C, C,) of
7, and since regularity makes h,; prime to p, we have w” € L{SG (C,C,) for some
prime to p. This means that u" is a p-th power in L[Q@(C, C,), and hence so is u
itself. ad

If p = 2, there is an elementary argument in which 7, is eschewed in favor of
IFp, and MSG (C) is replaced by Y(C') with the help of Corollary 3.5. We are then re-
duced to showing that the kernel of p : Y(C, C2) —>Z/{1+IF2 (C, C2) consists entirely
of squares. On the elementary abelian 2-group Z/{I"]FQ(C7 C2) = 1+ ATIFo(C, Cy),
we have the delightfully simple logarithm log(1 + §) = §, which together with p
induces a homomorphism

V(C,Ca)  ATIF(C,C)
V(C,Cy)? AtIF2Cy

for n > 8. To show inductively that this map is bijective, it suffices to establish
the surjectivity of its relative

W(C,Ca) ATIF3(C,Cy)

W(C, Cs)2 ATIFo(C2,C9)

This is done in [GH] by exhibiting a suitable wa(z) € W(C, C2) whose image is
an IFg H-generator of the module on the right.

Remark. The original form of Kummer’s Lemma concerns U((,) and is equivalent
to Proposition 6.5 for the case |C| = p, cf. [Ku], p.297. Our proof required the
restriction to cyclic groups C only to get the right exactness of (6.2). This could
have been obtained for general A by using the Density Lemma together with
Corollary 5.6, proving that

ker, U (A) = U (A)™ P (6.3)

in general, as long as p is regular.
At long last, we are ready to answer Question (1) of the introduction.

Theorem 6.6. U’ (A) = YV(A), for any finite abelian p-group A and regular p.
Proof. For cyclic A, Kummer’s Lemma together with formula (3.9) implies ¢(A) =

1, as claimed. For general A, the Density Lemma guarantees the vertical arrows
in the commutative square

[MUS(C) — US(A)
! ! (6.4)

HCZJ;ZPC - Z/’{JZPA
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to be isomorphisms (actually this is needed only on the left). Proposition 5.5
produces a surjection on the bottom horizontal, and hence we have one on the
top as well. By the results of Section 4 — cf. especially formula (4.3) — the top
horizontal map without the hats, namely

p®: [ us(©) —ud A, (6.5)
CCA

has p-power index. Since tensoring with 7, cannot hide a non-trivial p-cokernel, it
follows that the map (6.5) is also surjective. In other words, every u € U5’ (A) can
be written as uj - - - ug, with u; € Z/{Q@(Ki) for certain cyclic subgroups K, ..., K;.
Since ¢(K;) = 1, every u; is constructible, and therefore so is . O

Example. Using the explicit formulas of Proposition 2.3, let us look at Us (A) =
Y(A) in case A" = {1} with n = 2™. Choosing 7 :  — 2% and 8 = (7 — 1)?,
we can use the unit w(z) = wg(acfl) to generate Y(A). It turns out that w(z) =
(7Y + 1+ 2)sp(z) — K8, (), where b — 1 is the sum of all 22%+1 < n. This means:
the set {w(z) | z € A} can be thinned out to a Z-basis of Y(A) by omitting one
element from each of its non-trivial (ZZ/nZZ)*-orbits. For n = 128 (with b = 43
and k = 1), this actually yields all of U;"(A) = U?(A) because hips = 1.

Remark. For semi-regular p > 2, the remark following the Density Lemma im-
plies that the top horizontal arrow of (6.4) equals the map fi obtained by p-adic
completion of the map p displayed in (1.2). Since they are p-powers, the indices
of the maps u and p® are therefore equal. The composite homomorphism

[ y©) = IT ur©) —uf ), (6.6)

ccA ccaA

whose index obviously equal ¢(A4), shows that ind(u) | ¢(A4) in this case, as claimed
in the introduction.

7. Irregular primes

In this section, which is essentially an account of [H7], we shall see that c(A) > 1
whenever |A| = p™ > p and p is irregular. By the remark following Lemma 2.1,
it suffices to show this for |A| = p?. So there are two cases: cyclic and elementary
abelian.

7.1. A converse

As we want assurance that Kummer’s Lemma fails for irregular p, we might as
well take p > 3 and concentrate on a group K of order p. Since U (K) = W(K)
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in this case, Proposition 6.5 asserts the injectivity of the composite
W(K) -5 UL (K) -2 U IR, K, (7.1)

Since the group G = Aut(K) is cyclic of order p — 1, both W(K) and U; (K)
have rank (p — 3)/2. Since each of the IF,-spaces in (7.1) has the same dimension
(p— 3)/2, injectivity and surjectivity of each of the maps 7, p, or po7 are logically
equivalent.

This can be said more precisely in terms of the IF,G-structure of the underlying
spaces and of characters of G. Every homomorphism G —>IF; is of the form
7¢ for suitable 1 < d < p — 1, where 7 denotes the canonical identification of
G = Aut(Z/pZZ) with . Accordingly, every IF,G-module V' is a direct sum
of characteristic submodules Vg, and every G-map ¢ : V — V' of such modules
decomposes into “slices” gq : Vg— V. When G acts via H = G/{+£1}, only
even characters are involved, that is, d = 2k with k = 1,..., (p — 3)/2, the trivial
character, d = p — 1, being absent in the scenario (7.1).

Lemma 7.1. Each of the three IF,G-modules shown in (7.1) splits into (p — 3)/2
distinct submodules of dimension 1. Thus, each of the maps Tor and pyy,, for 1 <
k < (p—3)/2, is either null or an isomorphism.

Proof. We shall see that each of the modules is isomorphic to AIF, H. For the first
one this follows from the fact that A(H) ~ A%(H). For the third one, it is shown
by the logarithmic isomorphism

UTF,K =1+ AF,K > AF,K (7.2)

available at characteristic p. In fact, if K = (), the standard basis {z—1 | o € G}
of AIF,K is clearly normal with respect to G, so that U;IF,K is isomorphic to
IF,G. The restriction to G-norm 1 knocks out the G-invariant component and
hence produces an isomorphism with AIF,G. It follows that Uu;r IF, K is isomorphic
to AIF,H.

To the middle term of (7.1) we can apply the general argument, that, for any
7ZZG-module Y, the isomorphism type of Y (and hence of Y) is determined by
that of Y ® ®,. Indeed, since Z,G contains the minimal idempotents of ®,G,

the module Y splits into submodules of rank 1, each suffering the action of G
via a specific character (79 followed by the natural inclusion IF; — 7L)); the
multiplicities of these characters can be read off from QY.

Now, any injection X — Y between ZG-modules of the same ZZ-rank clearly
induces a G-isomorphism X ® F -~ Y @ F for any field F of characteristic 0, e.g.
F = @,. In the present situation, we can take X = W(K), and Y = U (K). o

Remark. The surjectivity of (7)4 is clearly equivalent to the vanishing of the d-th
component of [U; (K)/W(K)| ® IF,. For this to happen at all d, it is necessary
and sufficient that the order of U; (K)/W(K) be prime to p. By (ii), this means
that A} is prime to p.
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Lemma 7.2. For a prime p > 3, and 2 < d < p-—3, the d-th slice of the composite
potl : W(K)—UTF,K, as shown in (7.1), is non-trivial if and only if the
numerator of the Bernoulli number By is not divisble by p.

Proof. By means of a classical calculation (cf. [BS], Ch. V, §6.3) derived from [Ku],
together with the logarithmic isomorphism (7.2) in the refined form

log : UF, K —- F,AK/IF,AP"'K (7.3)

we will show that im(logop o 7)q = IF,By(log z)¢, where By is the d-th Bernoulli
number and x generates K. It seems to be the only calculation in this game which
cannot be restricted to the x-symmetric part of AIF,K (which does not contain
log ).

By integrating the appropriate logarithmic derivative in the field Q((z)) of
formal Laurent series, one first obtains the identity

e —1 z Bop ok
1 =2 D2k
() RCI 2t /; (2k)12k”

in the ring of formal power series Q[[z]], and hence in any truncated polynomial

ring Q[z]/z” for v > 2. On the other hand, since (¢* — 1)/z is a sum of terms

of the form zk_l/k:!, this truncated polynomial has coefficients in Z; as long as

v < p. It follows that Ba, ..., B,_3 are in Zjp, and that (%) is valid in IFp[2]/2P 1,
Now consider the unit y = €® in IF[2]/2”, and note that the equation

1 r—1 e —1 z
(1 -z .
7'( Tyt ty ) rz e —1

(+)

holds for any 1 < 7 < p, in the “shorter” ring IFp[z]/2P~! (because of the “division”
by a generator of the maximal ideal of the original IFp[2]/2P).

After this excursion, let us get back to group rings. Since y? = 1, we can set
x =y and identify IF,[z]/2P with our modular group ring R = IF, K. The shorter
ring IF,[2]/2P~! then turns into a copy of R’ = IF, K/IF,AP~! K. Combining the
equations (%) and (xx) and remembering that z = log z, we get

r—1 _ 2k Bor, 2k
log v, 5 logz = ]g(r 1) (k) 2% (log ) (7.4)

in R, with v, = (1+ 2+ -+ 2" 1) /r. The group G = (Z/pZ)* operates on
the IF,-algebras R and R’ by automorphisms of the form o. : © — z°. In fact, the
eigenspaces of this action are spanned by the powers of z, since o, maps z = log x to
cz, and hence 2’ to ¢'z*. For a typical minimal idempotent ej of IF,G, we therefore
have e; 2t = (5ijzi, the delta being Kronecker’s. Putting w, = vrx(l_T)/z, we thus
conclude from (7.4) that

d

-1 d

for even d = 2k = 2,...,p — 3, all this to be read in R/, i.e., modulo IF,AP~ K.
Now, if o, is a generator of H, every one of the factors r¢ — 1 is non-zero in

eq - logw, =
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IF,. To prove our inital claim about the image of (logop o 7)4, it only remains
to check that w,, with o, generating H, is a Z H-generator of the natural image
of W(K) = W(K) in UIF,K. We leave that task to reader, with the hint that
A4+z+-+z )Pl (I4z+--+2" 1) /r=1inF,K. O

Corollary 7.3. A prime p is reqular if and only if the map p o T is injective, in
other words, if and only if ker,Us (K) = U5 (K)? for |K| = p.

Proof. Since Uy’ (K) is trivial for p = 2,3, we may assume that p > 3. By the
lemma, the injectivity of p o7 is equivalent to the non-triviality, modulo p, of
all the pertinent By. Hence by item (iii) at the beginning of Section 6, the class
number factor h,, is prime to p. The injectivity of 7 yields the same property for
the factor Al O

For cyclic A of order p?, we have ¢(A) = i(K) by formula (3.9). Therefore
this corollary says that ¢(4) = 1 if and only if p is regular. However, we shall
wait for a more precise result. In fact, whatever the size of the p-group A, its
automorphism group contains a canonical copy of (Z/pZZ)™, whose action allows
the decomposition of any associated p-group like I'(A) according to the characters
7%, Theorem 7.7 will deal with the individual components I'(A).

Definition 7.4. We shall say that the prime p is semi-regular or regular at d if
the d-th slice of 7 or p o7 (respectively) is non-trivial *. An element v € W(K)
which is not a p-th power in W(K) but does fall into the kernel of (po7)4 will be
called a Kummer unit at d.

A Kummer unit clearly is unique, modulo p-th powers, up to G-conjugation.
Its existence is equivalent to p being irregular at d. It can be produced explicitly
by applying a pre-image in ZZG of the idempotent e4 € IFpG to a ZG-generator
wa (z) of W(K).

7.2. Non-constructible units

We first describe a process by which units can be pulled back along an epimorphism
A — A’. This method will then be used to produce generators of U (A)/YV(A) for
|A| = p? and p irregular.

Lemma 7.5. Let ¢ : A— A’ be an epimorphism of finite abelian groups, with
kernel B. For any u € Uy (A’) congruent to 1 modulo |B|, there exists a unique
E(u) € Ur(A) such that

Y@ i = o,
“““”‘{1 (B 1,

An analogous notion of quasi-regularity, pertaining to the non-triviality of p, and
used in [HS1], would be weaker than regularity only if Vandiver’s Conjecture fails.
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for any character ¢ of A.

Proof. If Sp denotes the sum, in ZZA, over all elements of B, we have an induced
bijection SpA(A) — |B|A(A’), which is an isomorphism of ZA-modules (ideals)
in the obvious sense. Therefore it yields an isomorphism of multiplicative semi-
groups 1+ SpA(A) — 1+|B|A(A’), which in turn can be restricted to invertible
elements, producing a group isomorphism

(14+ SpA(A)) NU(A) = (1+|B|A(A)) NU(A) (7.6)

between the groups of units which are = 1 modulo Sp and |B|, respectively. We
are interested in its inverse €, which is explicitly given by

§(1+|B| Zaz~z>:1—|—2aa(x)~x:1—|—SB Z Ae(y) " Y, (7.7)

z€A’ z€A yER(B)

where R(B) C A is any system of representatives of A/B. If ) : A— C* is
any character of A, we have (Sp) = |B| or = 0 depending on whether or not
B C ker ), or equivalently, whether or not ¢ = 1’ o ¢ for suitable ¢’ : A’ — C*.
Therefore (£(u)) equals ¢'(u), if » = ¢’ o€, and 1 otherwise. O

Remark. Before going on, we should once and for all explain the “slicing” of a
72,G-module X according to the characters of the subgroup G’ ~ IF‘; of G. (In
this section, we have so far only had the case G = G'). Since Z; is the inverse
limit of the groups (Z/p™ZZ)*, the canonical surjection Z; — IF; ~ G’ has a
natural right inverse 7 called the Teichmaller character. All characters G’ — Z;
are powers 7% of 7, and — since (p — 1)~! exists in 7L, — the module X splits &
la Maschke into p — 1 “slices” X (some perhaps trivial) on each of which G’ acts
via the appropriate 7%.

Lemma 7.6. Let |K| = p and suppose that u € W(K) is a Kummer unit at d.
Then, if |A| = p?, the d-th component T'(A)q of T(A) = UF (A)/V(A) is generated
by units of the form &(u) for epimorphismse : A — K.

Proof. For cyclic A of order p?, Proposition 3.4 says that 7 induces an isomorphism
['(A)g — I(K)g4, where K = AP. If I(K)4 is non-trivial (i.e., p irregular at d),
then it is of order p and generated by the Kummer unit u. Hence I'(A) is generated
by 7 (u).

Now suppose that A is elementary abelian and consider the set {Co, Cy,...,Cp}
of its subgroups, as well as the corresponding factor groups K; = A/C; and the
canonical maps ¢; : A — K;. Together, these yield an injection

B Us(A) — [[W(K)). (7.8)
=0

By Lemma 7.5, we have ¢; : £;(u) — u®s | with Kronecker’s . Since u generates

W(K )4, this says that 8, = (8 ® IF,), is surjective, and hence, by a rank count,
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bijective. In other words, the &;(u) generate Us’(A) modulo p-th powers, hence
(Nakayama) modulo pY-th powers for any N, hence a fortiori modulo Y(A). O

Theorem 7.7. For |A| > p, and d = 2k with 2 < d < p—3, the component T'(A)q
is mon-zero, whenever p is irregular at d.

Proof. By Remark 2.2, any inclusion A — A’ entails an injection I'(A4)4 — T'(4")4.
Hence we may assume |A| = p?. For cyclic A, the isomorphism T'(A)y — I(K)q4
says it all; so suppose that A is elementary abelian.

Since the map ( of (7.8) is injective, I'(A) is naturally contained in the cokernel

of v, the restriction of 5 to Y(A), for any elementary abelian A. Now,
v [[wc) — T wk;) (7.9)
( J

is given by an obvious matrix with entries in the endomorphism ring of W(K).
Using that matrix, the IF,-corank of 7, was computed in [H1], and found to be
> 0 for all d. However, if p is irregular at d, the proof of Lemma 7.6 shows that
B4 is bijective. Hence T'(A)4 is equal to the cokernel of 7,,. O

For A cyclic of order p2, we obviously have an “if and only if”. The same is true,
a little less obviously, for elementary abelian A. If p is regular at d, the injection
W(K) g — (UTFpK)y is easily converted to W(K) g «— (U1 ZpK)4. In fact, w = vP
with v € 14+ AZZy K clearly makes w trivial in U1IF, K. Using Nakayama’s Lemma
and a rank count, we then obtain an isomorphism W(K)d S U LK) g, e, a
Density Lemma for the d-th slice, and can argue as in the proof of Theorem 6.6 to
show that I'(A)4 is trivial. If we could “slice” the Density Lemma for |K| = p,
we would stand a good chance of proving such a converse for general A.

For elementary abelian A with |A| = p?, the cokernel of v turns out to be
elementary abelian as well, and its d-th slice has IF,-dimension p — d (cf. [H1]).
Hence the same holds for T'(A4)g, if p is irregular at d. By Lemma 7.6, this group
is generated by the p 4+ 1 “lifts” &(u) produced from the Kummer unit u by the
explicit formula (7.7). It is shown in [H7] that these units are not constructible.

Example. As an illustration, we shall work this out for p = 37. If K = (z) with
237 =1, we have G = Aut(K) = (IF37)*. For an integer r prime to 37, let o(r) be
the corresponding element of G. Since G is generated by o(2) as well as by o(5),
the prescriptions of [H8] show that w(z) = 272 — 271 4+1—2—2?% is a ZG-generator
of W(K). It is well-known that p = 37 is irregular only for d = 32. Therefore the
critical character is 7¢ : o(a) — a®? = a* (values to be read in IF,), and the
corresponding idempotent of IF,G is

36
€3 = — 211"40(1") =— Z;Vn4)\(n), (7.10)

where N = {1,2,3,4,5,8,9,10,15} is a set of representatives modulo the multi-
plicative subgroup G4 = {6, —1, —6,1} and A(n) = o(n)+o(—n)+o(6n)+o(—6n).
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If we now choose a preimage 732 € ZG of e3s by replacing the n* in (7.10) by
suitable integers a,, = n* mod 37, the resulting Kummer unit will have the form

ug2(z) = w(z)" =14 37 Z en(2" + 27T 420 4 270 gy (7.11)
neN

because it must be invariant under G4. For a group A = (x,y) of order p? and
an epimorphism ¢ : A — K with kere = (y), we can finally write down the unit
£(usz) as

u(x,y) =14 Sy Y enla” + 27" + 2 + 27" — 1), (7.12)
nenN

The coefficients ¢,, are as follows:

c1 = —1147557105040667341442808 co = +681732566824536933894968
c3 = —54182301438440608270800 ¢y = —559998713102984680018224
cs = +995966533834975557490332 cg = —610334679098778334688974
cg = +120977500856010523455712 c10 = +324974773291376818267889
c15 = —81386880130124246971003

In both the cyclic and the elementary case, the units u(x,y) together with the
constructible w(z) generate U;”(A). If A is elementary, they even generate all of
Ut (A) because it so happens that hj, = 1.

Remark. For elementary abelian A of any order p”*!, the IF,-dimension of
I'(A)y ® IF, equals

d+v
1+p+---+p”—( d > (7.13)
whenever p is irregular at d, giving an improved lower bound on |[['(A)y4| — cf.

Theorem 3.4 of [H7]. However, nothing is known about generators of I'(A4) for
v > 1. The assumption of semi-regularity made loc. cit. is required for the statement
about the cokernel of the map (1.2), and can be dropped in the present context.

8. Local units and global ideal classes

The ultimate aim of this section is to establish, for abelian p-groups A, a connection
between the circular index ¢(A) and the order of a certain group DT (A) of ideal
classes in ZZA. The way this is done is foreshadowed in [H2], which deals with
the very transparent case of elementary abelian A. The first step is to show that
the group U;" 2,A of “local” units has a kind of normal basis with respect to
7Z,(H,7) — cf. Theorem 8.1 below — as long as p is odd. By the remark at the
end of Section 5, this is false for p = 2. On the other hand, both ¢(A) and D(A)
are trivial for 2-groups (indeed, for any regular p-groups), so that there is nothing
to prove at that level anyway. Hence p > 2 throughout this section.
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The following account differs from [H6] mainly by substituting the explicit
normal basis obtained in [HR3] for the pure existence proof, based on the results
of [Bo], used in the earlier paper.

8.1. Normal bases for local units

Let p be an odd prime. In the ring of formal power series Q[[T}] consider the
element

E(T) = exp (ip—’prk). (8.1)
k=0

It is well known that E(T'), which was invented by Artin and Hasse [AH], actually
lies in Z, [[T]] (cf. [L2] for a quick proof). Therefore it makes sense to substitute
T — t, if t is in some Z,-algebra, and t* converges to 0 in the p-adic topology.
This works, in particular, for t = z — 1 € Z,A with z € A, because the p™-th
power of that element is divisible by p. It works even more easily in the finite
group ring IF, A, again with ¢t = z — 1 for any 2z € A.

Theorem 8.1. U 7, A has a Z,-basis consisting of the elements E(z~1 —2+ z),
as (z,271) ranges over all reciprocal pairs of non-trivial elements of A.

Proof. The crux of the problem resides in the cyclic case A = C, which is dealt
with in [HR3]. According to Proposition 1.2 of that paper, the multiplicative group
UTTF,C =1+ ATIF,C can be generated by the set {E(z~! —2+2) | z € C}, and
this suffices (by Principle 4.3, ibidem) to establish the present theorem for A = C'.
In particular,

U Z2,C = V,y(C) x Vp(CP) x -+ x V,(Cy) (8.2)

is a direct product, with V,(C) generated over ZZ,H by the single element v(z) =
E(z — 2+ 27 1), where z generates C. Moreover, in the notation of Lemma 2.1,
the theorem says that V,(C) is free module of rank 1 over Z,H¢

For general A, Remark 5.7 says that U;"Z,A is the product of U; 7ZZ,C as C
runs over the cylic subgroups of A. Hence, Equation (8.2) can be stretched to
become

Ui 7,4 = [ vo(C). (83)
CCA

and the product is direct by an easy rank count, if we note that the ZZ,-rank of
& (Cn) equals the order of He, for n = |C| = p™. 0

Corollary 8.2. If H = (o), the kernel of the H-norm on U; ZZ,A is of the form

U z,A= 1] Wo(C),
CCA
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where W, (C) denotes V,(C)° =1, and the product is direct.

Proof. Since V,(C) ~ Z,H, each of the components in Equation 8.3 has trivial
H-cohomology. In particular, V,(C) = V,(C)7 1. 0

Remark. If v(z) is a Z,H-generator of V,(C), it follows that w(z) = v(z) ! is
a ZZ,H-generator of W, (C). The corollary can then be restated by saying:
I/?ferA is generated over 7L, by the set w(z), as (z,2~"') ranges over all recip-
rocal pairs of non-trivial elements of A; this set can be thinned out to a ZL,-basis
by omitting one element from each of its H-orbits.
Let us fix a particular v(z), for instance v(x) = E(z — 2 + 2~!). Another
possibility allowed by [HR3] would be v(z) = E(z — 1)E(z~! — 1).

Next we need to make a connection between w((,) and w(¢?) in analogy to
Lemma 3.2. Starting in abstracto, put K = Q, and let F/K be a finite field
extension. In the group Up of units consider the subgroup £r of those elements
which are = 1 modulo the prime ideal.

Lemma 8.3. Let F/K be totally ramified and cyclic, with Gal (F/K) = (o). If
L C F is a subfield such that [F : L] = p, the norm Np /1, surjects é‘g_l onto 52—1.

Proof. Consider the obvious short exact sequence
1=k —Ep—E =1, (8.4)

and note that the lemma says something about its Gal (F'/L)-cohomology, namely
that HO(r,£27") is trivial, where (1) = Gal (F/L). Since £x = (1 + pZ,)* is
torsion-free, it follows that H'(7,Ex) is trivial, and we get the exact sequence

H(7,Ex) — HO(7,Ep) — H (1,571 — 0. (8.5)

To win our point, we will prove that the first arrow in this sequence is bijective,
by showing (i) that it is not the zero map, and (ii) that its target has order p.

If yon arrow were the zero map, we would have 1+p = N, (u), for some u € Ep,
and hence N, (u) = (14 p)*/?, where s = [F : K] is the order of . Since 1 +p is a
p-adic generator of £, this would imply that H%(o,Er) = Ex /N, (Er) had order
at most p*~ !, where s = p*t with ¢ prime to p. However, we shall presently see
that

HY0,&p) ~ Z/p"7Z and H(1,Ep) ~ Z/pZL, (8.6)

which proves both (i) and (ii). We first shift our attention to Up by noting that,
modulo the prime ideal of F, the unit group Ur appears as IF; (because of the
total ramification), and the Teichmiiller character IF; — Z; yields a splitting
Up = (Z,) )1or X Ep. Consequently, H (p,Ur) = H'(p,TF) x H'(p,Ep) for any
i and p = o7. In other words, H'(p,EF) is always the p-primary component of
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H(p,Ur). Hence (8.6) will follow from the composite isomorphism
HO(p,Up) = H(p, F¥) = (p), (8.7)

whose second step is the central result of local class field theory — cf. [L1], IX.3,
Lemma 4 — and whose first step comes from the total ramification as follows. We
start with the exact sequence 1 — Up — F* — ZZ — 0, in which the map to 7 is
given by the valuation on F'. In cohomology this yields

0— Ho(pauF) HHO(paFX) - Ho(p,Z) - Hl(p’uF) —0, (88)

the end terms representing H'(p,7Z) and H!(p, F*), respectively. It suffices to
show that the middle arrow is the zero map. Indeed: to any a € F left fixed by p,
the valuation on F' will assign a multiple of the order of p. a

Corollary 8.4. Under the hypotheses of Lemma 8.3, the group Sip/f,’;*l is cyclic
of order p*, the highest p-power dividing the order of o.

Proof. By the preceding proof, the transition map H® (o, 7Z) — H*'(o,UF) is bijec-
tive, too — in other words, H'(co,Ur) =~ {(p) for i = 1,2 — whence the result by
taking p-primary components. a

Here comes the local analogue of Proposition 3.3.

Proposition 8.5. The charagter Y defined by (x) = (, induces a bijection of
W, (C) onto EF((n)7 ™ = (U Z,C).

Proof. Because of the surjectivity ¢ : U %Z,C — 5;‘(@1), we get the identity
indicated at the end of the proposition. Lemma 8.3, applied to F' = Qp(Cn +¢7h,
now yields a surjection v : 8;((,1)"_1 — 5; (Cn/p)"_l, where v is the appropriate
Galois norm. The composite v o) therefore maps U Z,C' = W, (C) x Uy 7Z,C?
onto E;F(Cn/p)"*l. Since vy turns Z/,{f'ZpC’p into p-th powers, it follows that vy o4
induces a map

Wp(C) — EF(Cuyp)” ™t = 0 (U 72,C7) (8.9)

which is surjective modulo p-th powers. Since it is a morphism of finitely generated
77 ,-modules, it is surjective by Nakayama’s Lemma. But clearly,

(U ZZ,CP) = 11 0 (W, (C)) = p(Wo(C)) C p(W,(C)) (8.10)

whence the result, by using the split ;" ZZ,C' = W, (C) x U ZZ,C? once more. O

Remark. Abbreviating (Ut Z,C) by L£,(C,) — the £ stands for “liftable” —
we inductively get a sequence of surjections

Vit [’I)(Cn) - EP(Cn/pl) ) (811)
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induced by the Galois norms v; for i = 1,...,m — 1. Together with the bijections

b WH(CP') = Lp(Cuypi) (8.12)

these will form an essential ingredient in the planned comparison of the present
local (i.e.,p-adic) pattern and the global one met in Lemmas 3.2 and 3.3.

As we have seen, it all hinges on the surjectivity of v1, which was here derived
from the subtle “reciprocity” isomorphism Ho(p, F*) ~ (p), while in Lemma 3.2,
it resulted from the simple equation v1(¢n — 1) = (¢ /p — 1). It would be desirable
to have such an explicit identity for the local case, too. The most obvious guess,
namely v1(un) = u,,, is certainly wrong for uy = E((; — 1). Indeed, since upU,
generates S,'," (Ck), it would imply the triviality of HO(T, 5;' (¢x)) — in contradiction
to (8.6).

8.2. Comparison with global units

We begin in an abstract setting. Let Z be a principal ideal domain such that Z/nZ
is finite for every natural number n, let G be a finite abelian group with a filtration

G§=GiD0G1D--DGn=1, (8.13)

and let L be a monogenic ZG-module, free over Z and with H°(G,,L) = 0 for
w=1,...,m. With Y, denoting the part of L left fixed by G,, we then have an
induced filtration

L=Yp 2V 12 2Y,. (8.14)

Since the cohomology condition makes the appropriate traces Y;, — Y}, surjective,
each of the Y, is again ZG-monogenic. Now choose a ZG-generator y,, of Y, for
each p =1,...,m, and in the direct sum Y =Y, ®--- B Y7, consider the m-tuples
Tk = [Yk, Yk—-1,---,41,0,...,0], where the first component lies in Y;,, and the last
one in Y7. Note that Yy does not figure as a component of Y. The following lemma
is the upshot of Section 6 in [H6].

Lemma 8.6. The index in'Y of the ZG-submodule X generated by x1,...,Ty, s
finite and independent of the choice of y1, ..., Ym.

The proof hinges on verifying that the index calculation yields the same result
as if we had chosen all the y, to be traces of a single ym. To state that result, let
ryu be the Z-rank of Y}, /Y),—1, which is free since it obviously has no Z-torsion.
Moreover let ny be the product of the indices [Gy : G| for k running from p to m.
Then

(+) v X] =[] Inaly
p=1

where |n|z stands for the cardinality of Z/nZ. In our application Z will be Z;, and
G1 will be a p-group, so this is no mystery. Note: in Formula (25) of [H6], bases
and exponents of (x) were erroneously switched.
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Staying within our abstract shell, we still need a simple lemma about indices
of Z-module homomorphisms f : X — X’. By the indez of f (denoted indf), we
mean the cardinality (possibly co) of its cokernel. We are particularly interested
in morphisms of the form

X @ 0Xy L X o -oXy. (8.15)

Let f; : X; — X/ be the map obtained by first applying f and then projecting
onto the i-th component. The following observation is an easy exercise in the use
of triangular determinants.

Lemma 8.7. Let f be a Z-module homomorphism as in (8.15) with the property
that f(X;) C X @ ---® X[, for each i, and such that the components X; and X/
are free Z-modules of the same rank. Then indf =[], indf;.

Now we come back to the multiplicative groups of ZA and Z,A, ready to
tackle the main result of this subsection.

Proposition 8.8. In the notation of Section 4, we have the following equality of
indices
[£2(A) : Y(A)] = [EF(A) U Z,A] .

P

Proof. Noting that equivalence classes of characters i of A are in bijective corre-
spondence with cyclic factor groups K = A/kery, we represent £(A) as the direct
product of £(Ck), where (k is a suitable |K|-th root of unity, and every K comes
up exactly once. Concerning the commutative square of 7, H-module inclusions,

[leWEe) L TIew.(©)

hl I h, (8.16)

N g [
HK 5@(CK) - HK 5;_(@1()

with C' and K running over cylic subgroups and factor groups, respectively, we

must then show that the indices of the two vertical arrows — or equivalently, of

the two horizontal ones — are equal. The permission to put hats on the left hand

side comes from Propositions 3.6 and 4.1, with an assist from Lemma 4.2: they

say that the index of h is a p-power a priori.
Now g is diagonal because £9(Cx) C & (Ck) for each K. On the other hand,

since W(C) C Z/If' 2Z,C, we can make f satisfy the triangularity condition of
Lemma 8.7 by numbering the C so that |C;| < |C;| implies ¢ < j. Therefore
we have the identities

indg = [[indgx,  indf = ][[indfc, (8.17)
K C



Commutative group rings 43

where g and fc are the composites with the obvious projections. Note that,
while f is canonical, the component map fc depends on the generator chosen for
W,(C). On the other hand, indgx = [£F(Ck) : EP(Ck)] = ejx| depends only on
the order |K|. We shall finish the proof by showing

indfc = €|C‘ 5 (818)

in other words: |C| = |K| = indfc = indgk. Since the cyclic subgroups and
factor groups of A are in one-to-one correspondence, this together with (8.17) will
imply the desired equality of indices.

We now reduce the proposition to the special case where A = C' is cyclic of
order n = p™. In this setting, the diagram (8.16) has the form:

W(C) x - x W(Cp) Lo Wy(O) x -+ x Wy(Cy)
hl L hy (8.19)

EP(Ca) x - X E9(G) o EF(G) X X E(G).
Moreover, (8.17) boils down to
indg=e, X+ Xep,, indf = indfo x --- x indfe, (8.20)

and (8.18) would easily obtained by recursively applying the equality indf = indg
to the cyclic groups of order p* < p™ — if that were known.

At this point, we abandon f and ¢ in favour of the original objects of attention
h and h,, but in the cyclic context (8.19). Before we can apply Lemma 8.6 to it, we
must make another small adjustment: replace the £%((,) and E;F ({q) on the bottom
line of (8.19) by their subgroups £(¢,) = Y¥(W(Cy)) and L,({,) = v(W,(Cy)) of
“liftable” elements, where ¢ = p* < n and ¢ : x — (,. To keep things on an even
keel, we first show that

[5®(<q) : ‘C(Cq)] = [g;(Cq) : ‘Cp(Cq)]- (8-21)

Let us do this for ¢ = n. On the right hand side of this desired equation, we have
p™~1 by Corollary 8.4 and Proposition 8.5. To compute the left hand side, we
consider the homomorphism

G — uEB(Cn)/L(Cn) (8.22)

defined almost as in (3.5) by 7 — (¢, — ¢,)""!. The change from (¢, — 1) to
(¢t — Cn) = C2(Cn — 1) ensures that the images are x-symmetric, but makes no
other difference in the proof of Lemma 3.1 when n is odd. Therefore the map (8.22)
is bijective, whence

(p—Dp™ ™ = [UP(G) : E%(G)] [E¥(Cn) - L(Ga)] - (8.23)
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This implies (8.21) since £((,) is the kernel of the surjection U®((,) — F,’ given
by (, — 1. Finally it remains to prove that the vertical arrows in the diagram

W(C) x - x W(C,p) L5 WH(C) x - x W,(C,)

b A (8.24)

E(Cn) Koo X E(Cp) s Ly(Cn) x = X L(Cp) 5

have equal indices. This is where Lemma 8.6 comes in, with the role of L played by
L(¢,) or by L£,(¢,) — which are both isomorphic to ZZ,H/3(H) — and X being
the image of b’ or h;,, respectively. The filtered group G is just H with its obvious
filtration, and the cohomology condition is equivalent to the surjectivity of the
norms explained in the remarks following Propositions 3.3 and 8.5. The details of
this translation are left to the reader. a

Corollary 8.9. The circular index c(A) is equal to [E;F(A) : EP(A) L,ITZPA]. If
p is semi-regular, this equals [EJ(A) :ET(A) Z//{f'ZpA}

Proof. Let T®(A) stand for the factor group & (A)/E®(A) Uy Z,A. Since U (A)
equals EP(A) ﬂl/{fr 7L, A by the pull-back (6.1), we have an exact sequence
1— E9(A)UP(A) — EF(A)JU ZL,A — TP (A) — 1 (8.25)
which is easily enlarged to
1 — UP(A)/V(A) — E2(A)/V(A) — EF(A) U Z,A — TP(A) - 1. (8.26)

This would have worked with any subgroup of U;”(A) in the place of Y(A), but
the way it is, the orders of the two middle terms are equal by Proposition 8.8 —
whence the first statement. As for the second, note that all the terms of (8.25) are
finite p-groups. Hence we may tensor the whole mess with 7, without changing

anything. However, if p is semi-regular, é\@(A)/Z:{\fB(A) equals §+(A)/ﬁ1+(A) by
the remark following Corollary 6.4. In other words, (8.25) changes into
1 — EX(A) /U (A) — EF(A) JUF Z,A — TF(A) — 1. (8.27)

Taking the/ hats off again, this shows T®(A) to equal the potentially smaller group
TH(A) =& (A)/ET(A) U 2y A, in this case. 0

8.3. Kernel groups

Let A C B be orders of the rational group algebra Q(A), and A, C B, their p-adic
counterparts. It follows easily from the work of Frohlich [Fro] (cf. also [H2]) that
there is an exact sequence

1 — UB)JU(A) — UB,) JU(A,) — D(A,B) — 1, (8.28)
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where U stands for units, and D(A, B) = ker(cl(A) — cl(B)) is the kernel of the
natural map between the ideal class groups — whence the name “kernel group”.
Another way of saying this is that /(A) is the kernel of the obvious difference map
d:UB)xU(A,) — U(B,), and that D(A, B) is its cokernel. Splitting off augmen-
tations, we can also get D(A, B) as the cokernel of 61 : Uy (B) x U (Ap) — Ur(B,),
where U (B) denotes the kernel of the augmentation map on U (B). Moreover, the
kernel of 4y is Uy (A).

If B =IM is the maximal order and A = ZA the group ring, we shall write
D(A) instead of D(A,IM). Then D(A) is the cokernel of

[T u(e) x th(A) = ] thie), (8.29)

p#1 p#1

where ¢ runs through a complete set of rationally inequivalent characters of A,
and U(yp) stands for the units of the p-th component of IM. For each ¢, we have
U(p) = U(C) for a suitable root ¢ # 1 of unity. It is straightforward to verify that
all these U(({) can be replaced by the corresponding £(¢) without changing the
kernel U (A) or the cokernel D(A) of (8.29) — cf. Lemma 7.1 of [H6]. Changing
back to the format of (8.28), we now have the exact sequence

1 — E(A) UL (A) — E,(A) /Uy (A,) — D(A) — 1, (8.30)

where Ui (A,) is, of course, the group denoted heretofore by U372, A. This shows
that D(A) is a finite p-group, because the other terms are. Moreover, since p is
odd, we can take their x-symmetric parts individually and still keep the sequence
exact. We now do that and simultaneously replace £ (A) by 5; (A), to obtain the
sequence

1 — EF(A)UT(A) — EF(A) U (Ay) — TH(A) — 1, (8.31)

where T (A) C DT(A) is the group already met in the proof of Corollary 8.9. The
factor group DT (A)/T*(A) will be examined presently.

Definition 8.10. Let Z be the set of non-trivial cyclic subgroups of A, and J
be the analogous set for the dual group of A. Define a matrix (e;;) on Z x J by
setting e;; = 0 or = 1, depending on whether j does or does not annihilate i. The
character index x(A) is defined to be the absolute value of its determinant.

Lemma 8.11. For the aforementioned groups, we have |DT(A)| = [T (A)|x(A).

Proof. There is an obvious monomorphism of short exact sequences from (8.31)
to the &F-version of (8.31). Taking cokernels, we see that D*(A)/T*(A) is the
cokernel of the injection

EF (AU (Ap) — & (A) /U (Ap), (8.32)
or, by elementary reshuffling, the cokernel of

U (Ap) JUsF (Ap) — EF(A)/EF(4) . (8.33)
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By Theorem 8.1 and Corollary 8.2, the source of the morphism (8.33) is a direct
product whose components are of the form V,(C)/W,(C), each isomorphic to
Z,Hc/AZ,Hc ~ 7, The target of that morphism is also a direct product,
indexed by the cyclic factor groups K of A, with each component being of the
form E;‘ (k) /8;r (Ck), hence isomorphic to the multiplicative group of possible
Hc-norm values, i.e., 1+ pZZ, ~ ZZ,. Hence source and target of (8.33) are free
7/ ,-modules on the index sets Z and J mentioned in Definition 8.10. It is easy to
see that the matrix of this map is just the (e;;) described in the definition. O

Theorem 8.12. |[DV(A)| = c(A)x(A), if p is semi-reqular.
Proof. Obvious from Corollary 8.9 and Lemma 8.11. a

Remark. In view of the fact that no prime has yet been found to violate the
condition of semi-regularity, this is a potentially far-reaching theorem.

If p is regular, we have |[DT(A)| = x(A). If A is cyclic, the matrix (e;;) is easily
seen to be triangular with 1’s on the diagonal, so that [D*(A)| = ¢(A). In that
case, the results of Ullom [Ul] concerning |D*(A)| can be used to obtain c(A).

On the other hand, any surjective homomorphism A — A’ clearly induces
an epimorphism of the corresponding sequences (8.33) and hence a divisibility
x(A") | x(A). Thus, if A is non-cyclic, we can take A’ to be non-cyclic of order p?,
and since y(A’) = p in that case by Proposition 3.2 of [H2], we have x(A4) # 1. In
particular, |DT(A)| =1 if and only if p is regular and A is cyclic.

9. Cyclic groups of composite order

Let A be a cyclic group of order n with n = pq, the product of two distinct
primes, and with generator x = yz, where y is of order ¢ and z is of order p.
We shall reduce the computation of the circular index c¢(A4) = U5’ (A) : Y(A)] to
calculations inside the multiplicative groups of the finite semi-simple rings IF[(,]
and IF,[(,]. Here ¢, denotes a primitive p-th root of unity; in other words, IF[(,]
stands for the polynomial ring IF,[X] modulo 14+ X +- - -4+ XP?~1. Roughly speaking,
a non-trivial ¢(A) is due to the failure of the circular units in ZZ[(,] and ZZ[¢,] to
generate sufficiently large subgroups of IF,[(,]* and IF,[(,]*, respectively.

This section is a partial amalgam of [H9] and Section 6 of [H8]. While ¢ = 2 is
allowed, we shall always suppose that p is odd.

9.1 An exact sequence

In order to simplify the appearance of certain formulas, we shall usually write
&€ =1Cnn =y and ¢ = (p, with € = n¢. From Section 7 of [KM], we take the
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asymmetric pair of pull-backs

A — A, ZhnlA, —  Z[¢]
! ! and ! ! (9.1)
Z4a, — A, 7L[n) —  IF,[n],

where A9 = A, and AP = A, are the subgroups of order p and g, respectively. It
is not difficult to amalgamate these two pull-backs into a single symmetric one:

7Z.A — Z[¢]

! ! (9.2)

UA, x1 A, — T, xF,[(],

in which x; denotes the fibre-product over the augmentation maps. The vertical
arrow on the right symbolizes the product red p xredg, where redg : ZZ[¢] — TF;[(]
is the reduction modulo the ideal @ = (n — 1)ZZ[¢], and redp is its counterpart for

P = (¢ - 1)Z¢]

When we apply any of the functors Uy, U;", or 2/1169 to the rings on the left
hand side of (9.2), and the corresponding U, UT, or U® on the right hand side,
we obtain a pull-back of groups — now with a direct product in the lower left. We
are especially interested in the Ufe—version, which we modify somewhat in order
to involve U (A). Of course, for odd |A| nothing needs to be done, since then
UP(A) = UP(A) anyway. For ¢ = 2 however, the fact that U (A) = Ay x Us (A)
and UP (As) = Ay, with Ay # {1}, would make for an awkward complication. By
the comment following the formula (2.8), we have Us (A) = ker[U?(A) — A,]
and hence can easily derive the pull-back

Uy (A) — U ()
! ! (9-3)

W(Ag) x W(4p) — UIF,[n] x UTF[(],

which works for all cases. Its lower left hand corner reflects the important fact
that U (C) = Y(C) = W(C) for any C of prime order. The pull-back also makes
ker [Uy’ (A) — U®(£)], which we denote by Us’ (Alp, q), a direct product:

Uy (Alp,q) ~ ker[W(Ag) — UTF,[n]] x ker[W(Ap) — UTF,[C]] . (9-4)

The notation U(A]...) is supposed to indicate which of the characters v, :  — &,
g : x +— n, and ¥, : * — ( can be non-trivial on the units in question. In
these terms, the subgroups of Z/{Se (A) corresponding to the two kernels shown in
(9.4) are just Us” (Alq) and U (A|p), respectively. Thus we have the direct product
Us (Alp, q) = Us (Alp) x Us’ (Alq). Putting £(£) = im[Us (A) —U®(£)], where £
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again means “liftable”, we obtain the short exact sequence
1 — UP(Alp) x UF(Alq) — UF(A) — L(§) — 1. (9.5)

Unfortunately, the functor ) does not preserve the pull-back property. So, when
we restrict the map = — ¢ to the constructible units Y(A), the kernel Y(Al|p, q)
does not in general split as conveniently. However, it obviously contains the product
Y(A|p)Y(A|q), which is direct because U5’ (A|p) does not intersect Us’ (A|q). Hence
we wind up with the exact sequence

YAlpg)  US(Alp)  UP(Alg) | US(A) L)
YAYAG) VA VAl YA Y

Our aim is to study U5’ (A)/V(A) by analysing the other terms of this sequence.
The central object of attention will be the map

= . Us@Ap) U (Alg) | US4
T Y(Alp) T Y(Alg) Y(A)

We shall see, among other things, that =, is bijective whenever (p — 1,q — 1) <2
and that, in general, its kernel and cokernel tend to be comparatively small.

1— — 1. (9.6)

(9.7)

9.2 Even order

As one would expect, the case ¢ = 2 requires special treatment, which in this
instance is particularly easy. We shall use this subsection to get it out of the way,
and at the same time gather some experience for later.

Lemma 9.1. For n = 2p, the map Z,, is bijective.

Proof. Since Y(Alq) = {1} and Y(A|p,q) = Y(A|p), the kernel of =, as shown in
the sequence (9.6) is trivial. Now let us find £(£). Since & = —(, we have

1-¢2
1-¢
where T2 € G, is the automorphism ¢ — (2. In other words, every element of
UP(€) has the form €%(1 — ¢)° with § € A(G),). To show that £(&) = V(€), it
suffices to prove that such a unit cannot be lifted to U (A) unless § € A%(G,,).
Indeed, if there is a v(z) € UF(A) such that v(¢£) = £%(1 — ¢)°, we also have
v(x?) = ¢2%(1 — ¢?)°. This means that ¢2¢(1 — ¢2)? is liftable to Us"(A,), whence
§ € A%(Gp) — cf. Lemma 3.1. O

1-&= 1-0=, (9-8)

We thus have an isomorphism between Us’ (A)/V(A) and Us’ (A|p)/V(A|p). For
any ¢, we have already seen that the projection A — A, identifies U (Alp) with
ker,W(A,), the kernel of the natural map W(A4,) — UhIF,A, ~ UTF,[C]. The
question is what happens to Y(A|p) under that identification. If (¢ — 1,p — 1) <
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2, the answer is that it goes to W(A,)™ 9, which is obviously a subgroup of
ker,W(A,) since the automorphism 7, : z — 27 is just the ¢-th power in IF,A,.
We prove this now for ¢ = 2.

Lemma 9.2. If n = 2p, the projection A — A, maps Y(A|p) onto W(A,)™2.

Proof. Any element of Y(A) is of the form u(z) = wq(z)w,(2?). A glance at
Proposition 2.3 shows that the relation (9.8) immediately implies

wa(€) = wa ()™ (9.9)

for any o € A%(H,). To get u(z) € Y(Alp), i.e., u(§) = 1, we must have 1 =
W (E)wy(¢?) = wa (€)™ 1w, (¢)™. Since ¢ is a p-th root of unity, it follows that
72 = a(l — 72) in A?(H,); in particular, w.,(2)™ = w,(2)1 7.

Now let  — z be the map A — A, mentioned in the lemma. Then the image
of u(x) is just u(z) = wq (2)w,(2)™ = we(2)?7™. O

At this point, ¢(A) is seen to equal the index [kersW(A,) : W(A,)™72], which
remains to be computed. Since the required calculation is the same for any ¢, we
shall state the general result.

Lemma 9.3. Let K be a group of odd prime order p, and q be a prime distinct from
p. Moreover, let im W(K) denote the image of the natural map W(K) — UF K.
Then

(g —1) [ker,W(K) : W(K) ] = [UTF K : im,W(K)] .

Proof. Since im,W(K) ~ W(K) /ker,W(K), the lemma amounts to saying
(q = D) [WV(E) : W(EK)™ ] = U T K] (9.10)

Let f be the order of 7, € H = H,, and define g by fg = |H|. We shall prove the
lemma by showing that each side of (9.10) is equal to (¢f —1)9.

For the left side, recall that W(K) ~ ZH/N(H), where N (H) € 7ZZH is the
ideal generated by ¥(H). By analysing the cokernels of the endomorphism 7, — ¢
acting on the sequence N'(H) — ZZH — W(K), one finds that the maps

N(H) ZH

W(K) “= W(K)  and — 9.11
O C—oN@ — -ozi O

have isomorphic cokernels — whence it follows that
(q—DW(K) : W(K)«™ 9] = [ZH : (14 — q)ZH] . (9.12)

The right hand side of this equality is just the determinant of the operator (¢—74)
on ZZH, i.e., the characteristic polynomial of 7, evaluated at ¢g. But this polynomial
is (X4 — 1)9 by the decomposition of H into g cosets with respect to the cyclic
group of order f generated by 7,.
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The second equality comes from the decomposition of ¢ in the Dedekind ring
7216], where 6 = ¢ + (1. Tts Galois group is H, its Frobenius automorphism given
by 74 : ( +— (%, and its degree of inertia is therefore f. Now F,K ~ IF, & IF;[(]
implies U F K ~ UIF,[0], and hence [USTF K| = (¢f — 1)9, because g is the
number of simple components of the semi-simple ring IF,[6]. O

Remark. Obviously, [t F,K : im;W(K)] can also be computed in IF4[(], namely
as [UIF,[0] : imW(¢)]. Remembering that

U = (¢CTH=0ORCE) and W) = (-2 ED, (9.13)
we obtain
im, U () = im UP ()t Cim W(C), (9.14)

because the g-th power is the automorphism 7, in IF[¢]. For ¢ —1 = 1, this is even
simpler, giving imaW(¢) = imaU®(¢).

For g = 2, we therefore have ¢(A) equal to the “defect” dz(¢), which measures
by how much the circular units U®(¢) in Z[(] fall short of generating UIF2[6]. To
calculate it, choose an integer ¢ such that ¢ + (¢ generates H,,, and consider the
unit v.(¢) = ¢V 2(1+ ¢ +... + (1), together with its H,-conjugates, all read
in IF3[¢]. The question is how much of UIF5[f] these units generate. For p < 100,
this turns out to be all of UIF3[0], except when p = 37, 73, and 97 — where the
shortfall is d2(¢) = 3, 7, and 7, respectively.

9.3 Odd order

The case of odd order n = pq has been thoroughly dealt with in [H9]. Instead of
reproducing detailed proofs, we shall take this opportunity to outline the main
results, and give a rough idea of how they come about. We shall encounter the
same questions as in the last paragraph — kernel and cokernel of =,,, as well as
the index [Us’(Alp) : Y(Alp)] and its relation to the defect dq((,) — but we now
approach them in more or less the opposite order.

The cheapest and most of obtrusive of the numerical invariants in this story
is the greatest common divisor m of |H,| = (p — 1)/2 and |Hy| = (¢ — 1)/2. It
turns out that, for m = 1, everything happens as before: =, is an isomorphism,
and [Us (Alp) + Y(Alp)] equals the defect dy((,). In the notation of the proof
of Lemma 9.3, the latter is the index between the first two of the following unit
groups

UTF,[0] 2 im U (¢) 2 imgW(Q), (9.15)

where the acute accent means restriction to elements with trivial H,-norm. Since

this norm maps UTF,[f] onto IF, restriction to its kernel gets rid of the factor
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(¢ — 1) in Lemma 9.3, and produces the formula
[kergW(EK) : W(E)™ ] = dy(C)eq(C) (9.16)
where e4(() is the index between the last two groups in the filtration (9.15).

Lemma 9.4. iqu?@(C)/iqu(C) is a cyclic group whose order eq(() divides m.

Proof. Since the cyclic group A(G,)/A%(G,) is annihilated by (p — 1), so are its
homomorphic images U® (¢)/W(¢) and im, U (¢)/im,W(¢). In view of (9.14), the
latter is also killed by (¢ — 1), hence by (p —1,¢ — 1) = 2m. But imU®(¢) is of
index 2 in the group im,/®(¢), which is mapped onto {+1} by the Hp-norm. O

The next problem is to connect the left hand side of (9.16) to the index
(U (Alp) = Y(A|p)]. Of course, the projection A — A, always maps Us (A|p)
to keryW(A,), by virtue of the pull-back (9.3), but what does it do to Y(Alp) ?

Again the answer involves m.

Lemma 9.5. The projection A — A, maps Y(A|p) bijectively onto the w-image of
A%(Gp)N (1, — @) A(Gp) in W(A,). This group contains W(A,)™~? as a subgroup
of index m with cyclic factor group.

The proof of this result occupies Section 4 of [H9]. By way of illustration, we
shall describe a typical element of the group in question. Let 7. : ( — (¢ have order
2m in Gy, and put v = (1. — 1)(g — 7) € A(Gp). Since 2m | ¢ — 1, we clearly have
v =(1e—1)[(g—1)+(1—74)] in A%(G,), and hence get w,(z) € W(A,). Defining
ve(€) as at the end of the last subsection, we can write w.(¢) = v.({)? 7, which
shows that w,(2) is in kergW(Ap).

If e € A(H,) denotes the image of m(r. — 1), we actually have e € A?(H,),
because in H, the order of 7. is only m. With ~ read in A?(H,), we therefore
get the equation mvy = (¢ — 7,)e, which implies w.(2)™ = w.(2)? . In fact, it
can be shown that w,(z) generates the group mentioned in the lemma, modulo
W(A,)Ta 1.

Note that Lemma 9.5 refers not to Hp but to G, and necessarily so. Indeed, if

4 divides p — 1 but not ¢ — 1, the w-image of A%(Hp) N (74 — q)A(Hp) is twice too

big. To see this, take 7¢ of order 4m and define v as above, but read everything in

A(Hp). Then v € A%(Hp) and w-(2) € W(Ap).

The reason for this status of G, is that it occurs as a subgroup of H,, while
H, does not. Remember that G,, = G, x G, and that H,, = G,,/(x). Since the
involution * does not lie in either of the subgroups G4 x 1 and 1 x Gy, of G, these
groups have faithful images Gq and ép in H,. Hence we have

G,=G,xG, and H,=G,-G, (9.17)

with Gq N Gp of order 2. Of course, G, acts on ¢ = yz and £ = n¢ via this
factorisation, and H,, acts on UT(A) and U (£) in the same way.
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The odd order analogue of the relation (9.8) is the basic G4-norm relation

(E-1)p@ = (-1, (9.18)

where s(q) € ZG,, denotes the sum over the elements of G4, and 7, € G, the
obvious automorphism. This relation could equally well be written in terms of
€1 —€and ¢! — ¢ For v, (&) = €0-/2(1 4 € + ... 4 £€271) it translates to

0 (€)* W = w,(¢) with ~= (1, —1)(1, — 1), (9.19)

which constitutes a sharpened analogue of (9.9). The main idea in the proof of
Lemma 9.5 is to show, using this relation, that every element of Y(A|p) has the
form w (x)w-(249), where o € A?(H,,) and v € A%(Hp) are derived from a single

6 € A(Gp) by a=s(q)d and v = (7,1 —1)é.

As a consequence of Lemma 9.5, the index [kequ(K) : W(K)Tq_q] equals
m - [Us (Alp) : Y(Alp)], and hence

eq(Cp)

Of course, we have an analogous formula with p and ¢ interchanged. Multiplying
the two yields an expression for the order of the domain of =,,.

We must now look at its kernel and cokernel. It turns out that, in both of them,
the greatest common divisor m” of the indices [H), : (r,) | and [Hy : (1,) | plays a
role. Obviously m' is a divisor of m. For fixed ¢, it can be shown that H, = (7)
for about 56% of the primes p (this amounts to one-and a-half times the density
of 37.4% conjectured by Artin for the p having ¢ as primitive root). Hence m” is
rarely non-trivial.

- [US (Alp) : Y(Alp)] = dy (&) - (9.20)

Lemma 9.6. The kernel of the map Z,, is cyclic of order m' .

The proof of this fact takes up most of Sections 3 and 5 of [H9]. It analyses the
image of an injection

Y(Alp,q) Al (9.21)

YA x YAl s(9)AG,) & s(m)A(Gy)

induced by mapping the typical element u(z) = wq(x)wg(z?)w,(x?) of Y(Alp, q)
to its first factor wq(z) € W(A) ~ A?(H,,). In view of (9.6), the domain of this
morphism is just the kernel of E,,. In the abstract context of Section 3 (loc. cit.),
the torsion subgroup of the right hand side of (9.21) is shown to be generated by

(50 — |HP|S(q) _ |H¢1|S

- —Ls(0). (922

and the rest of the argument turns on finding the smallest integer ¢ > 0 for which
tdp lies in the image of the map (9.21). It turns out that ¢ = m/m’”.
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In Section 7 of [H9], the cokernel £(£)/Y(&) of 2, is studied via a filtration

L(§) 2 L&) 2 L7(E) 2 V(&) (9.23)

to be defined presently. Since V(&) consists of units like wq (&)wg(n)w,(¢) with
a € A%(H,), B € A*(H,), and v € A?(H,), any coset of U®(£) modulo Y(£) has
the form

(€71 = ) va(Ovp(m)ve(C) - V(€), (9.24)

where v,(€) is as described above — cf. (9.19) — with vy(n), v.(¢) built similarly,
and ¢t > 0 an integer. Note that v, (€) = (£71/2 — £1/2)7a=1 etc. The exponent on
the first factor in (9.24) is even because of x-symmetry.

In these terms, £°(€) consists of those units in £(£) which can be written with
t =0, and L£*(€) of those for which moreover b = ¢ = 0 can be assumed. We say
“can be” because the product (9.24) is far from unique. The norm relation (9.18),
for instance, is equivalent to (671 — £)*(@ = v,(¢)™. In turn, this clearly implies

(€= e L9, (9.25)

which, together with its s(p)-counterpart makes (£71 — &£)2™ lie £°(£). In other
words, L(£)/L£°(€) is a cyclic group whose order divides m. So far, we have used
only the basic norm relations. When we also take into account that we are dealing
with liftable units, the gap between £(£) and L°(§) narrows still further.

Lemma 9.7. £(£)/L£°(€) is a cyclic group whose order divides m’.

Unfortunately, this is not the kind of exact result we got for the kernel of =,
but only an upper bound. In fact, the proof uses only one aspect of liftabilty,
namely that certain Galois norms must be = 1. Upper bounds is all we have for
the other two indices of the filtration (9.23), too. There we construct explicit group
epimorphisms

[ N imgU® (Q)] x [IF, NimyU® ()] — L2(€)/L*(€)

and G2 5 G20 — £*(€)/V(€). (9.26)

Now, IF NimyU® (() is the kernel of the endomorphism ¢ — 1 on im U®(¢), where
(o) = H,. Hence its order equals that of the cokernel im U®(¢)/im,W(¢), which
is 2e4(¢) according to the definition following (9.16). On the other hand, the first
map in (9.26) is defined in such a way that it kills (£1,£1). Hence the order of
Lo(€)/L*(€) is at most e4(C)ep(n), while that of £*(£)/V(€) is clearly bounded (in
the sense of divisibility) by m?/e,(¢)e,(n). Here is the result.

Lemma 9.8. The order of the group L£°(£)/V(€) divides m?.

Going back to the exact sequence (9.6), and putting together all the pieces of
the puzzle, we finally have
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Theorem 9.9. [U5(A) : Y(A)] is a divisor of dg(Cp)dy(Ce) - €q((p)en(Cy), and
actually equals dq(p)dp(¢y) when m = 1.

If ¢ = 3, for instance, we always have [Us (A) : Y(A)] = d3({,). This number
turns out to be 1 for all 5 < p < 101, except for p = 61, where it is a multiple
of 44, and for p = 97, where it equals 73. Thus U5’ (A)/Y(A) is a cyclic group of
order 73 when |A| = 291. It would be interesting to see a generator, and to check
whether 73 divides |[DT(A).

In general, the computation of dy({,) is not entirely routine, especially when
IF,[0,] is not a field. We have carried it out sytematically — with the methods
described in [H10] — only for (p — 1)(¢ — 1) < 72. In these cases we also have
UP(A) = U (A), and the triviality of ¢(A) therefore gives an explicit handle on
the group of all units.

In this range, there are only 3 instances — namely |A| = 65, 85, and 91 —
for which ¢(A) might be # 1. In each of these, we have m” = 1, and all defects
are trivial — except for d7((13) which equals 3. As if to compensate, e7(¢13) = 1,
whereas e,;((,) = m for the other five choices of (¢,p). By our theorem, c¢(4) is at
most m? for these three exceptional groups.

By more carefully studying the kernel of the first map in (9.26), R. Ferguson has
bounded [£°(€) : L*(€)] by eq(C)ep(n)m” /m, and hence [£°(§) : Y(§)] by m/ m.
For our three exceptional A, we therefore have ¢(A) | m. A more precise estimate
is so far not available, even at this modest level of generality.
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